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Abstract

The computation of the homology groups of semialgebraic sets (given by Boolean for-
mulas) remains one of the open challenges of computational semialgebraic geometry. De-
spite the search for an algorithm taking singly exponential time only on the number of vari-
ables, as of today, the existing algorithms are symbolic and doubly exponential. In this PhD
thesis, we show how to obtain a numerical algorithm running in single exponential time with
very high probability, which improves the state-of-the-art. To do so, we explain the underly-
ing ideas, methods and technigues from numerical algebraic geometry, numerical complex-
ity and topological data analysis that made this progress possible. We finish with a list of
open problems and questions pointing to a possible future of the numerical computation of
topological invariants.

Additionally, in the appendices, we cover the topic of the expected number of real zeros
of a random fewnomial system and we give an accessible account of the central theme in
Spanish.

Zusammenfassung

Die Berechnung der Homologiegruppen von semialgebraichen Mengen (gegeben durch
boolesche Formeln) bleibt eine der offenen Herausforderungen der algorithmischen semial-
gebraischen Geometrie. Trotz der Suche nach einem Algorithmus mit einfach exponentieller
Laufzeit in der Anzahl der Variablen, sind die nach heutigem Stand bekannten Algorithmen
symbolisch und doppelt exponentiell. In dieser Doktorarbeit zeigen wir, wie man einen nu-
merischen Algorithmus konstruiert, der mit groBer Wahrscheinlichkeit einfach exponentiell
ist und somit den Stand der Forschung verbessert. Dazu erklaren wir die zugrundliegenden
Ideen, Methoden und Techniken von numerischer algebraischen Geometrie, numerischer
Komplexitat und topologischer Datenanalyse, die dieser Fortschrift moglich machten. Wir
enden mit einer Liste offener Probleme und Fragen, die auf eine mdgliche Zukunft von Be-
rechnung der topologischen Invarianten weisen.

AuBerdem, behandeln wir im Anhange die erwartete Anzahl reeller Nullstellen eines zu-
falligen Systems polynomialer Gleichungen mit wenigen Termen und geben einen informellen
Uberblick Uber das Hauptthema auf Spanisch.



Laburpena

Multzo semialjebraikoen (formula boolearrek emandakoen) homologia-taldeak kalkula-
tzeak jarraitzen du, oraindik ere, geometria semialjebraiko konputazionalaren erronka han-
dienetako bat izaten. Bilatzen den algoritmoak aldagai kopuruan baino ez du hartzen den-
bora behin esponentziala; hala ere, gaur egun dauden algoritmo guztiak sinbolikoak eta bi
aldiz esponentzialak dira. Doktorego-tesi honetan erakusten dugu nola lor daitekeen debora
behin esponentzialean eta probabilitate handiarekin exekutatzen den zenbakizko algoritmo
bat; hori teknikaren egoeraren hobekuntza da. Horretarako, zenbakizko geometria aljebrai-
koaren, zenbakizko konplexutasunaren eta datu-analisi topologikoaren azpian dauden eta
aurrerapen hori posible egin duten ideia, metodo eta teknikak azaltzen ditugu. Problemen eta
galdera irekien zerrenda batekin bukatzen dugu, zeinek inbariante topologikoen zenbakizko
konputazioaren etorkizun posible bat adierazten baitute.

Gainera, eranskinetan, ausazko sistema oligonomiko baten zero kopurua aztertzen du-
gu, eta tesi honen ikuspegi informala ematen dugu gaztelaniaz.

Resumen

El célculo de los grupos de homologia de conjuntos semialgebraicos (dados por for-
mulas booleanas) es todavia uno de los mayores desafios de la geometria semialgebraica
computacional. Aunque se busca un algoritmo que tome a lo sumo tiempo simplemente
exponencial en el nUmero de variables, hasta el dia de hoy todos los algoritmos existentes
son simbdlicos y doblemente exponenciales. En esta tesis doctoral, mostramos cémo se
puede obtener un algoritmo numérico que tome tiempo simplemente exponencial con al-
ta probabilidad, lo cual es una mejora del estado del arte. Para ello, explicamos las ideas,
métodos y técnicas subyacentes procedentes de la geometria algebraica numérica, de la
complejidad numérica y del andlisis topoldgico de datos que han hecho posible este pro-
greso. Terminamos con una lista de problemas y preguntas abiertas que indican un posible
futuro de la computacion numeérica de invariantes topolégicos.

Ademas, en los apéndices, estudiamos el nimero esperado de ceros reales de un
sistema oligonémico aleatorio y damos una vision informal del tema principal de esta tesis
en castellano.
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Assumptions and conventions

Personal Pronoun Pronouncement

Following Spivak [Q16; Personal Pronoun Pronouncement], we will use a genderless
pronoun, now known today as the Spivak pronoun, to avoid the gender specification when-
ever we refer to a person of undetermined gender (like a random mathematician or the
reader). In this way, we will use “E” instead of “he or she” or “they”, “Em” instead of “him or
her” or “them”, and “Eir” instead of “his or her” or “their”.

Conventions on translations and transliterations

Translations \Whenever we have consulted a translated work, we cite the translation
together with a note indicating which work is a translation of instead of adding a reference
to the original work also. See [413] for an example.

Transliterations to the Latin alphabet The general convention has been to use the
transliteration preferred by the author if possible, and the most accepted one otherwise.
This allows us to be consistent and to avoid referring to the same author by several names.
However, this means that the used spelling of the romanized name might differ from that of
a particular referred reference, which will be probably the case for names that have changed
their transliteration over time (such as names with Cyrillic spelling). If the cited reference is
written in the author’s mother tongue, we additionally indicate in parenthesis the spelling of
the author’s name in the original alphabet (as it can be seen in the reference [414]).

Assumptions on the reader and mathematical conventions

This thesis, as any other mathematics text in history and in the world, will assume cer-
tain knowledge on the part of the reader. With the exception of the last appendix, which
requires Spanish knowledge, but no mathematical knowledge; the thesis will assume on
the reader the ability to read and understand Englishm, some mathematical knowledge and
certain mathematical maturity. The latter should be interpreted as having an ability to follow
and understand mathematical ideas and proofs and experience reading mathematics at the
graduate level at least. The mathematical knowledge needed and some conventions that we
will use are explained below.

Algebraic geometry We will not assume any knowledge in algebraic geometry be-
yond the basic notions such as zero sets and polynomials. A knowledge in real and semial-
gebraic geometry will be useful to understand the motivation of certain questions from the

'If the reader has arrived to this point, it means that probably E satisfies this requirement or that E likes to
stare at sequences of characters that are incomprehensible for Em.
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algebraic geometric perspective, but any necessary prerequisites will be introduced, par-
ticularly the notions of semialgebraic set and condition number of real projective algebraic
sets.

Algebraic topology We will assume that the reader is familiar with the basics of al-
gebraic topology: homotopies, continuous retractions, homotopy equivalences, singular ho-
mology and the Mayer-Vietoris theorem in homology. We will not require any knowledge on
homotopy groups, beyond their definition and the fact that they are preserved under homo-
topy equivalences. The reader can find any unknown notion in the standard references [216]
and [346].

Complexity theory We will assume some familiarity with complexity theory, in the
sense that we assume that the reader is familiar with how the time complexity of an algorithm
is estimated in general. The only point of the thesis were a serious knowledge of complexity
theory is needed is in the subsection where we give the computer scientific motivation
of the problem that this thesis discusses.

Differential and Riemannian geometry We will assume that the reader is comfort-
able and familiar with the standard concepts of differential and Riemannian geometry that
are covered in a usual graduate course in mathematics. The reader can find any unknown
notion in the standard references [275] and [381].

We will be working mainly on the sphere S” and R™+!. To be clear, for any smooth map
f: R — RY, including polynomials, we will denote by D, f the tangent map T,S" — RY of
f, as map on the sphere S", at x € S" and by Dyf the tangent map TyR™! = R"*! — R9
of f, as amap on R™1 at x € R™! When f : M — A is a smooth map between smooth
manifolds M and A such that either M or N is not an Euclidean space, we will denote by
Dxf the tangent map Ty M — Ty of f at x € M.

Linear algebra \We will assume that the reader is familiar with the Singular Value De-
composition (SVD), singular values and orthogonal and unitary transformations. The reader
can find any unknown notion in [392].

Probability theory \We assume that the reader is familiar with the basic notions of
probability theory. By this, we mean that the reader must know the definition and interpreta-
tion of probability, random variables and vectors and expectations in the continuous setting.
The reader can find any unknown notion in [164; Ch. 7].
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Parameters
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Boolean formulas

Metric notions

Boolean formulas (generally)
purely conjunctive Boolean formulas (generally)
value in X of ®(Sy,...,Sz) for Si,...,S3 C X

normal form

disjunctive normal form

sign vector of ¢

strict disjunctive normal form

zero set of f in the sphere S

semialgebraic set described by (p, ®)

spherical semialgebraic set described by (f, ®)
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approximating cloud of G-points for (f, t)

complex zero set of f
zero set of f
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(C=T)

Proposition ST 2.1
Proposition ST_2.2
p.

Lemma
(@)

(E—12)

Definition
Definition

(&)
Definition

dist Euclidean distance
B(x,r) Euclidean ball with center x and radius r
B(x,r) closed Euclidean ball with center x and radius r
U(X,r) (Euclidean) r-neighborhood (cmw~)
dists geodesic distance on S" ()
Bs(x,r) ball with center x and radius r with respect to distg
Bs(x,r) closed ball with center x and radius r with respect to distg
Us(X,r) spherical r-neighborhood Z3)
distyy Distance with respect the Weyl norm
Bw(f,r) ball with center f and radius r with respect to distw
disty Hausdorff distance ({cmm1)

diStx

distance to X function
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Differential geometry

R™1  (n+ 1)-dimensional Euclidean space
S™  n-dimensional sphere
S" upper half n-dimensional sphere
S8 (n— 1)-dimensional sphere given by Z5(Xo)
TyM tangent space of M at x
NyM  normal cone of M at x (in its ambient space)
Dyf tangent map TyM — TN
tangent map T,S" — Tf(x)/\f , It f polynomial tuple

O
>
-

3 3

tangent map R™ — R™ at x

Vf gradient vector of f

Linear algebra

vector of ones

identity matrix

Frobenius norm

Frobenius inner product
operator norm

ith singular value of A
(conjugate) transpose of A
pseudoinverse of A

Smith Normal Form of A
orthogonal group of order n
unitary group of order n

local condition number of f at x
global condition number of f

Smale’s gamma

Smale’s projective gamma

local intersection condition number of f at x
global intersection condition number of f
global affine intersection condition number of p
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Discriminat sets
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Reach, Cech
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, Vietoris-Rips and relatives
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local reach of X at x

reach of X

local reach along u of X at x
Cech complex of X' of radious ¢

Vietoris-Rips complex of X’ of radious ¢

Vietoris-Rips graph of & of radious ¢

Algebraic topology

H,
Hy
Bk
Tk

(singular) homology

kth (singular) homology group

kth Betti number

kth vector of torsion coefficients
number of entries in T

kth homotogy group

nerve of C

free simplex with vertex set X
realization of a simplicial complex S
dimension of face o

set of k-kaces of S

set of simplicial k-chains of S

kth boundary operator
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Probability theory
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E

IE‘:xeK
Ly

A
fo.p
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probability

expectation

expectation over the uniform distribution on K
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random matrix
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Differential tools

NI Newton vector field of f (=)
NL' discontinuous Newton vector field of (£, t, ¢) ae:))
Ja  (f, X)-lartition Definition
ny strata of JIy , associated to J Definition
[y (f, A)-lartition Definition
m, strata of Il associated to (I, o) Definition

Special functions
I' Euler's Gamma function

Grids
Gy uniform grid of order i (E—T9)
O (a)  random #-grid with failure probability a—* p.
Ry recursive i-grid with seeds Ry and N/ (a—=2a)
Subdivision methods
O[X] boxes [][ai, bi] included in X
O[F] interval approximation of F E3)
m(J) midpoint of J € O[X]
w(J) maximum width of J € OJ[X]
Ci(J) (5=5)
Ci(J) (5=—T2)
Error analysis
F, F5%®*  floating-point number system (E—=m)
u, up; round-off unit Definition
fl, flpt rounding map (a—=3m)
op approximate version of op (TZ=32)
fl2 p. 163
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Die Wahl eines Stils, einer Wirklichkeit, einer Wahrheitsform, Realitdts- und Rationalitatskriterien
eingeschlossen, ist die Wahl von Menschwerk. Sie ist ein sozialer Akt, sie hdngt ab von der
historischen Situation, sie ist gelegentlich ein relativ bewuBter VVorgang [...], sie ist viel &fter di-
reketes Handeln aufgrund starker Intuitionen. »Objektiv« ist sie nur in dem durch die historische
Situation vorgegebenen Sinn: auch Objektivitét ist ein Stilmerkmal [...].

Paul Feyerabend, Wissenschaft als Kunst

Introduction

This dissertation presents the numerical approach to “one of the most fundamental open
questions in algorithmic semi-algebraic geometry” [25; §5]: is there a poly(g, D)P°Y("-time
algorithm for computing the homology groups (or Betti numbers) of a semialgebraic set in
R" described by a Boolean formula involving g real polynomials of degree at most D? Our
presentation will be a synthesis of the currently existing results: the author’s PhD work in [91,,
92, 137], with Peter Blrgisser, Felipe Cucker and Alperen Ali ErgUr; and the immediately
preceding work in [142, B8], by Peter Burgisser, Felipe Cucker, Pierre Lairez, Teresa Krick
and Michael Shub.

Additional PhD work in [93], with Peter Blrgisser and Alperen Ali Erglr, regarding the
number of real zeros of a random fewnomial system can be found in the Appendix B, since
it does not follow the main thought stream. Also, in Appendix M, an accessible account of
the central theme is given in Spanishm.

The present introduction will answer in the following three sections the next three fun-
damental questions:

1. What is precisely the problem we are trying to solve?
2. Why do we care about this problem?
3. What did others do towards the solution of this problem? And what have we done?

After answering these, the analytical index at the end intends to give an overview of the
content and structure of the present thesis.

