A p-ADIC DESCARTES SOLVER: THE STRASSMANN SOLVER
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Descartes’s Rule of Signs

Theorem

Let f = X fTX € R[T] be an univariate polynomial and
let V(f) be the number of sign changes in the sequence
fy, fi, f5, . .. (with zeros omitted). Then

where Z(f, R ) is the set of positive zeros.

Where did it appear?
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Overcounting

Exactness |
fV(f:a,b) <1,then

#Z(f,(a,b)) <V(f:a,b).

Exactness |l (Obreshkoff)

Subdivision Property

If U (ak, bx) C (a, b) is a disjoint union, then

D V(F;ar, be) < V(Fa,b).
k
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DESCARTES SOLVER

Input: f € R[T] &I = (a, b)

Output: Isolating intervals for Z(f, (a, b)).
Routine:

Subdivide (a, b) into smaller intervals,

until for all obtained intervals J,

V(f,J) < 1.

Complexity

i = Y9 §T € R[T] random polynomial of degree d
with i.i.d. random coefficients uniformly distributed in [—1, 1].

Expected Number of Arithmetic Operations:

O (d%)

STRASSMANN SOLVER

Input: f e R[T|&B=x+p~°
Output: Isolating intervals for Z(f, B).
Routine:

Subdivide B into smaller closed balls,
until for all obtained balls y + p~Z,,

St(f;y,p H) < 1.

An important detail

To avoid checking p+1 balls at each subdivision
step, we use the Cantor-Zassenhaus
factorization algorithm

Complexity & Precision

I = ZZZOTka € Z,[T] random p-adic polynomial
of degree d with ii.d. random coefficients uniformly
distributed in Z,,.

Expected Number of Arithmetic Operation:
O(d° log’ d log p)

fp < O(d), ) )
O(dp) < O(d")

Expected Needed Precision:

d+O0(1)

A p-adic Smale’s 17th Problem?

Fix a prime p. Let f € Z,[X,,...,X,]" be a random p-adic
polynomial system such that

fx = Z Fi, X

|| <d

with the ¢« independent random p-adic variable uniformly
distributedin Z,. Is there a deterministic algorithm that decides
whether or not f has a zero in ZZ (resp. QZ) N average
polynomial-time with respect the number of coefficients”?
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Theorem

Let f = 3, K TK € Q,[T] be an univariate polynomial and
let
St(f) = max{k | forall | < k, |fi|p < |fklp}

be the so-called Strassmann index. Then
#Z(f, Zp) < St(f)

where Z(f, Z,) is the set of p-adic integer roots.
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Properties

St(f: x, p~) == St (f (x + p°T))

Overcounting

Exactness |
If St(F; x, p~°) < 1, then

#Z(F, x + p~°Z,) < St(f; x, p~%).
Exactness Il
Dyps=x+p {zeCp: |z| <1}.
St(F: x, p~%) < #Z (F, Dxps) -

Subdivision Property

If Uk (xk + p~°¢Z,) C x + p~*Z, is a disjoint union, then

D V(F; X, p~*) < SH(F X, p°).
k
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