"The reason for giving it in Spanish and not in English (or German) is that the target audience (relatives and
friends back in Spain) is Spanish-speaking, but not always English-speaking.
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05 Description of the problem

To describe the problem at hand, we review the terms appearing in the question above
and only then, after the shades of meaning have been clarified, state the question with all its
details.

051—-1 Concepts and objects of the problem

The question above mentions three fundamental objects in it: algorithm, homology
groups (and Betti numbers), and semialgebraic sets. These concepts are clear to any expert
in computational semialgebraic geometry, but they may be unclear to a random mathemati-
cian. E might be unfamiliar with some of these notions (as it usually happens with semialge-
braic sets) or might give them a meaning that was not intended (as it can happen with such
a polysemous concept as homology).E

Algorithm

The notion of algorithm can have many definitions. However, by the Church-Turing the-
sis[12; Ch. 7], all of the ones reflecting computation in the real world turn out to be equivalent.
Moreover, strong Church-Turing thesis [12; Ch. 7] says that all of them have equivalent no-
tions of run-time and computing space, in the sense that the asymptotic complexity classes
of complexity (polynomial, singly exponential, etc.) are the same for all models of computa-
tion. The interested reader can consult the details about the formal models of computation
and their equivalences in any of the standard references, e.g., [12, 308].

Taking advantage of living in the era of computers, our model of computation will be
pseudo-code. In the usual setting, we would measure the run-time in terms of the number of
bit-operations that the algorithm described by the program in pseudo-code executes. How-
ever, in computational semialgebraic geometry, it is more clarifying to consider an algebraic
model of computation in which algebraic operations and comparisons between real num-
bers can be done at unit cost. Because of this, we will assume that the program executed
by our pseudo-code can perform arithmetic operations and comparisons with real numbers
exactly, we will allow as inputs any real number and we will measure the run-time by the
number of arithmetic operations and comparisons. This could be formalized using BSS ma-
chines [68; Ch. 4], but this will not be required by us as we don’t intend to prove complexity
lower bounds.

The adoption of an algebraic model of computation means stepping out of a realistic
model of computation. To be able to translate our algebraic pseudo-code into a real al-
gorithm, we need to accompany our complexity analysis with a bound on the size of the
approximations/representations of the real numbers that our programs work with. This is
done in two ways:

1. We restrict the real numbers input-output to an efficiently computable class of real
numbers. By which we mean a set of real numbers represented by bit-strings such
that arithmetic operations and comparissons can be done in polynomial-time in terms
of the bit-representations. The paradigmatic example of such a model are rational

2The claims between parentheses are based on the author’s experience.
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numbers with the usual ways we operate and compare them, but there are more so-
phisticated versions such as Thom’s encoding of real algebraic numbers [131]. In this
restricted framework, the algorithm becomes effective if one can bound the size of the
representations appearing during the execution of the algorithm.

2. We allow the algorithm to use efficiently computable approximations, by which we
mean a set of real numbers represented by bit-strings such that approximations to
arithmetic operations and comparissons can be done in polynomial-time in terms of
the bit-representation. The paradigmatic examples of this approach are fixed-point and
floating-point arithmetic. In this approximate framework, the algorithm becomes effec-
tive if one can bound the precision needed during the execution in order to guarantee
a(n approximately) correct output.

In our numerical approach, we do the latter (see Chapter @). Therefore we will be able to
make effective the algorithms that we produce.

Homology groups and Betti numbers

By homology, we don’t mean any fancy homological theory from algebraic geometry,
but the singular homology (with integer coefficients) He(X) = (Hk(X))ken Of @ topological
space X [216; 2.7]. We will refer to this sequence of singular homology groups of X simply
as the homology of X. We note that for simplicial complexes and CW complexes, singular
homology agrees, respectively, with (the more computational) simplicial and cellular homol-
ogy [216; Theorems 2.27 and 2.35].

In the cases we will be dealing with, the homology groups will be finitely generated
groups. Therefore, by the classification theorem of finitely generated Abelian groups [273;
Ch. lll. Theorem 7.7], we have that each homology group Hg(X) is isomorphic to

500 sk (X) 7

k

P00 @ = o
where Sk (X) and sk (X) are natural numbers and the T i(X) are positive integers greater
than one such that for all i < sk(X), T,i(X) divides Tk i1+1(X). The numbers Sk (X), sk(X)
and the T ;(X) are uniquely determined by the homology group Hk(X). We call S« (X) the
kth Betti number of X, and the vector T (X) := (Tk,,-(X)),.Si(lx) the torsion coefficients of X.
We will encode the homology groups through these numbers.

The homology groups Hg(X) are very robust topological invariants of X, which are not
only invariant under homeomorphisms, but also under homotopy equivalences. Furthermore,
these topological invariants are “easy” to compute for reasonable spaces, when compared
to other topological invariants. However, this easiness of computation comes at a price. Ho-
mology groups are difficult to interpret in direct topological terms, as it is not clear which
topological information they capture. This situation should be compared with that of homo-
topy groups which are difficult to compute (they are still unknown for spheres [416]), but
which have a direct topological interpretation.

We just briefly recall the interpretation of the first two homology groups and consider
an example. For all topological spaces X, Hy(X) is always free and its rank 5y(X) counts
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the number of path-connected components of X [216; Proposition 2.7]. When X is path-
connected, H; (X) is isomorphic to the Abelianization of the fundamental group of X, m (X),
which consists of all the loops based at some point of X up to homotopy equivalence [216;
Theorem 2A.1].

A precise description of simplicial homology, how to compute it and examples will be
discussed in Chapter B. For more details, we refer the interested reader to any of the usual
references, such as [216, 346].

Semialgebraic sets

In principle, we could be working over an arbitrary real closed field [70; Ch. 7]. However,
for the sake of concreteness and numerical algorithms, we will limit ourselves to the real
closed field par excellence: the real numbers R from analysis.

A semialgebraic set is a subset of R” which can be obtained after performing a finite
number of unions, intersections and complements of sets of the form

{xeR"| p(x) =0} {x eR"| p(x) #0}, {x e R" | p(x) >0} and {x € R" | p(x) > 0},
where p € R[Xi, ..., Xp] is a real polynomial. In other words, semialgebraic sets are the sets

which can be described by real polynomials, inequalities and their Boolean combinations.

Example 05*.1. The set of polynomials of the form aX? + bX + ¢ with a real zero is a
semialgebraic set. We can write it as

({(a,b,c) eR®|a=0n{(ab,c) €R3|b2—4aczo})
U ({(ab,c) e R*[a=0}n{(ab,c) € R |b=0}F)
U({(a,b,c) eR?|a=0}n{(a,b,c) eR*|b=0}n{(a,b,c)eR*|c=0}).

A

As we cannot feed semialgebraic sets directly to an algorithm, we need to choose a
representation that can be used as an input. We do this by describing semialgebraic sets
with Boolean formulas.

A Boolean formula supported on {aq, ..., a,} is a string ® constructed recursively by
the following rules:

ay is a Boolean formula (A)

¢, U Boolean formulas = (& A ¥) Boolean formula (N)
o, U Boolean formulas = (¢ v ¥) Boolean formula (V)
® Boolean formula = (—®) Boolean formula (—)

The atoms of ® are the «; appearing in it and the size of @, size(®), is the number (counted
with repetition) of atoms and operations (A, V and —) appearing in ®. Given sets Sy, ..., S; C
X, ®x(S1, ..., Sa) is the set obtained by interpreting «; as S;, A as the set-theoretic inter-
section N, Vv as the set-theoretic union U and — as the set-theoretic complement Cin the
ambient set X. When the ambient set X is clear, we omit it.
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Remark 0S8 .1. Taking advantage of the fact that in the operations considered are asso-
ciative, we will omit parentheses as long as there is no ambiguity. For example, instead of
writing
(((mar) Aaz) V(a1 A (ma3))) V (a1 A as) A au)),
we will write
(a1 Naz) V(a1 A—as) V(ar Aag A ay).

Also, since the binary operations are commutative, we can further write /., ¢; to simplify
expressions of the form ¢;; A ¢ A --- and similarly with \/;., ¢;. q

Given a g-tuple of real polynomials p € R[Xj, ..., X5]9, a Boolean formula over p is a
Boolean formula ® supported on

{(pi =0), (pi # 0), (pi >0),(pi >0),(pi <0),(p;i <0) |ielq}

Given p € R[Xj, ..., Xy]? and a Boolean formula ® over p, the realization of (p, ®) is the
semialgebraic set

W(p, ®) := @gn (p; '(0), p; "R\ 0), p ' (Rs), o (Rx), p; " (R<), p; ' (R<) | i € [q])) -
(0.2)
A Boolean description of a semialgebraic set is a pair (p, ®) where p € R[X, ..., X5]9 and &
is a Boolean formula over p such that W(p, ®) = S.

Example 05 . 2. In Example 05 1], the Boolean description suggested is

(~(a=0) A (b2 —4dac=0))V ((@=0)A=(b=0))V(@a=0)A(b=0)A(c=0)).

Example 08 .3. Let p € R[Xi, ..., Xp]9. One can check that

q q
V' Ai~i0)and A((pi>0)V(pi<0)
~e{><}9 i=1 i=1
give descriptions for the same set. However, the first formula has size 29q — 1, while the
second one has size 4g — 1. This shows that not all descriptions of a semialgebraic set are
equivalent from a computational complexity viewpoint, and that we should be careful with
the assumptions and manipulations of Boolean formulas. A

Remark 08t . 2. Boolean formulas can be viewed as formulas or expressions [B2; 27.5] in
the setting of a Boolean algebra. Alternatively, we could have defined a Boolean straight-line
program by changing our description format to that of straight-line programs [82; 4. 7] (also
known as arithmetic circuits when represented as a graph) and everything, including the
proofs and statements in this dissertation, would have carried out in the exact same way.
Although, in general, straight-line programs are more powerful than formulas, it is not
clear that this is the case in the Boolean setting. This is so, because the main example of
the difference, x2", is so due to the ability of straight-line programs to do fast exponentiation.
However, in the Boolean setting, where all binary operations are idempotent, exponentiation
is a useless operation. q
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05'-2 Statement of the problem

With the above definitions and setting, we can now enunciate precisely the open prob-
lem that concerns this dissertation, which has two versions: one involving only the Betti
numbers and other involving also the torsion coefficients [3].

We will write computational problems indicating the input, the output, the complexity
parameters, the desired run-time and the known run-time. The desired run-time indicates
the run-time that the community of exper‘[sE in computational semialgebraic geometry hopes
for and the known run-time the best existing time-complexity bound.

Let g,n € N be positive integers, d = (di, ..., dg) € N9 a g-tuple of positive integers,
D := max{di, ...,dg} and

Palq) := {f € R[Xq,..., Xy)9 | for all i € [n], deg fi < d;}, (0.3)

the set of g-tuples f := (fi, ..., fg) of real polynomials in the n variables X, ..., X, such that f;
has at most degree d;.

(I5): Betti numbers of a semialgebraic set.
Input | p € Py4|q], Boolean formula ® over p of size < s
Output | Betti numbers of W(p, ®): So(W(p, ®)), ..., Ba(W(p, D))
Complexity parameters | s,q,D,n
Desired run-time | poly(s, g, D)P°Y(" [25]
Known run-time | s(qD)2°"” [128, #19] (cf. [34; Ch. 11])

(B): Homology of a semialgebraic set.
Input | p € Py4|q], Boolean formula ® over p of size < s
Output | Betti numbers of W(p, ®): Bo(W(p, ®)), ..., Ba(W(p, D))
Torsion coefficients of W(p, ®): T1(X), ..., Tn(X)
Complexity parameters | s,q,D,n
Desired run-time | poly(s, g, D)PY("
Known run-time | s(qD)2°"” [128, 419] (cf. [34; Ch. 11])

052 Motivation of the problem

There are many ways of motivating a problem. Some of these ways are more appealing
to some people and some to others. Because of this, we don’t present one motivation,
but several of them. We will consider the following four motivations: the applied, because
it may lead to better and faster algorithms in applications; the mathematical, because it will
lead to a better understanding of the class of semialgebraic sets that plays an important
role in many areas of mathematics; the computer scientific,E‘] because it plays a central role
in complexity theory; and the his‘[orical,E because the historical development of real and

80r the author, if a citation is not given.
4Among the motivations, this is the most technical one and it requires some familiarity with complexity theory.

5Among the motivations, this is the most literary one and also the longest one. The latter is so because this
historical motivations follows very nearly the development.
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semialgebraic geometry leads “naturally” to this question. The reader is not supposed to
read all the motivations, but only those that appeal to Eir interests.

052-1 Applied

In many applications, one is interested in describing the set of possibilities (configura-
tion space) by employing polynomial restrictions, i.e., real polynomials and inequalities. This
naturally leads to the appearance of semialgebraic sets in many problems. Without being ex-
haustive in our references, semialgebraic sets play a role in robot motion planning [101, 359,
274], configurations of molecules [274, 294], optimization [75, 66, 235, 267], non-negative
rank [170, 266], etc.

Example 052 .1 (A robot arm). Consider the following robot arm
X

(0] 0z

where the black thick node o is fixed and the grey nodes x, y and z are only fixed to the
position in the bars. The pink bars oy and Xz are of fixed lengths 2 and 3, respectively, and
the red bar ox can change its length from 1.5 until 2.5 (in the picture is at length 2) and rotate
freely between 0 and 90 degrees. The join y is precisely at distance 1 from x and 2 from z.

When the angle and the length of ox vary, the robot arm gets several positions. The
possible configurations of the arm can be encoded as a semialgebraic set. In this case, we
get the following formula

(9 < 4(x? 4+ x3) < 25) A (x1 > 0) A (X2 > 0)
AYE+ys =4)A(Byr = 2x1 +21) A (Bys = 2x2 + 29)
AN =212+ (0 — 22) = 9)

where the first line indicate the possible lengths and angles of ox, the second line the length
of oy and the position where y lies on Xz and the thirs line the length of xz. A

In many of these applications, once the description as a semialgebraic set has been
obtained, many of the problems reduce to either testing whether the semialgebraic set is
empty [T7] or connected, or counting [ZI] or sampling [[E] connected components. Except
for sampling the connected components, all problems reduce to the more general problem
of computing the Betti numbers of a semialgebraic set [I5].

(I"): Emptiness of a semialgebraic set.
Input | p € Py4|q], Boolean formula & over p of size < s
Output | 1if W(p, ®) non-empty, 0 otherwise
Complexity parameters | s,q,D,n
Desired run-time | sq"*1DO(" [25]
Known run-time | sq"1 D" [26, 28] (cf. [34; Ch. 14])
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(/1): Number of connected components of a semialgebraic set.
Input | p € Py[q], Boolean formula ® over p of size < s
Output | Number of connected components of W(p, ®): 5o(W(p, ®))
Complexity parameters | s,q,D,n
Desired run-time | sq"*!D"PoYod(n) [25]
Known run-time | sq"" 1po(n?) [30] (cf. [34; Ch. 16])

(E): Connected components of a semialgebraic set.
Input | p € Py[q], Boolean formula ® over p of size < s
Output | xq, e s XBo(W(p,®)) € W(p, ®) s.t.
one and only one x; per connected comp. of W(p, ®)
Complexity parameters | s,q,D,n
Desired run-time | sq"*!D"PoYog(n) [25]
Known run-time | sq"+D°(") [30] (cf. [34; Ch. 16])

As of today, direct applications of computing all Betti numbers of a semialgebraic set
are unknown. However, even though direct applications may never appear, the techniques
developed while solving the problems [I5] and [[B7] might help to provide better algorithms
to any of the problems above or to develop new algorithms for new problems to enter in the
applied world.

052-2 Mathematical

Semialgebraic sets form a very robust class of sets that remains closed under many
mathematical operations: unions, intersections, complements, projections... Because of this
robustness, the shapes that semialgebraic sets take is vast and is yet to be understood. A
solution to the problems [I5] and [B] would be an advance in its understanding.

However, in current mathematics, the role of semialgebraic sets is not limited to that
of a class of sets that remains to be understood. Semialgebraic sets have a distinguished
position in many areas of mathematics: mathematical logic [386, 362], where semialgebraic
sets appear in the first-order theory of the reals; real algebraic geometry [47, [70Q], where
they appear in any classification problem; complexity theory [69, 68], where they are central
to real complexity theory; discrete geometry [332], where they are key to understand the
geometric configurations of a given combinatorial configuration; etc.

Example 052 . 2 (Realization space of a pyramid). Consider a square pyramid, with vertices
of the base x1, x2, X3, X4 and apex y. The realization space should indicate us configurations
of the points in which their convex hull gives the square pyramid combinatorially. In general,
this means ensuring that (1) all points in a facet lie in the same hyperplane and no other point
in that hyperplane, and (2) the points are in convex position. This leads to a semialgebraic
set.

The first part of (1) is translated into equating determinants to zero and the second
part of (1) together with (2) into imposing positivity condition onto determinants, where signs
come from a global orientation. For example, since xi, xo, X3, X4 lie in the same facet, this
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translates into

1 1 1 1
det =0,
X1 X2 X3 X4

but since y does not lie in this facet this translates, after choosing an orientation of the facet,

11 1 1
det > 0.
X2 X3 X4 Y
Now, we only need to add further positivity conditions as the rest of the faces are triangles.
After choosing an orientation, we get

1 1 1 1
det >0
Xi Xi+1 Xit2 Y

where we interpret the subindices mod 4 and i € [4].

This would give a full description of the point configurations of {x1, X2, X3, X4, y } that gives
the pyramid with a square base. However, the realization space is the set of those config-
urations up to natural transformations, which are usually either projective transformations,
affine transformations or isometries. In order to do this, we just fix as many parameters as
we can using the considered action.

For example, in our case for the affine transformations, we can just assume that xo = 0,
X3 = €1, X4 = €y and y = es. Doing this, we can see that x = <a b 0>* and that the affine
realization space of the pyramid is described by

(—a>0)A(b>0)A(l—a—b>0).

Although the realization space in this example is simple, they can be arbitrarily complicated
and have any sequence of Betti numbers a simplicial complex can have [332]. A

In this way, solving [15 ] and [B] (both in theory and in practice) provides a computational
approach to problems in which the homology of semialgebraic sets plays a fundamental
role. An example of this, in a variant of [I5] for curves, can be appreciated in [241] to re-
study explicitly Gudkov’s classical solution to Hilbert’s sixteenth problem for curves of degree
six [208, 209, 210, 207]. We will come back to this in Chapter B.

052-3 Computer scientific

A counting problem refers to a computational problem involving a function that can be
interpreted as the counting function for some object. The most famous class of counting
problems is #P, but, in (computational) complexity theory, one is also interested in counting
problems coming from other areas beyond combinatorics, such as algebraic geometry. This
has been done extensively by Meer [287], 288], Blrgisser and Cucker [83, 84, 85], Blrgisser,
Cucker and Lotz [B9], Scheiblechner [354, 355] (cf. [356]), Burgisser and Scheiblechner [95,
96], Basu and Zell [42, 43], and Basu [24].

There are many counting problems in semialgebraic geometry (among them, [7K] and
[3]), but we will focus on and [I5]. The first one counts only components (i.e. “intrinsic
topological holes” of dimension 0), while the latter counts the “intrinsic topological holes”
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of all dimensions of a semialgebraic set. For more counting problems in real and complex
algebraic geometry, see [83, 84, BI].

(7 ): Size of a semialgebraic set.
Input | p € Py|q], Boolean formula ® over p of size < s
Output | #W(p, ) € NU {o0}
Complexity parameters | s,q,D,n
Desired run-time | sq"*+!D"Poiog(n)
Known run-time | sq"+! D) [0, 31] [[Z1}+ dimension]

(3): Euler-Poincaré characteristic of a semialgebraic set.
Input | p € Py4|q], Boolean formula ® over p of size < s
Output | Euler-Poincaré characteristic of W(p, ®):
x(W(p, ®)) = >_; Bi(W(p, @)
Complexity parameters | s,q,D,n
Desired run-time | sq"*'(nD)°("
Known run-time | s(qnD)°(" [22, 186]E

From the classical point of view (see [12, 308] for basic references), in which we restrict
the input of the problem to only integer polynomials, [ L] is FPSPACE-complete (with respect
Cook—reductionsﬁ) [322, 323, 103] and [I5] FPSPACE-hard [B4], this remains true if we
restrict to complex projective varieties [854]. However, this does not relate these problems
to the usual counting problems beyond the well-known inclusion #P C FPSPACE, and so
this only tells us that counting is harder in semialgebraic geometry than in combinatorics.

From the real point of view, as defined in [69, 68], there is a real analogue of #P, #P,
which was introduced in [287, 288] and studied extensively in [84]. However, with this real
analogue, we can only show that [I5] is FP*PE_hard (due to the proof of [84; Theorem 7.1]).
In [42, 43], an alternative real analogoue of #P, #Pl was given. The main difference between
#Pr and #P]% is, roughly speaking, that the first one counts using the set-theoretic cardinal
and the second one using the sequence of Betti numbers. The most interesting part of this
real alternative analogue to #P is that it gives the following real version of Toda’s theorem
(cf. [389]):

PHg C PP

where PHE, is the compact version of PHg, meaning that we restrict the domain of each
block of quantified variables and of the block of free variables to the corresponding sphere.

To illustrate the above result in a weaker, but more accessible way, we consider, for
I > 0, the decision problem GDP{ whose instances are of the form

Qi x1 € Snl*l, L QX € Sn’fl, (Xl, ey X/) € W(p, @)

5The result in [186] is needed to extend the algorithm in [22] from closed to arbitrary semialgebraic sets.
However, it should be pointed that historically the substitution was done with the construction in [[185] with the
proof of homotopy invariance given by [83, 35]. Nevertheless, the construction in [186] is the most general,
elegant and efficient one.

"By a Cook-reduction from P to P, we will mean that there is a polynomial-time algorithm solving P with
oracle calls to P. When the restriction of polynomial-time is dropped, we will just say Turing-reduction.



Condition and Homology in Semialgebraic Geometry 11

where n = Zle ni, Qi € {¥,3}, p € Pq4[q] and @ a lax formula over p, which is a Boolean
formula without negations whose atoms are of the form (f; = 0), (i > 0) and (fi < 0).
This problem is the compact version of deciding quantified semialgebraic formulas with /
alternations, GDP;, where we quantify over R™ instead of S"~! and we don’t put restrictions
on ®. In [42, 43], they showed that for fixed | > 0, GDPf can be Cook-reduced (in the
BSS model of computation) to [I5]. In other words, [I5] is strong enough to decide (in an
algebraic model of computation) a compact version of the first-order theory of the reals. We
note that the opposite reduction is not possible (even if we just ask for a Turing-reduction),
because neither nor can be expressed in the first-order theory of the reals [48, 22].

Putting together what we have said above, the problem [15] is a hard problem to which
many hard problems in both the classical and real setting can be reduced. This problem is
intimately related to the real complexity class #PL, and a positive solution to it would bring
an inclusion into FEXPTIMEgR of many known problems and complexity classes in the world
of real complexity.

052-4 Historical®

With the invention of Cartesian coordinates, geometric objects became formulas and
formulas geometric objects. This event, which marked the beginning of algebraic geometry,
allowed an “easy” algebraic understanding of many of the geometric objects of the past, such
as conics. However, with this new understanding, hordes of new “monstrous” algebraic-
geometric objects invaded the Greek classical world. Where once the harmony of Plato’s
shapes ruled, algebraic varieties created chaos with all their possible (reall) shapes.g

This chaos took place even in the world of those algebraic varieties that we can draw
and see. At the beginning of the 20th century, there was a very modest success in classifying
the zoo of shapes of real algebraic curves and surfaces. The biggest successes were the un-
derstanding of curves of degree five (and partially those of degree six) by Harnack [215] and
Hilbert [222] and of surfaces of degree three by Schlfi [358], Zeuthen [423] and Klein [259].
In this context, in 1901, Hilbert formulated his famous 23 problems [224|, 223], and asked,
in the first half of the sixteenth one, how real algebraic smooth curves in P2 and real algebraic
smooth surfaces in P can look like (up to isotopy). The problem put special emphasis on
curves of degree six and surfaces of degree four.

Despite the early work in the problem by Ragsdale [320] and Rohn [337], the main
collective effort went into other Hilbert’s problems. The solution to the seventeenth problem
led to the abstract theory of real fields by Artin and Schreier [[13]. However, the main focus
went on the real version of Hilbert’s tenth problem, which is just nothing more than [17],
motivated by the threat of undecidability created by the works of Gddel [192], Church [127,
126] and Turing [394]. Fortunately, Tarsky [386],E and later also Seidenberg [362], showed

8A warning is in order here. The history here will be told from a subjective perspective, starting in the 20th
century with Hilbert’s problems (specially the first half of Hilbert’s sixteenth problem [224, 223]) and ignoring
the development of non-real algebraic geometry. The arrow of time in this history will be the understanding of
shapes (and topological invariants) of real algebraic and semialgebraic sets. For alternative narratives, see [[157,
349, 32, 408].

®From time to time, the author will take these poetic licenses in this historical narrative to keep it entertaining.

O Although published in 1951, Tarski’s work goes back to the 30s. The delay was due to the war.
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that the first-order theory of the reals was decidable. Unfortunately, the Second World War
brought the progress in the problem to a halt.

The Sovietsd against Hilbert’s sixteenth problem

With the war over, the only mathematical community that took the challenge of the first
half of Hilbert’s sixteenth problem was the Soviet one. And the narrative here has to be
complemented by the account of the Soviet protagonists themselves in [206], [148] and
[408].

In the 50s, continuing with the work of Petrovskil before the war [311], Petrovskil and
Oleinik developed bounds for the Euler characteristic of real smooth algebraic sets [312] and,
later, Oleinik extended these results to sums of Betti numbers [303, 304]. This brought, for
the first time, a restriction on the possible topologies of general real algebraic sets.

In the 60s, Gudkov, following a suggestion of Petrovskil, attacked Hilbert’s sixteenth
problem for curves of degree six. After more that ten years and a famous mistake,E Gudkov
completed the classification of real projective algebraic curves of degree six [208, 209, 210].
Meanwhile in the West, Milnor [292] and Thom [387] rediscovered the results of Oleinik on
the sum of Betti numbers [303, 304], although providing new proofs which applied also to
the singular case.

In the 70s, the major breakthrough in the dissipation of the chaos in real algebraic ge-
ometry occurred, motivated by Gudkov’s congruence hypothesis [209]. In 1971, Arold [7]
gave a proof of a weaker version of Gudkov’s conjecture using techniques from complex al-
gebraic geometry, in the flavour of Thom’s proof of Oleinik’s bound [387] and Klein’s proof of
Harnack’s inequality [260]. In a sudden boiling of ideas, Rokhlin developed this relation be-
tween real and complex algebraic geometry enormously. One year after Arnold, he gave the
first proof of Gudkov’s congruence hypothesis [341];E just four months afterwards, he gave
another simpler proof of a generalization of Gudkiv’s congruence hypothesis [340, 342];E
and he completed this by exploring even further the relation between the topology of the real
part, its complexification and the relative position [343, 344, 345].

With this explosion of ideas, the 70s and 80s were very successful for the Soviet school
of mathematics. The congruences and inequalities where generalized further by Fiedler, Gud-
kov, Kharlamov, Krakhnov, Nikulin and many others [179, 211, 247, 248, 249, 250, 299].
These works on restrictions culminated with full classifications by Kharlamov, Nikulin and
Viro for new degrees at the end of the 70s and the beginning of the 80s. In the zoo of
curves, rigidE classifications were produced by Kharlamov for curves of degree five [253]
and by Nikulin for curves of degree six [298]; and the isotopic classification for curves of

"The term Soviet, instead of Russian, is necessary as not all Soviet mathematicians are Russian. For example,
Olga A. Oleinik was from Ukraine and Viadimir A. Rokhlin from Azerbaijan.

2This mistake refers to the fact that the original classification of Gudkov in 1954 did not contain the curve
of type 1(5) ] 5, (one oval with five ovals inside and five outside). The later correction of this mistake was
surprising, because this type of curve was believed not to exist by Hilbert [224]. The discovery of this mistake
and its correction by Gudkov was possible thanks to Morozov [317].

SHowever, this proof had a mistake that it took eight years to be discovered and corrected by Marin [284].

"Funnily, of congruences mod 16 for Hilbert’s 16th problem

Rigid isotopy as opposed to topological isotopies, require that the isotopy can be carried out by deforming
the coefficient of the defining polynomials and not just the zero set.
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degree seven was obtained by Viro [411, 406, 405]. Further, the isotopic classification of
curves of degree eight was almost8 completed by Viro [411), 406], Shustin [371|, 372, 373]
and Polotovskil [816]. In the zoo of surfaces, Viro gave constructions of M-surfaces in every
degree [401]]. The partial results on (smooth) surfaces of degree four by Utkin [396, 395,
397, 207] were completed. The isotopic classification of surfaces of degree four was com-
pleted by both Kharlamov [246, 251|, 252] and Nikulin [298] and the rigid classification by
Kharlamov [254].

The emergence of computational semialgebraic geometry

While the Soviet mathematical school was climbing the Everest that the first half of
Hilbert’s sixteenth problem still is, the Western schools of mathematics started to leave the
more pure approaches to semialgebraic geometry, as exemplified by [70], to turn their atten-
tion into the existence of efficient algorithms in semialgebraic geometry. This was motivated
by the realization that, although in principle every problem expressible in the first-order the-
ory of the reals was solvable by [386, 362], the algorithms by Tarski and Seidenberg would
probably solve the problem only after the universe was over, even for small size problems.

At the end of the 70s, these efforts condensed in the so-called Cylindrical Algebraic
Decomposition (CAD) developed independently by Collins [128] and W(ithrich [419] which
gave a complexity of O(qD)QO(") to the decision of the first-order theory of the reals. There
were some hopes at the time that the lower bounds of Fischer and Rabin [181] could be
improved to show the optimality of cAD.12 Around ten years later, Arnon, Collins and Mc-
Callum [8, 8] added some improvements to CAD; Ben-Or, Kozen and Reif [46] showed that
the computation could be performed in exponential space; and the lower bounds obtained
by Weispfenning [417] and Davenport and Heintz [145] made all the preceding work appear
optimal.

However, the Soviet school of mathematics still had one more surprise in store. On the
same year that the lower bounds by Weispfenning [417] and Davenport and Heintz [145]
appeared, Grigoriev and Vorobjov [203] (cf. [414, 413]) and Grigoriev [202] (cf. [200]) de-
veloped the critical points method, building on previous work in the same decade by Chis-
tov [125], Chistov and Grigoriev [121, 122, 123, 205, 124] and Grigoriev [198, 199] on the
first-order theory of the complex numbers. In contrast to CAD, the run-time of the critical
points method is O(qD)" where I is the number of quantifier alternations in the first-order
formula. This parameter was very present in the examples of [417, 145].

In the coming decades, both CAD and the critical points method were successively
improved. CAD was improved by Hong [225, 226], Collins and Hong [129] and many oth-
ers [108]. At the beginning of the 21st century, Brown [78] improved CAD for the plane, and
new examples were obtained by Brown and Davenport [79] which showed the importance
of the order chosen in CAD. The critical points method was improved by Canny [103, 105],
by Heintz, Roy and Solerné [219], by Renegar [326, 327, 328] (cf. [325]), where n' is sub-
stituted by [];(n; + 1); and finally by Basu, Pollack and Roy [26, 28], where q and d are
separated and the exponent of q is given exactly without Landau notation. However, de-

80nly the existence of six isotopy types remain to be resolved.
"“The result of Fischer and Rabin suggests that a bound of this form is likely the best achievable for any
deterministic method”. [128]
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spite these incredible achievements, the main focus of computational real algebraic and
semialgebraic geometry started to shift to the computation of topological invariants at the
end of the 80s.

“Turing” goes topological

At the end of the 80s, it was clear that the classical classification project of Hilbert was
difficult. After more than three decades of work, this project was completed for the cases
originally considered by Hilbert. However, the progress in terms of the degree was small: the
classification was only done for curves of degree at most seven and for surfaces of degree at
most four. It is not clear if this was the motivation, but around this time, after the successes of
CAD and the critical points method, a substantial amount of algorithms addressing the com-
putation of topological invariants emerged, specially concerning connected components
and the isotopy types of curves I8

On [IT], the progress started soon after the development of the critical points method.
The problem received an impetus from the applications thanks to the work of Canny [101]
showing the relation of the problem to robot motion planning. Soon after this, Canny [103,
102] developed the notion of a roadmap of a semialgebraic set that will play a fundamental
role. At the beginning of the 90s, a cluster of results showed that could be solved in
singly exponential time. Initially, Canny [107, 104] and Heintz, Krick, Roy and Solernd [218]E
showed that, among other geometric-topological problems, deciding if two points belonged
to the same connected component could be done in singly exponential time. Then, almost at
the same time, Grigoriev and Vorobjov [412, 204], Canny, Grigoriev and Vorobjov [106] and
Heintz, Roy and Solerné [218, 220] (see also [201]) showed that [ZT] could also be done in
singly exponential time. By the end of the 90s and beginning of the 2000s, the complexity
was improved to the more explicit ©(gD)°(") by Basu, Roy and Pollack [27, 29, B0]. The
last significant progress in this problem was by Safey el Din and Schost [352, 353] and
Basu, Roy, Safey el Din and Schost [40] and Basu and Roy [89] at the beginning of the
2010s. They showed that for algebraic sets, the exponent O(n?) can be substituted by a
quasilinear factor in n, n-polylog(n). As of today, extending this complexity bound to general
semialgebraic sets is seen as the biggest open problem in computational semialgebraic
geometry concerning [ZL].

On the isotopy type of real curves, there were some algorithms by Polotovkil [318] at
the end of the 70s and Gianni and Traverso [188] at the beginning of the 80s. However,
the first algorithm for smooth curves with a complexity estimate was given by Arnon and
McCallum [10, 11] relying on their previous work with Collins on CAD [8, 8]. For any kind of
curves, it was the algorithm by Roy and Szpirglas [348, 350]. The coming two decades saw
an improvement race of the algorithms and their complexity estimates by long sequence
of works: Cucker, Gonzalez-Vega and Rosello [138], Feng [178], Gonzalez-Vega and El
Kahoui [195], Gonzéalez-Vega and Necula [196], Eigenwillig, Kerber and Worper [171]], Ker-
ber [243], Diochnos, Emiris and Tsigaridas [158], Cheng, Lazard,Pefaranda, Pouget, Rouil-
lier and Tsigaridas [[112], Kerber and Sagraloff [244], Diatta, Roullier and Roy [154], Mehlhorn,

"8}t should be clear that such algorithms contribute to the goal of solving the first half of Hilbert’s sixteenth
problem in general and to the computational understanding of the topology of real algebraic varieties.
®Unfortunately, the pelotita and the boldn didn’t get chosen as standard terminology in [34].
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Sagraloff and Wang [289, 290], Kobel and Sagraloff [261], and Diatta, Diatta, Rouillier,
Roy and Sagraloff [152]. All this sequence improved the complexity roughly from O(d?3)
to O(d%).

[G] as the next step in this history

As we have seen above, with the coming of the new century, there were substantial im-
provements in algorithms solving and determining the isotopy type of curves. Regarding
Hilbert’s sixteenth problem, after the Soviet solution of the cases mentioned explicitly in the
problem, the progress has been more modest. However, the chaos of shapes of semialge-
braic geometry is far from becoming an understandable cosmos.

From the geometric perspective, the classification of curves of degree 8 is still open, de-
spite recent work by Chevallier [120] and Orevkov [306]; new congruences, by Mikhalkin [291]
and Viro and Orevkov [291), 409]; new assymptotics, by Orevkov and Kharlamov [307]; new
examples, by Itenberg and Viro [411|, 229, 230, 232] and Brugalle [80]. And, in the case of
surfaces, the situation is more dramatic, the Betti numbers are not even completely under-
stood: it is still not known whether there is a surface of degree five with 24 or 25 connected
components. The best example is until now by Bihan [65] and Orevkov [305] with 23 con-
nected components, which improved on the one before by Kharlamov and ltenberg with 22
components. Further, new limits on the existing construction techniques by Renaudineau
and Shaw [324] suggest that new ideas are needed.

From the computational perspective, the situation is more hopeful. On the one hand,
there were developments on both the algorithms for isotopy of curves, which we have already
discussed, and also some generalizations to surfaces and curves in 3-dimensional space of
these algorithms. On the other hand, the exploration on how to compute new Betti numbers
started.

At the beginning of the 2000s, algorithms were developed for the computation of topo-
logical invariants and piecewise linear approximations of surfaces in space. The first al-
gorithms were developed by Fortuna, Gianni, Parenti and Traverso [184], Fortuna, Gianni
and Luminati [182], Cheng, Gao and Li [113], Fortuna, Gianni, Luminati and Parenti [183],
and, at the end of the 2000s, the first one with a complexity analysis by Alberti, Mourrain
and Técourt [3], which was based on previous work by Mourrain and Técourt [293]. The
situation for algorithms computing piecewise linear approximation of curves is similar 21

In parallel to these developments, one should not ignore the developments coming
from other methods in computational geometry (cf. [71]). At the beginning of the 90s, Sny-
der [B76, 377] made substantial work in the isotopic piecewise-linear approximation of
curves. In the 2000s, the problem for curves and surfaces was dealt by Boissonnat, Cohen-
Steiner and Vegter [72, 73], Plantinga and Vegter [315], Stander and Hart [382], Boissonat
and Oudot [74], and Cheng, Dey, Ramos and Ray [115]. Although the focus of many of
these approaches was more on the correctness and applicability to general functions, not
only polynomials, many of these methods were fundamental in motivating developments in

20This was necessary, because it is not clear, like it happens in the case of curves, which combinatorial
structure captures the topology of the istopy type of a surface. A torus can be knotted with itself.

21See the works by Alcazar and Sendra, Gatellier, Labrouzy, Mourrain and Técourt [187], El Kahoui [173],
Diatta, Mourrain and Ruatta [155], and Cheng, Jin and Lazar [[114].
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computational semialgebraic geometry.

At the end of the 90s, Basu [21, 22] developed the first algorithm computing more
topological information (precisely than just the Oth Betti number in singly exponential
time. By the middle of the 2000s, this was later extended to the first two Betti numbers by
Basu, Pollack and Roy [33, 85] and then to the first £ Betti numbers by Basu [23]. However,
in the last work, the complexity is doubly exponential in £. In this period, one should definitely
mention that the constructions by Gabrielov and Vorobjov [185, 186] were essential for
extending algorithms from closed semialgebraic sets to general semialgebraic sets.

In the last years, Basu And Riener [36, 37, 38] have applied successfully many of the
symbolic techniques to the case of symmetric semialgebraic sets described by symmetric
polynomials.

At this moment of historical development, [I5] is not just important because it is the last
step in a sequence of improvements, but because, as of today, [I3] resists to all technical
improvements coming from CAD and the critical points method. A solution to this problem, in
singly exponential time, would require new ideas in computational semialgebraic geometry.
These new ideas will give surely a better understanding of the topology of semialgebraic sets
and so contribute to the goal of the first half of Hilbert’s sixteenth problem.

053 State-of-the-art and contributions to the problem

We will recall the state-of-the-art concerning [15] and [B] and then explain our contri-
butions to the problems, which we present in this thesis.

053-1 State-of-the-art regarding the problem

In the state-of-the-art regarding [I5] and [ B, we should distinguish between the sym-
bolic and numerical approaches. We will recall the existing symbolic methods for approach-
ing [I5] and their limits, and then explain the existing numerical method, the grid method,
the differences that it has with respect symbolic methods and what has been the progress

so far regarding and [B].

Symbolic approaches

On the symbolic side, the best existing algorithm for [I5] is the algorithm by Basu [23]. It
computes the first £ Betti numbers of a semialgebraic sets in (gD)"""-time. This algorithm
is a product of a long sequence of steps, which can be read in the historical motivation,
but whose immediate ancestors are the algorithms by Basu [21), 22] and Basu, Pollack and
Roy [33, 35] and the constructions by Gabrielov and Vorobjov [185, 186]. We explain the
ideas present in these works.
Remark 053 .1. In the case of complex smooth varieties, Scheiblechner [357] showed that
one can solve [I5]in singly exponential time and parallel polynomial time. The reason that the
techniques of [857] don’t apply to [3] is because they are based on de Rham cohomology
which misses the torsion coefficients. However, it would be interesting to study whether the
techniques in [357] could be generalized to the real setting, as they differ from the usual
ones in computational semialgebraic geometry. q

The first paper [21, 22], by Basu, dealt with bounding the homology groups of semi-
algebraic sets. This was done by a certain covering and a Mayer-Vietoris argument that



Condition and Homology in Semialgebraic Geometry 17

allowed to bound the Betti numbers of the union in terms of the Betti numbers of the in-
tersections. Additionally, the techniques developed for the bound are used to compute the
Euler-Poincaré characteristic of semialgebraic sets in singly exponential time. The main
idea for this was to make use of the addititivity of the Euler-Yao characteristic and the fact
that the Euler-Poincaré characteristic agrees with the Euler-Yao characteristic for closed
subsets. In this way, one could compute the Euler-Poincaré characteristic of S = J,, S5,
with S, not necessarily closed, using (under the right hypotheses) the identity

WS = v (S,)

where y is the Euler-Poincaré characteristic and x* is the Euler-Yao characteristic. In or-
der to compute it for each S,, ideas coming from the critical points method and auxiliary
constructions are used.

The second paper [33, 35], by Basu, Pollack and Roy, applied a similar strategy, to that
of [21], 22], to compute the 0th and 1st Betti numbers. The main result is the construction, in
singly exponential time, of a cover by contractible semialgebraic sets. Then, in a variation of
the Nerve’s theorem, they show that for a closed set S = |, S with the S,, closed and con-
tractible, one can compute 5y(S) by counting the connected components of the pairwise
intersections of the S, and 31 (S) by counting the connected components of the pairwise
and triplewise intersections of the S,. This is proven using the so-called Mayer-Vietoris dou-
ble complex and its associated spectral sequence. Again, the computation of the connected
components [ZT] of the possible intersections is done using the existing algorithms for this
problem (such as [30]).

Additionally, in this paper, they gave the first proof that a general semialgebraic set can
be substituted by a closed semialgebraic with the same topological invariants. They did this
showing that the construction of Gabrielov and Vorobjov [[185] also preserved the homotopy
type. This idea is fundamental, as almost all of the techniques with the name “Mayer-Vietoris”
only work with closed subsets. Interestingly, the construction [185] was developed to bound
the sum of the Betti numbers of general semialgebraic sets, which was an open problem at
the time.

The third paper [23], by Basu, takes the algebraic-topological techniques in [33, 35]
to the limit. The main idea is to consider recursively contractible covers of the intersections
of elements of the previous covers. Then, using a suitable truncation of the Mayer—Vietoris
double complex and its associated spectral sequences, one is able to recover the first few
Betti numbers of the desired set. The doubly exponential explosion in the number of com-
puted Betti numbers is just a consequence of how the inductive construction of contractible
covers works.

One can see that in these works the main constructions are algebraic topological. The
main part of these algebraic topological arguments deal with how to get the Betti num-
bers out of the constructed contractible cover (in [85]) when the pairwise intersections are
not contractible. With the exception of the contractible cover in [35], the main part of the
approaches try solving [I5] by reducing, through algebraic topological computations, the
problem to cases that one can deal with by using the usual algorithms in semialgebraic
geometry, which mainly are algorithm dealing with [ZL] and [E].
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Numerical approaches

At the end of the 90s, a new approach of computation was introduced in real algebraic
geometry: the numerical one, to which the methods of this thesis belong. We introduce
below briefly what makes the numerical numerical instead of symbolic. We also give a short
historical development as this was not included in the historical motivation22 and we finish
discussing the ideas of the grid method, which is the form that until now the numerical
approach has taken within real algebraic and semialgebraic geometry.

Numerical algorithms, condition numbers and condition-based complexity In
contrast to the symbolic approaches, the numerical approaches deal with inputs which are
assumed to be inexact and with which the performed operations performed inexactly. This
makes numerical algorithms different from symbolic ones, since it is possible to have ill-posed
inputs for which the numerical algorithm cannot give a correct answer (since for these inputs
arbitrarily small perturbations dramatically change the answer to the problem). In addition
to this, their complexity appears to depend not only on the size of the input, but also on a
parameter called condition number which measure the sensitivity of the problem, not the
algorithm, to variations in the input.

The condition-based complexity is a form of parameterized complexity in which the
focus is to understand, in terms of the condition number of the data, the complexity of the
numerical algorithm: number of operations used, precision needed... In this way, one can
understand why the algorithm works fast on certain inputs and slow or not at all on other
inputs.

However, one drawback is that we cannot know how the complexity depends, in gen-
eral, on the size of the input, which is necessary to compare the algorithm with symbolic
algorithms, for which this is usually the case. To solve this issue, the usual approach, going
back to Goldstine and von Neumann [194], Demmel [150] and Smale [374], is to consider a
“reasonable” probability distribution on the input-space and to study the probability distribu-
tion of the condition number. This will give a probabilistic complexity analysis that either holds
on average (average and smoothed complexity) or with high probability (weak complexity)
that are easier to compare with the worst-case complexity estimates of symbolic algorithms,
as no condition number appears in the bounds.

We will come back to these ideas in more detail in chapters @ and @.

Some historical remarks about the condition-base complexity paradigm The
condition-based complexity paradigm is not new and goes back to the beginning of the the-
ory of computation itself. In the middle of the 20th century, condition numbers were intro-
duced for the resolution of linear systems, respectively, by Turing [393]E and von Neumann
and Goldstine [297].

22We should note that the use of an approach to a problem does mean that such approach is part of the
historical motivation of the problem. In other words, the historical motivation to approach numerically [ZT] and [E]
is not numerical.

23See the notes of the 1970’s Turing Lecture by Wilkinson [418] for a first-person account of this discovery.
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However, it was not until the 90s when condition-based complexity reached its age
of majority by leaving the realm of numerical linear algebra. On the one hand, Smale and
Shub [866, 367, 368, 370, 369] introduced condition numbers into the study of homotopy
continuation methods for solving complex systems of polynomials leading to the formulation
of the so-called Smale’s 17th problem [375]. The problem was solved successfully in the
next two decades by Beltran and Pardo [45], Blrgisser and Cucker [86] and Lairez [272].
On the other hand, Renegar [329, 330, 331] introduced condition numbers into linear pro-
gramming.@ This work was later further expanded by Cheung and Cucker [116, 117, 118].

Together with the grid method, which we present below, the condition-based complex-
ity paradigm has become pervasive. Much of the current knowledge was condensed in the
book [87] by Burgisser and Cucker, where a complete exposition of the main ideas of the
field and further historical comments can be found.

The grid method2® In the realm of real algebraic geometry, condition numbers en-
tered for the first time through the works of Cucker and Smale [[143, 144] and Cucker [133].
They considered the problem of feasibility of a set of real polynomial equations. The basic
idea of the algorithm was to iteratively refine a grid until either one could certify the existence
of a zero, using Smale’s a-theory, or that the polynomial was either positive or negative,
using Lipschitz properties of the polynomial. Because of this, the numerical approach in real
algebraic geometry is called grid method 28

The introduction of the grid method was motivated by the observation that the then-
existing symbolic methods were not likely stable due to the use of large matrices that had
to be inverted 24 The way in which the grid method avoids this is by substituting inverting
large matrices by inverting a lot of small matrices, one at each point of the grid. Also, another
advantage of the grid method is that it is parallelizable, as one can perform the operations
at each point in the grid independently.

Ten years after, the grid method was further developed by Cucker, Krick, Malajovich
and Wschebor [139, 140, 141]. They apply it to count solutions of zero-dimensional real
polynomial systems. This problem is a particular case of [71X] in which one restricts inputs
to polynomial systems with the same number of equations and variables. The idea of the
algorithm is as in [143, 144, 133], to iteratively refine a grid until certain condition holds.
However, the main advancement, specially in [140, 141], was a geometric interpretation of
the condition number in this setting [140] and a derived probabilistic analysis [140, 141]].

The interaction of the grid method and the computation of topological invariants started
with Cucker, Krick and Shub [142]. In [142], they incorporate techniques from topological
data analysis such as the reach and the Niyogi-Smale-Weinberger theorem [80Q; Proposi-

2*One should mention however the previous work of Goffin [193] that introduced condition numbers in a
limited setting of linear programming.

2For comments on the grid method by one of its main characters, Cucker, see his surveys [134] and [135].

2\We observe that the expression ‘grid method’ has a wide meaning. In this thesis, it will just refer to any
method based on the introduction of grids on a certain space and operations at each one of its points. Although
it should be clear that, in this sense, the grid method was definitely not invented by Cucker and Smale, its
application to real algebraic and semialgebraic geometry definitely was.

2"The correctness of this intuition was later confirmed by the theoretical results of Noferini and Townsed [302].
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tion 7.1], relating them to the existing condition number of a real algebraic variety. Among
the most interesting results in [142] is the first explicit lower bound on the reach in terms of
a parameter depending on the description of the variety: Smale’s ~-invariant.

The generalization and simplification of the grid method applied to the computation of
homology was done by Burgisser, Cucker and Lairez [88]. In this work, sharper bounds and
easier proofs were introduced for many of the results in [142] and the results of topological
data analysis in [300]. However, the main progress occurred due to mainly two technical
improvements: a bound for the reach of an intersection in terms of the reach of intersections
of the boundaries, and a method for choosing the approximating points in the grid based on
an inclusion-criterion and not an inclusion-exclusion scheme.

The main similarity between the above numerical algorithms with the symbolic ones
in [33, 85, 23] is that the homology is computed by computing a cover of the set. The main
difference lies in the fact that the covers in [83, 85, 23] are difficult to describe (each element
is a semialgebraic set with its own description) and they are not topologically nice (i.e., they
do not satisfy the Leray property), while the covers produced by the grid method [142, 88]
are easy to describe (they are just a union of balls) and are topologically nice (i.e. they satisfy
the Leray property). This property of the covers produced by the grid method is what allows
numerical algorithms to use easier algebraic topological tools to compute the homology and
S0 to be faster.

0532 Contributions to the problem

Our contributions to the problem are, mainly, to produce both algebraic topological and
semialgebraic tools to compute the homology of semialgebraic sets using the grid method,
which allows to give the first algorithm that solves [B] (and so also [I3]) in singly exponential
time with high probability. This was done in [91], 92] together with Burgisser and Cucker. An-
other contribution, which belongs to the different problem of computation of piecewise linear
isotopic approximations, is to provide a complexity analysis of an algorithm, the Plantinga-
Vegter algorithm. We show that this algorithm works in average polynomial time. The impor-
tance of this result lies in the fact that it opens the door, for the first time ever, to numerical
algorithms based on the grid method to be shown to run in finite expected time. This was
done in [137] together with Cucker and Ergur.

in weak singly exponential time

In [91], the main addition to the grid method was to the construction of a method to
construct a simplicial complex with the same homology as a closed semialgebraic set. This
was done by developing functorial methods in topological data analysis. With this method,
we can construct the simplicial complexes just by constructing it for the atoms and then
combining the “atomic simplicial complexes” in the same manner the formula of the semial-
gebraic set combines the atoms. Another crucial step was a quantitative version of Durfee’s
theorem [163].

In [92], the main contribution was to develop a quantitative version of the Gabrielov-
Vorobjov theorem [186]. In this quantitative version, the original inequalities <, meaning
sufficiently small in a precise sense, were substituted by simple strict inequalities of the form
< and a global upper bound linear in the inverse of the condition number. Here, the appli-
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cation of the Mather-Thom theory introduced in [91] is necessary. With this explicit version,
one can just apply the construction of Gabrielov and Vorobjov [[186] to pass from the general
case to the closed case.

One can see a certain similarity with the symbolic history. In a way, the results in [91]]
are analogous to those in [23] in the sense that both deal with how to get more topological
information out of covers. The reason why [91] leads to a better run-time with high proba-
bility is that the covers of the grid method are simpler and so they can be combined in an
easier way than those used before in [23]. Similarly, the core results of [92], the quantitative
Gabrielov-Vorobjov theorem, are completely analogous to that used in [83, 35] to pass from
the general to the closed case. The main difficulty for the grid method is that we cannot
leave the realms of the real numbers, while in the symbolic methods the fact that the original
inequalities work only for sufficiently small numibers is not relevant algorithmically as one can
work with infinitesimals to go around this issue.

Despite all possible similarities, the underlying methods of the symbolic algorithms in [21,
33, 35, 23] are fundamentally different from those of the grid method. This is the main reason
behind the progress in [91], 92] that has brought [B] down to weak singly exponential time.
These ideas will be exposed in Chapters m, &, @ and @.

Adaptive grid method

The motivation for the work in [137] was the observation that a condition-based com-
plexity analysis of the Plantinga-Vegter algorithm [315], which computes an isotopic piecewise-
linear approximation of implicit curves and surfaces, would be possible. The existing com-
plexity analysis by Burr, Gao and Tsigaridas [98, 99] gave only complexity bounds expo-
nential on the degree. The progress in [137] relied on a condition-based approach and the
continuous amortization technique developed by Burr, Krahmer and Yap [100] and Burr [97].

Interestingly, subdivision-based methods such as the Plantinga-Vegter algorithms can
be interpreted as adaptive grid methods. The main difference with the usual grid method is
that the grid is not refined globally, but locally depending on whether at a given point we
need a finer grid. In this way, the main contribution in [137] was that, for the first time, it
showed that an algorithm in real numerical algebraic geometry could have finite expected
time. Moreover, the probabilistic estimates of [137] didn’t come from integral geometry, but
from geometric functional analysis like those or Ergur, Paouris and Rojas [175, 176]. This
allowed for a probabilistic bound allowing probability distributions more general than the
normal distribution.

However, the most important contributions in [137] are in the future possibilities that it
suggests. On the one hand, it shows how the condition-based complexity can be applied
to analyze subdivision-based methods. On the other hand, it has opened a roadmap to the
development of a numerical algorithm that not only solves in weak singly exponential
time, but in average singly exponential time. We explore this possibility in Chapter &.

AT Analytical index

The following analytical index briefly presents the content of each chapter. It is intended
to give an overview of the topics and structure of the thesis.
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Chapter

The condition number for problems involving semialgebraic sets measures how transversely
the zero sets of the polynomials defining it intersect. In the special case of spherical alge-
braic sets, this condition number is well-behaved and has good properties, both geometric
and probabilistic. In the general case, this properties are transmitted in the homogeneous
case, amost immediately, and in the affine case, after some effort. A probabilistic analysis
of each of these notions of condition numbers is performed for normally distributed random
polynomials.

Chapter

When the condition number is finite, certain deformations of the semialgebraic set can be
done with explicit constants and inequalities, depending linearly on the inverse of the con-
dition number itself. The main tools are differential topology and Mather-Thom theory. For
well-posed cases, quantitative versions are given for Durfee’s theorem and the Gabrielov-
Vorobjov construction.

Chapter

The homology of a closed set can be computed using clouds of points (i.e., unions of balls).
A measure for the quality of the approximation is the Hausdorff distance. There is a geomet-
ric property of the set, the reach or local feature size, which controls the size of correctly-
approximating clouds of points (Niyogi-Smale-Weinberger theorem). The reach behaves well
with respect to intersections, analytic and basic semialgebraic subsets. The homology of
a cloud of points can be computed by considering only the intersection relations of the
cover (Nerve theorem). It is enough to consider the pairwise intersections of the cover (Attali-
Lieutier-Salinas theorem).

Chapter @

Numerical algorithms are a valuable tool for solving problems. There is an algorithms for
computing the homology of semialgebraic sets which is singly exponential with high proba-
bility. We do a condition-based and a probabilistic complexity analysis of this algorithm. The
numerical algorithm have parts that are highly parallelizable and it is numerically stable.

Chapter B

One can perform the probabilistic analysis for the condition number of random polynomi-
als that are not normally distributed. Adaptive methods can provide faster numerical algo-
rithms: this is shown with the Plantinga-Vegter algorithm and the Han covering algorithm.
We propose a natuieTtka program with questions and problems regarding the computation
of topological invariants and the first half of Hilbert sixteenth problem.

Appendix B

The properties of the real zero set of a real system of polynomials is governed by the number
of non-zero terms in the system and not necessarily the degree of the terms. The classical re-
sults on fewnomial are still far from the resolution of Kushnirenko’s hypothesis. Kushnirenko'’s
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hypothesis is true on average. Fewnomial systems with very few terms have with very high
probability no real zeros. Problems related to a possible probabilistic theory of fewnomials
are stated.

Appendix

El tema principal de esta tesis es el calculo numeérico de grupos de homologia de con-
juntos semialgebraicos. Yendo término por término, tratamos de dar una imagen global de
cudl es el tema a una persona que no esté familiarizada con las matematicas.
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There was nothing there now except a single Commandment. It ran:

ALL ANIMALS ARE EQUAL
BUT SOME ANIMALS ARE MORE EQUAL
THAN OTHERS.

George Orwell, Animal Farm: A Fairy Story

Condition numbers
for the homology of semialgebraic sets

Like the animals in George Orwell’s Animal Farm [Q11], all inputs of a given size are
equal, but some inputs are more equal than others for a numerical algorithm. The condition
number, which is a measure of numerical sensitivity with respect to the problem, lies at the
hearth of this difference.

In general, a condition number of an input with respect to a problem measures how
much the answer to the problem changes depending on how much the input changes.
However, we are dealing with problems such as [I5] and [B] where the output is discrete.
Because of this, in these problems, the condition number should bound the inverse of max-
imum possible variation of the input such that the output does not change.

In this chapter, we will introduce the condition number %.¢ that will be the basis of our
condition-based complexity analyses. To do this, we deal first with the homogeneous and
spherical case where the usual condition-based framework for real algebraic geometry has
been developed.

First, we introduce the Weyl norm, which will be the “ruler” we will use to measure
the variations in the space of polynomials, and the class of KSS random polynomial tuples;
second, we introduce the condition number of an homogeneous polynomial tuple; third,
we introduce the intersection condition number of an homogeneous polynomial tuple; and
fourth and last, we introduce the intersection condition number of a polynomial tuple in the
non-homogenous case. In all the cases, we will discuss the properties and deduce the cor-
responding bounds, deterministic and probabilistic, of all the introduced condition numbers.
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15 Homogeneous polynomials and Weyl norm

Fixg,ne Nand d = (di, ..., dy) € N9. Consider the space of d-homogeneous polyno-
mial g-tuples

Halq] := {f € R[Xo, X1, ..., Xn]? | fi homogeneous of degree d;} (1.1)

and let D := maxc[q ;. Let X := X7 --- X3 and write every f; as fi = Z|a|=di fi o X<, SO
that f; , denotes the a-coefficient of fi. The Weyl norm is the norm given by

lpllw :=

N -1
> (Z) fi (1.2)

|a|=d;

q
> lpillfy and lpillw :J
i=1

where (%) = % is the multinomial coefficient. Note that the Weyl norm comes from

an inner product, which we will write as

q g\ -l
<f= g>W = Z Z <Oél> fi,agi,a (13)

for f,g € Halq].

Remark 181 . 1. Although the definition above and the results below are stated over the real
numbers, the analogous results hold over the complex numbers, when we substitute the the
Weyl norm by its complex version. This will only be important when we prove Lemma 328,
whose easiest proof is by passing through the complex version of the results here. q

151-1 The three main properties of the Weyl norm

There are three reasons why the Weyl norm is used. First, it allows one to write nice
formulas for the point-wise evaluation and derivation of polynomials. Second, it has an or-
thogonal invariance, which means it does not favor any direction in the space where we
evaluate homogenous polynomials. Third, it controls the norm of the evaluations of the poly-
nomials and their derivatives.

Evaluation and derivation as polynomials
Let x,v € S" be such that v € T,S" and i € [q], then define the polynomial tuples

evl := (x,X)%e; € Hqg[q] and devi, := \/di(x, X)4 (v, X)e; € Halq] (1.4)

where e; € RY is the vector with one in the ith component and zeros in the rest. We view X
as the vector (Xp, ..., Xp)* and we write (-, -) for the standard inner product of R".

Proposition 151 . 1. Let f € Hq[q] and x,v € S" such that v € T,S". Then

1
Vdi

In particular, ||evi||w = 1, ||devy ,|lw = 1 and (evi,devk ,)w = 0.

(f,evi)w = fi(x) and (f,dev} ,)w = D,fi v.
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Proof. By the multinomial formula,

n di
. d
ev; = < E X,‘X,') e = ( E <(;)an°‘) e
k=0 |or|=d;

(fevidw = Y fiaX® = fi(x).

|| =d

and so, by (I_3),

Similarly, one can see that

and so, by (I3),

(f,devi ,)w
1 n 1 n 1
= — fi o apX¥ Cy | = — akfiax® % | vk = —=Dxfi v,
Vi C%di | <kz=0 ) Vi k=0 |QZ::d, : Vdi .

where the last equality holds because v is orthogonal to x. The last claim follows easily from
computing the evaluation and the derivative. O

Corollary 15 . 2. The set {eV. | x € S", i € [q]} linearly spans Ha4lq)-
Proof. By Proposition B3X_1l, the orthogonal complement of this set is
{f € Hqlq] | forall x € S, f(x) = 0}.

So we only have to show that this is the zero subspace. However, the only homogenous
polynomial which vanishes in all points of the sphere is the zero polynomial. Therefore the
claim follows. O

Corollary 15 . 3. [B7; §76.3]. For every x € S", there is an orthogonal decomposition
Halq] = Cx(Halq]) & Lx(Halq]) © Rx(Hald])
where
(R) Rx(Halq]) := {g € Halq] | 9(x) =0, Dxg = 0},
(L) Lx(Halq)) := {g € Re(Hala))" | g(x) = 0} = span(devy, | i € [q], v € SN x"), and
(C) Cx(Halq]) := {9 € Rx(Halq))" | Dxg = 0} = span(ev; | i € [q]).

Further, {evﬁ(},-e[q] is an orthonormal basis of Cx(Ha[q]) and, for {vj}jc(s an orthonormal
basis of TyS" = x, {evy, }ie[qjeln /S @n orthonormal basis of Lx(Halq])-
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Proof. Fix an orthonormal basis {v;}jc[s of x*. Then, by Proposition B3], we have that
{evi,devl ., ..., devk , }iciq is an orthonormal system. Now, also by Proposition [3T11, we
have that Rx(#q[q]) is its orthogonal complement, and so

Re(Halg])™ = span(evy,devy , ,...,devk, | i€ [q]).

Thus Cx(Halq)), Lx(Halq]) € span(evi,dev,,,..,devi, | i € [q]). Now, by Proposi-
tion L3 11, we have that

Cx(Halql) L span(devy, | i € [q], j € [n]) and Lx(Haq[q]) L span(evy | i € [q])
and
Cx(Halq]) 2 span(ev | i € [q]) and Lx(Halq]) 2 span(devy,, | i € [d], j € [n).
This concludes the proof. O

Remark 15t . 2. When H4[q] is clear from the context, we will just write Cy, Ly and Ry instead
of Cx(Hala]), Lx(Ha[q]) and Rx(Ha[q)). q

Orthogonal invariance
The natural action of O(n + 1) on R" extends naturally to an action on Hg4[q] given by
pre-composition. Given f € Hq[q] and u € O(n + 1), we define

fU = f(ux) (1.5)

where uX is the multiplication of the vector X = (Xy, ..., Xp)* with u. Note that this means
that we are viewing the action of O(n+ 1) on Hq4[q] as a right action.

Proposition 15 . 4. [87; Theorem 16.3]. Let f, g € Hq[q] and u € O(n + 1). Then

(f,9"Yw = (f,g)w and [|p"llw = llpllw-

Proof. It is enough to prove that for some generating subset S C Hq4l[q], the claim holds for
all f,g € S. Let S be the generating set of Corollary 13X 2. Forallevi, € Sand u € O(n+1),
(evi)! =ev _, . Therefore for all evi,ev, € Sand u € O(n+ 1),

((ev)", (eV)))w = (e u—lx,ev’u-l W
If i # j, this equals zero. If i = j, then, by Proposition 31, it equals

u—lx-

(U, u )% = (x,y)®

where the equality follows from the fact that u is orthogonal. Hence for every ev!, ev/ € Sand
u € O(n+1), the value of {(ev])Y, (ev’ )Y w is independent of u and so equals (ev/, ev’y>w,
as desired. O

Remark 15* . 3. We note that, in contrast with the unitary action on complex homogeneous
polynomials, Hg[1] is not an irreducible O(n + 1)-module. This means that the Weyl norm
is not the unique, up to scalar multiplication, orthogonally invariant norm on Hg4[1]. More-
over, one can check that the Weyl norm on #g4[1] is not equal to the Ly-norm, ||p|l2 =

Exesn||p(x)]|2, up to any scalar, because while any two monomials are orthogonal with
respect to the Weyl inner product, this is not true with respect to the Ly inner product with
the exception of the linear case. 9
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Corollary 15 .5. [87; §16.3]. Let x € S" and consider the orthogonal decomposition of
Halq] of Corollary 8813, Then for all u € O(n + 1),

C)l(J = Cy-1y L)L(l =L,-1,and R)l(l = R,-1,.

In particular, the orthogonal decomposition of Hgq[q] of Corollary remains invariant
under those orthogonal transformations that fix x.

Proof. This is immediate from the definitions of Corollary and the fact that the action
of O(n+ 1) on Hqlq] respects the Weyl inner product, by Proposition 15 _4. O

Evaluation and derivative bounds
Recall that any space of matrices R2*0 has an inner product, called Frobenius inner
product, given by
(M, M)g := tr(MM*) (1.6)

for M,M € R#*P, Associated to this inner product, we have the Frobenius norm ||M||.
Another possible norm is the operator norm which is given by

[IM|| = max ||Mv|| 1.7)
vesn

Recall that for all M € R&*P, ||M|| < ||M|E.
Proposition 15 . 6. Let x € S". Consider the linear map
Ry : Halg] — RV
for (R0 984(N) = (f00 AZ'DuA(T— xx7))

where
Vi
Ag = : (1.8)
VAL

Then Ry is an orthogonal projection whose image is given by
imMR, = {(z, M) € RI x RI*("D) | Mx = 0}.

Proof. Consider an orthonormal basis {v;}c(n Of x*. From this basis, one can construct
{ex, ekVy, ..., eV} tke|q Which is an orthonormal basis of {(z, M) € RIx R ("1 | Mx = 0}.
In the coordinates of this latter basis, by Proposition I3X_11, we have that DR, (f) is written as

((ev}(, f) (devi, B - (devi, . f) - (evdf) (devi,.f) - <dev;{vn,f>> .
Since {ev’x‘,dev';,vl, ...,dev)’ﬁ,vn}ke[q} is an orthonormal system by Proposition B3L 1], the
claim follows. O

Corollary 15 . 7. Let f € Hqlq] and x € S". Then
IO < Ifllw and | Ag Duf || < [|fllw

where || - || is the operator norm and Ag4 as in (I8).
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Proof. RY : f — f(x) is an orthogonal projection, by Proposition E3X_6&. Therefore the first
inequality holds. Forallv € T,S"NS", f — A;,lDXf v is an orthogonal projection, because,
by Proposition I3 4, it is a composition of orthogonal projections. Therefore the second
inequality follows. O]

Recall that the geodesic distance on S", dists, is the distance given
dists(x, X) := arccos(x, X). 1.9)

One can see that dists(x, x) is the length of the shortest path inside S joining x and x, which
is why it is called “geodesic”.

Corollary 151 . 8 (Exclusion lemma). Let f € Hq[q] and x,x € S". Then
If(x) = f()]| < VD||f|lwdists(x, X)
where distg is the geodesic distance on S".

Proof. Let~ :[0,1] — S™ be a constant speed geodesic going from x to x. Then

1 1
1100~ 16011 = | [ D0 e < iststx ) [ 10511 e

where we used that ||7/(t)|| = dists(x, X) for a constant speed geodesic whose domain is
the interval [0, 1]. We have ||D, || < v/D||Ag"'D,fl| < v/D, due to the bound in Corol-
lary B3 7. This concludes the proof. O

However, we can prove an stronger version of the above corollary where we bound the
operator norm of all derivatives. For it, we need to sharpen the bound of the operator norm of
Dxf in order to be able to apply an inductive argument. Recall that D, f denotes the tangent
map of f as a function on R™1, while Dy f the tangent map as a function on R™1,

Proposition 151 . 9. Let f € Hq[g] and v € S". Then Dxfv € Hq_1[q] and
[Dxfvllw < Dllfllw,

where Agq is as in (IX). Further,

A;lﬁxf VHW < \/EHfHW

Proof. By Proposition 15 _4, we can assume without loss of generality that v = ey. Indeed,
let u e O(n+ 1) be such that uey = v, then

IAG " Dxfvlw = [[(Ag'Dxfue)’|lw = [ A3 Dxf eollw < [If*lw = [Ifllw.

, 1 ,
Let M, := (%)% Xe;. Then {Mi , | i € [q], |o| = dj} is an orthonormal basis of Halq].
By direct computation,

(My_1..Dxfeo)y, = (diMy_ 1 ,X0. ), -
Hence the linear map £ : H[q] — Ha_1[q] given by f — Dxf v can be written as

Z Mii—ﬂ,oc (d"Mii—IL,aXO)* .

i,a
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Now, {diMQ,n,aXo | i €[q], || = di—1} is an orthogonal system, although not an orthonor-
mal one, such that for each i and «, Hd,-M{,_LaXOH < d; < D. Therefore ||£|| < D and so the
main claim follows. For the last claim, note that (diM_y ,Xo, Ag'f),, = (VdiMy_y X0, 1),
and proceed analogously using the latter expression. O

Recall that for a k-multilinear map £ : Rm+! x ... x R®+1 — RY, its operator norm is
given by
II£]] := max {||[L(vi,...,v)|| | vi € S™,..., v,k € S™}.

Corollary 15 .10. Let f € Hqg[qg] and x € S". Then, for all k > 1,

: <~ (3 )l

1=k
HA g Dyf
where || - || is the operator norm for multilinear maps.

Proof. Fix vq,...,vx € S", then

1 =k 1 _1=k
H,(,AdlDXf<V1’ V|| = Xl HAdlDXf(vl, s vk)HW
! w k!
D—k| ,_1xk-1 (D—k)---(D-2) |, 1=
<= HAdlDX f(vl,...,vk,l)HW <...< - |a5'Dxf(w)],,
(D —k)---(D—2)vD 1 (D
< o HfHW:\ﬁ i) Iflw

by applying inductively the (first) inequality of Proposition in the second line and the
last inequality in the last line. Then Corollary and maximising over v, ..., vk finishes
the proof. O

15*-2 Random polynomials in H4[q]

Among all distributions in RN, there is one that occupies a special place: the normal
distribution. Recall that the normal distribution centered at x € RN and with standard devi-
ation o > 0, N(x, o), is the absolutely continuous probability distribution on R" with density
function . 2

Z— 7(%),\//20,\,9 2
The standard normal distribution is the normal distribution centered at 0 and with typical
deviation 1. A Gaussian random vector ¢ € RN is a random vector distributed according to
the standard normal distribution N(0,1). To indicate that a random vector ¢ € RN has the
normal distribution N(x, o), we will simply write ¢ ~ N(x, o).
This distribution has many properties that make it special:

1. Itis invariant under orthogonal transformations, and so it does not favor any direction
in space. l.e., if ¢ is a random vector such that r ~ N(0,0) and u € O(N), then
ur ~ N(0,0).

2. Ifr € RN and y € RV are independent random vectors such that r ~ N(x, o) and

n ~ N(y,o), then
(ZC) -t <<X> U)
" y)’ -
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8. If r,y € RN are independent random vectors such that r ~ N(x,o) and y ~ N(y,<)
and \,iu € R, then \r + uyp ~ N (Ax+uy, A\2¢2 +M2<2)- In particular, ¢t + 1y ~

N<X+%VGTI?>

4. Ifr € RN is a random vector such that t ~ N(x, o) and P : RN — RN is an orthogonal
projection, then P ~ N(Px, o).

5. If r € RN is a Gaussian random vector, then ¢/| x| has the uniform distribution on the
unit sphere SN=1, U (SN-1).

6. Among all probability distributions on RN with the same mean and covariance matrixﬁ],
the normal distribution is the one having maximum entropy [132; Theorem 9.6.5]. In
other words, it is the distribution to choose when only the mean and covariance matrix
of a distribution are available.

In a finite dimensional real vector space with an inner product, we can define analogously
the normal distribution N(x, o) by considering the corresponding norm instead. This will allow
us to talk about Gaussian random matrices where the inner product is the Frobenius one and
about random polynomials, by considering the Weyl inner product of Hg[q]. This motivates
the following definition.

Definition 151 . 1. A KSS random polynomial tuple § is a random polynomial tuple § € H4[q]
with an absolutely continuous distribution whose density function is given by

1 Iy

5f(f) = We 2 .

Remark 15 . 4. The terms “KSS” is an acronym for Kostlan-Shub-Smale, in honor of the
creators of the distribution. See [265], [166] and [367]. q

We finish with a proposition that will be useful later, since it gives the probability distri-
bution of the norm of a KSS random polynomial tuple. Recall that the x2-distribution with m
degrees of freedom, x2,, is the probability distribution of the square of the norm of a Gaussian
random vector ¢ € R™. One can easily show that its density function is given by

1
9m/2 (m)/2)

N~

t2le~

for t > 0, where I'(s) := [ x5~'e~*dx is Euler’s I function.
Proposition 15! . 11. Let r € R™ be a Gaussian random vector. Then the density function
of ||t|| is given by
Il (1)
for t > 0. Further, for t > 2,
P (|l > t+v/m) < e 7.

"The covariance matrix of a random vector ¢ € R is the matrix E (r — Ex)* (¢ — Ex). If £ ~ N(x, o), then oI
is the covariance matrix of r.
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Proof. For the first claim, we only apply the change of variables theorem of integration.
For the second one, note that

B 1 (t+/m)"
Oy (t+v/m) = om/2-11(m/2) eVm(t+V/m)
Hence
0 e’} 1 (S+\/m)m771 _s2
> = <
]P)(HpH > t+\/ﬁ) /t 5”;“(8—!-\/5) ds _/t 2T (m)2) evmstvm) e 2 ds
2 00 m—1 2 00 mel g g
SeQr/ ! <s+¢m>2ds_62r/‘ s e
t 2 /2— F(m/2) e\/ﬁ(s—&-\/ﬁ) /m(t++/m) 2m/2—1mTI‘<m/2)
00 mtl_1 s m+1 m
§e'"5'2/ s : m+le ds:em_Tt2 F(mfl) < — ° — e‘é
1 2m2-1m 3 T'(m/2) 2m2-1m 3+ T'(m/2)  22"'m+

where the last inequality follows from I () r(2) <T (% +1)/I(%) = 2. To finish the

proof, we just observe that W <e. O
22t im—z

152 k: a condition number for spherical algebraic sets

When can arbitrarily small perturbations of a polynomial tuple f € H4[q] alter the local
topology of the zero set Z5(f) around a point x € S"? This can only happen at a singularity,
since all regular zeros look locally the same and all non-zeros also look the same. Motivated
by this, one defines the following local condition number.

Definition 152 . 1. Let f € H4[q] and x € S", the local condition number of f at x, x(f, x), is
the quantity in (0, co] given by

Ifllw
IO + a8 D117

where o4 is the gth singular value, Ag as in (I-8) and Dyf : T,S" — RY the tangent map.

(1.10)

Since one expects the global topology not to change when the local topology does not
change at any point, this motivates the following definition.

Definition 152 .2. Let f € Hg4[q], the global condition number of f, x(f), is the quantity in
(0, o] given by

k(f) := max k(f, x). (1.11)
xesn

In the Definition B32_11, we note that, in the denominator of x(f, x), ||f(x)|| controls how
near is f of having a zero at x and aq(Ajanf) how near of not having full rank Dy f is. Thus
k(f, x) is large when f is near of having a singular zero at x. The following proposition is
a weak formalization of this observation. Recall that the zero set Z(f) := f~1(0) of a map

f: M — R9, where M is a smooth manifold, is called regular if for all x € Z(f), rank Dxf = q.

Proposition 152 .1. Let f € Hg4[q]. Then Z5(f) := {x € S" | f(x) = 0} has a singularity at
x € S"iff k(f, x) = oc. In particular, Z5(f) is regular iff r(f) < cc. O
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In the next chapter, we will prove the following theorem which justifies the name condi-
tion number at least from the point of view of computing the homology groups.

Theorem 152 . 2. [et f € Hq[q] be such that k(f) < co. Then for all g € Bw(f, ||f|lwr(f)~1),
He(25(f)) = Ha(25(g)).

We will focus in the properties and possible bounds of the condition number. We will
finish with a discussion, showing that many possible alternative definitions are computation-
ally equivalent. Let us note that the definition of this condition number is the consequence of
a long sequence of works [143, 144, 133, 139, 140, 141, 142, 88, 91|, 92], so our choice of
properties is motivated by what this experience has shown to be important in the application
of k as a condition number.

152—-1 Fundamental properties

There are roughly four main properties of the local condition number that will be funda-
mental in our work. We go one by one.

Regularity inequality

The regularity inequality relates how near is x from being a zero of f with how near of
being singular Dyf is. This will be used whenever we need to justify that we can compute
the pseudoinverse of Dy f near the zero set of f. Recall that for a surjective linear map A, the
pseudoinverse, Af, is the linear map given by

AT = A*(AA*) ! (1.12)
for which AAT = T and ATA is the orthogonal projection onto (ker A)+.

Proposition 152, 3 (Regularity inequality). [91; Proposition 3.6]. Let f € Hq[q] and x €
S". Then either X

fl L 1 oa(Bg'D) 1

Ifllw — V2k(f, x) Ifllw V25(f, X)

In particular, if ﬂn(f, X) HHff(\)\(v)vH < 1, then Dyf : T,S" — RY /s surjective and its pseudoinverse
D, f! exists.

Proof. Assume that neither of the alternatives holds, then

1 (OO | [0q(AdDxf)\? 1 IR |
H(f,X)_\/< ||f||w> +< Ifllw ) <\/2f~c(f,><)2+2n(f,><)2_H(f,X)

which gives a contradiction. Hence at least one of the options should hold. The last claims
follows from the fact that a matrix A € R9("+1) is surjective iff 4(A) > 0sinceg < n. O

1st Lipschitz property

The first Lipschitz property of the local condition number tells us that «(f, x) Y| f|lw
as a function of f is a Lipschitz function. This guarantees that sufficiently small errors in f
do not affect dramatically the condition number. We take the convention (0, x) = oo and
10|wr(0,x)~t = 0.
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Proposition 152 . 4 (1st Lipschitz property). Let x € S". Then the map

Halq] = [0,00)

[l w
K(f, X)

is 1-Lipschitz with respect to the Weyl norm.
Proof. By Definition and Proposition 5T _@, we can write

m = [[(RU), oq(RL))

where the right-hand side norm is the usual Euclidean norm. Then, by the triangle inequality,

Ifllw — fllw
k(f,x)  k(f, x)

< || (8507) — 930(0), ra(R(D) — a(1(P) |

We know that o4 is 1-Lipschitz with respect to the operator norm. Therefore

Ifllw — IIfllw
s(f,x)  k(f,x)

= || (3380 = B 1830 = || < 198elt = Pl < 11f = Flw = distw ()

< || (32 - R0,

() - R(Dl) |

whereg, in the second ling, the equality follows from the linearity of Ry, the first inequality from
the inequality between the operator and the Frobenius norms, and the second inequality
from Proposition E5X_4, which claims that 93, is an orthogonal projection. The proposition
is proven. O

Corollary 152 .5. The map

Halq] — [0, o0]
[l w
k(f)

is 1-Lipschitz with respect to the Weyl norm.

Proof. Note that f — ||f||w/x(f) is defined as the pointwise minimum of a family of non-
negative 1-Lipschitz functions. Hence it is 1-Lipschitz. O

Corollary 152 . 6. Let f € Hg[q] and x € S". Then k(f,x) > 1 and k(f) > 1.

Proof. By applying Proposition to f and 0, we have

[1f]lw Iflw  1l0llw
- - < |[f=0|w=|f
k(f,x) k(X)) K(0,x)| I = Ollw = [Ifllw

which gives the desired claim. O
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2nd Lipschitz property
The second Lipschitz property of the local condition number establishes the Lipschitz-
ness with respect to the second argument.

Proposition 152 .7 (2nd Lipschitz property). [88; Proposition 4.7]. Let f € Hgq[q]. The
map

S" — [0, 1]

X7 %)

is D-Lipschitz with respect to the geodesic distance on S".
To prove this property, we will use the following lemma.

Lemma 152.8. Let f € Hglg] and A € RV pe an antisymmetric matrix. Then
Dxf AX € Hqlq] and ||[Dxf AX|| < D||Al|[|f]|w-

Proof of Proposition B52_ 7. Let u be any orthogonal transformation taking x to x. Then we
have that x(f, x) = x(fY, x). Therefore, by the 1st Lipschitz property,

(R N B CFlw | = Flw
a(fx) k(B fllw [w(f,x) &) 7 (Iflw
where we have used that ||f|| = ||f¥|| by Proposition L5 4.
Consider now the constant-speed path u : [0,1] — O(n + 1) obtained by doing the

planar rotation between x and x from the zero angle to the full angle dists(x, X). By the chain
rule,

d _
S0 =Dy fu (61X = Dx(PO) u(t)" v ()X,
Therefore
1
If = fllw = —f“ _/ [ox(#O) ey v x| ds.
0
Now, note that |Ju(t)*U'(t)|| = ||u'(t)]] = dists(x, X) and that u(t)*u/(t) is antisymmetric,
because u : [0,1] — O(n + 1) is a planar rotation going from the angle zero to distg(x, X).
Hence, by Lemma 528, ||f — f¥||w < Ddists(x, X)||f||w and the proof concludes. O

Proof of Lemma 328, The present proof could be carried inside the framework of he reals,
but it would be too tedious to do so.2 This is why we will work for this proof over the complex
numbers. Let u € U(n + 1) be the unitary transformation such that

v/ —18g
u*Au = =:v/—18S.
v —18sp

Then
(DfoX) DufoUX Dufo u*AuX = Dxfu (\/ S)

%This is so, because over the complex numbers we can put A in diagonal form without loss of generality, but
this is not true over the reals, since its eigenvalues are either zero or imaginary.
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and so, by the complex version of Proposition B31_4l, we can assume, without loss of gen-
erality, that A is already a purely imaginary diagonal matrix.
By direct computation,

n
(Oxf (V=18)X)i = Y V—TIfia (Zaksk> X¥= " V=1fia(a, 8)X"
|a|=d; k=0 lo|=d}
where we use that both « and s are real in the last equality. Thus
N 2 di - 2 2
IDxf (V=1S)X[w =Y _ o ) Ml Kas)”.
ia

By the Cauchy-Schwarz inequality, [(a, s)| < |la||1||s|lss < DJ|S]||, and the proof concludes.

O
Condition number theorem
The local discriminant set at x is the set
Zalqlx := {9 € Halq] | g(x) = 0, rank Dxg < g} (1.13)
and the discriminant set the set
Salq) == | J{Zalqlx | x € 8™}, (1.14)

Once can see that Proposition can be reformulated as saying that

Ya[qlx = {9 € Halq] | k(g,x) = oo} and E4[q] = {g € Halq] | k(g) = oo}

This claim can be made stronger by relating the condition number to the distance of f to
these sets. This is the so-called condition number theorem, which gives a nice geometric
interpretation of the condition number.

Theorem 152 .9 (Local condition number theorem). [87; Proposition 19.6] and [88;
Theorem 4.4]. Let f € Hq[q] and x € S". Then

B [l w
K(f, x) = distw (f, Xa[q]x)

where disty is the distance with respect to the Weyl norm.

Proof. We only have to show that x(f, x) < %, since the other inequality follows
directly from the 1st Lipschitz property (Proposition £32_4) by letting the other polynomial
tuple to be in X4[q]x.

Let v € (ker Az'Dyf)* N'S" be such that
|A; Dxf V|| = oq(Ag ' Dxf)
and f be the orthogonal projection of f onto {evi, dev, , | i € [q]}*, i.e.,

Fa= =Y (fevidevi — Y (f,dev,)devi,

i€[q] i€lql
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where, by Proposition I8T1], (f, evi) = fi(x) and (f, dev ) is the ith component of A 'Dyf v.
By the above, this means that f(x) = 0 and that

Ag'Dyf = Ag'Dyf(I — w*)

which has gth singular value equal to zero, because v was chosen to be the singular vector
associated to the gth singular value of Aj*Dyf. This means that #(f, x) = oo and so f €
Y4[q]x. Further, by Proposition £5L_1],

distu(1,) = | Y2 evigev, + S (r.0evl e, | = \/IFG0 I + a5 Dt v = 111
€[ i€lq) " K(f, X)
which implies that distw (f, X4[q]x) < ||f||w/k(f, x), as desired. O

Corollary 152 .10 (Global condition number theorem). [87; Theorem 19.3] and [88;
Theorem 4.4]. Let f € Hq[q]. Then

_ [Fllw
) = Gt (*, Sald)

where disty is the distance with respect to the Weyl norm.
Proof. Just notice that distw (f, £4[q]) = minkesn distw(f, £q[q]x). O

In view of the above theorem, we can interpret Theorem as saying that no
changes in topology will occur as long as we don’t cross X4[q].

Higher derivative estimate

The higher derivative estimate relates Smale’s v with the condition number. Its useful-
ness relies on the fact that while for computing Smale’s + one needs to evaluate all higher
derivatives of f, this is not necessary to evaluate the condition number. For f € Hq4[q] and

x € S", let us define
[ llw

(| LU — T D I AN 1.15
oo(A; DAf) [ ]| w|Dxf" Aql| ( )

pu(f, x) ==

where Agq is as in (Z8). We note that, in general, x(f, x) < u(f, x), with equality if f(x) = 0;
and that if ﬂll‘(,(ﬁ(v)v“ <1, p(f, x) < +/2x(f, x), by the regularity inequality (Proposition L52_3).
Recall that Dyf refers to the tangent map T,S" — RY and Dyf to the tangent map
T,R™1 — RY9. The notion of Smale’s gamma gives information about the magnitude of the

higher derivatives of an analytic function.

Definition 152.3. Let f : R™ — RY be an analytic function and x € R™ be a point. Then
Smale’s gamma of f at x, 7(f, x), is the non-negative real number given by

1 e
F(f, x) 1= sup mBXfTB'X‘f (1.16)
k>2

where Bif is the tensor formed by the derivatives of order k of f, T is the pseudoinverse and
| - || is the operator norm. By convention, F(f, x) = oo when Dyf is not surjective.
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Together with this notion, we introduce the notion of Smale’s projective ~, which is
Smale’s v with the derivative substituted by the derivative on the sphere.

Definition 152.4. Let f € Hq[q] and x € S". Then Smale’s projective gamma of f at x,
~(f, x), is the non-negative real number given by

1
k—1

%DX ADLf

v(f, X) := sup (1.17)

k>2

where ﬁff is the tensor formed by the derivatives of order k of f, T is the pseudoinverse and
I - |l is the operator norm. By convention, 7(f, x) = oo when Dxf is not surjective.

One can easily see that, in general, 7(f, x) < ~(f, x). The higher derivative estimate,
relates this quantity with .

Proposition 152 .11 (Higher derivative estimate). [87; Theorem 16.1] and [88; Propo-
sition 4.1]. Let f € Hqlq] and x € S". Then

D3 p(f, x).

N =

Y(f,x) < 7(f,x) <

1
Proof. By Definition i3%_3, it is enough to bound H%Dxﬁﬁif ““!for k > 2. Now,

Hkl!DxfTDﬁf

<|

DXfTAdH Hkl‘AdD‘;f

where H%Adﬁff < L (D)|Ifllw, by Corollary B3¥14. Thus

D2
= 1 /D\\ =1
- - 1
< | = f, x)k=1,
< (5 (k)" men

Now, u(f,x) > k(f,x) > 1, by Corollary B32_8, and so p(f, x)kf11 < u(f,x) for k > 2. Also,

one can easily check that
1
1 /D k=1 1 3
sup | — < =Dz,
P <D§ <k>) -2
since for k > 3,

OO @) o o
D3 \K —\K — \ k! _(k!)ﬁ_(Qk—l)ﬁ 27

However, in our case, the following variant will be more useful since we will consider
sums of homogeneous polynomials and constants.

1_ .
HK!DXHD’;f

Corollary 152.12. [92; Proposition 4.5]. Let f € Hq[q] and x € S". Define

fs = (f,ZXF - 1) . (1.18)
i=0

Then

[LCI 1.19)

25(fs, x) < D2 pu(f, x) + D2 u(f, x) e L
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Dxf(un) ifk =1
2<X, U1> , ’

=2
_ D, f(u,u _
Dﬁfg(ul,...,uk) = ( X ( ! 2)) , if k = 2,

2<U1, U2>

—k
(Dxf(ul,...,uk)) fk > 9
0 b

Using this equality for k = 1 we deduce that kerDyfs = T,S" N kerDyf = ker Dyf. Let
V = (kerDyf): C T,S". Then (kerDxfs) ™ = V + Rx and, for all A € R,

Proof. By direct computation,

(1.20)

Dxfs(v 4 Ax) = (DXf(v) J;/\)\Aaf(x))

where Dxf(x) = A%f(x) follows from Euler’s identity for homogeneous functions.
By explicitly inverting the map in (I——21), we obtain

t 2 2
Thus
=2
DufT 557 (un, ) — 5 DAAGH(x) + 2x, if k=2,

=k
T DX fS

(Dxfs) Kl

=k
Dt 2 (uy, .., k), if k > 2.

Applying the triangle inequality and Definition £33, we obtain
_ 1 A2 1
F(fs, x) < ~(f, x) + §”Dxf AZ(x)[ + >

which implies

f(x
2y(fs, x) < D2 pu(f, x) + D pu(f, X) ”Hf(! i +1
w

where the first term in the right-hand side follows from the higher derivative estimate (Propo-
sition B32_11)) and the second from the relations

1 |[f(x
DA AGF I < D Aglll| Aall ()| = IFllw[Dxf Ag]| D2 ||||f(||3v||

and the definition of u. This finishes the proof. O
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152-2 Bounds: worst-case and probabilistic

We present two kinds of bounds for the condition number, which try to go around the
fact that the possible maximum of  is infinite. The first one puts a restriction on the f € Hq4l[q]
we consider, like restricting the coefficients to be integers of at most a certain size, and looks
for a bound that holds for all f satisfying the restriction for which x(f) is finite. The second
one considers a random § € Hgq[q], such as a KSS random polynomial tuple, and looks for
a tail bound for the random variable x(f). Each of them represents a different philosophy in
the complexity of numerical algorithms.

Gap theorem for integer inputs

The idea of bounding the condition number in terms of the bit size goes back to Rene-
gar [331]. The underlying philosophy is to translate the condition-based estimates of the
condition-using complexity theorist to something that the classical computer scientist can
understand, like a worst-case bit complexity estimate. In linear programming, the bound
by Renegar (see [B7); Proposition 7.9] and associated remarks) was successful in providing
bounds giving the desired complexity for a series of algorithms using condition numbers.
However, in our case, the bounds obtained will not allow us to get good bit complexity
estimates for the algorithms under study.

Theorem 152.13. Let f € Hqlq] be such that all its coefficients are integers of absolute
value at most H. Then either k(f) = oo or

14n+q

k(f) < V2DNH (22*7”2“0*“3” HVN — O(DHN)°©®

) (1+n+q)(4D)*+n*a

Proof. The proof relies on a generalization of Polya’s theorem by Jeronimo, Perruci and
Tsigaridas [236; Theorem 1]. To apply their theorem to our case, we note that

2
20 (1) iy (110017 + (3D

To obtain the minimum in the right-hand side as a minimum of a polynomial function, consider
the map g : (x,v) = |[f(x)||? + ||v*Dxf||* and minimize it in the compact semialgebraic set
C given by

n q
Zx,? =1, Z:d,-v,-2 =1.
i=0 i=1

Then

2
2D<HfHW> > min_g(x,v),

H(f) ~ (x,v)EC
since o4(Dxf) = min{||Dxfv | ||v| = 1, x L v}. Now, a direct computation and a rough
estimation shows that g is a polynomial of degree 2D whose coefficients are integers of
absolute value at most D?H?N. Applying [236; Theorem 1], we obtain

. n ,(1+n+q)21+n+Q(2D)1+n+q

min g > (24— A (D2H2N)(2D)1+”+q)

(x,v)eC

and so the result follows after minor computations and estimations, since for the given f, we

have ||f|lw < HV/N. O
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Remark 152 .1. The above bound is novel and it was a missing ingredient in the existing
theory, when compared to the condition-based complexity framework applied to other prob-
lems. It clearly does not lead to single exponential bounds of , which controls the run time
of the algorithm; although it can be used to guarantee that log x, which controls the precision
needed by the algorithm, is singly exponential in n, polynomial in the degree D and linear in
the bit size log H of the coefficients of f. q

Remark 152 . 2. [236; Theorem 1] is a very general result that we apply it to a very particular
setting. It would be interesting to see, if using the technigues in [236] and in [235], one can
provide a better bound such as the one in the question below.

Open problem &. Let f € Hq[q| be such that all its coefficients are integers of absolute value
at most H. Is it true that either k(f) = oo or

K(f) < O(DHN)2""?

A bound like the above would give the grid method the same worst case complexity as
CAD, for integer inputs. Also, it would make the precision to be linear in the logarithm of the
degree, instead of polynomial in the degree. q

Probabilistic bounds

The problem of computing a bound for x(f) for restricted f € Hqlq] is that a bad f can
spoil the full basket. In the same way that we don’t judge a community by its worst members,
we should not just judge a parameter by its worst value. Behind this way of thinking, trying to
understand the full statistics of a behaviour and not just the worst behaviour, lies the founding
idea of considering probabilistic bounds of x. We give two ways of arriving to a probabilistic
bound: via integral geometry and via geometric analysis.

We observe that there are two frameworks to obtain probabilistic bounds: the average
and the smoothed framework. The difference between them relies on the randomness model
used to obtain tail bounds of the condition number. In the average framework, introduced
by Goldstine and von Neumann [194], Demmel [149] and Smale [374], one considers a
random polynomial tuple f € Hq4[q] which has a normal or uniform distribution. This random
input is suppose to represent the “average” input that one will find and so the usual behaviour
that one will find. In the smoothed framework, introduced by Spielman and Teng [380], one
considers a random polynomial tuple f, € Hq[q] of the form §, := f+og with f € Hq4[q] fixed,
o > 0 and g with a normal or uniform distribution. The random f,, represents an input f with
some random perturbation, whose magnitude is controlled by o. In this way, one hopes to
get a bound on the worst probabilistic behaviour of a randomly perturbed input. One should
note that as ¢ grows, one recovers the average framework.

Via integral geometry The integral geometric approach relies heavily on the condi-
tion number theorem (Corollary B3%2_10) and the geometry of the ill-posed set. Unfortunately,
up to date, these techniques are unable to handle the real case with the same effectiveness
than the complex case.
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Theorem 152 .14. [87; Theorem 21.1]. Let . C RN be a set and C : RN\ {0} — [1, o] be

given by
[Ix]

€)= Gistx, 3"
Assume that there is a homogenous polynomial of degree d containing X in its zero set.

(A) Let X € RN be a Gaussian random vector. Then for t > (2d + 1)(N — 1),
1
P(C(X)>1t) <11d(N — 1)?
and
E logC(X) <log(N — 1) +log d + log(30).

S) Let x € SN, o € [0,1] and X, € RN a random vector uniformly distributed in B(x, o).
Then for t > (2d + 1)(N — 1)o—},

P(C(X,) > t) < 11d(N — 1)0—1%
and
E logC(X,) < log(N — 1) +logd + logo ! + log(30).
O

In order to apply this theorem, we need to prove that ¥4[q] is contained in some hyper-
surface. This can be easily done, using techniques from algebraic geometry. However, we
omit the proof as these techniques go beyond the scope of this thesis.

Proposition 152.15. [88; Proposition 4.20]. There is an integer polynomial of degree at
most n2"D" such that ¥4(q| is contained in its zero set.

Proof. The claim is true for g < n+1 by [B8; Proposition 4.20]. To extend it further, recall that
forg > n+1, k(f, x) = ||f||/||[f(x)]|. Therefore the linear projection Hq[q] — Ha[n + 1] maps
surjectively ¥q4[q] onto X4[n + 1] for g > n+ 1 and the claim holds also forg > n+1. O

Combining the above two results, we obtain the following probabilistic bound on k.

Proposition 152.16. (A) Let f € Hgq[q] be a KSS random polynomial tuple. Then for
t > (n2"HD" + 1) (N — 1),

P (x(f) > t) < 11(n2"1D" + 1)(N — 1)%
and
E log x(f) < log(N — 1) + n(log D + 3log 2) + log(30).

(S) Letf € Hqlq], o € [0,1]andf, € Halq] a random polynomial tuple uniformly distributed
in Bw(f, o). Then for t > (n2"1D" + 1)(N — 1)o~ 4,

P(k(5,) > 1) < 11(n2™1D 4 1)(N — 1)1

and
E log x(f) < log(N — 1) + n(log D + 3log 2) + log o ! + log(30).
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Remark 152 .3. The above technique does not give a good bound of the local condition
number. The main reason is that the above theorem, coming from [90] of Blrgisser, Cucker
and Lotz, only covers the case in which X is contained in an algebraic hypersurface, but it
does not take advantage of the fact that > might have lower codimension. An extension of
this result in that direction was done by Lotz [281], but it requires X to be contained in a
complete intersection of algebraic hypersurfaces. Although some experts in the field claimed
that this can be extended to the case where X is a general algebraic variety, the problem
remains open.

Open problem B. Can the bound in Theorem be extended to the case in which ¥
is a real algebraic variety of degree d and codimension c in such a way that the probability
tail bounds are of the form O(d(N — 1)t=°)?

Also, the following problem might be useful given the multihomogeneous structure of
Xalql.

Open problem c. Can the bound in Theorem be improved in the case in which 3. is a
real algebraic hypersurface in RELLN; given by a multihomogeneous polynomial h(X, ..., Xq)
of degree d; with respect to the block of N; variables X;? More concretely, let 1, ..., rq be
random vectors uniformly distributed in the unit balls. Is it true that

1
Pl > 0 < 0 (Vamaxd(h - 1)1 )
as one obtains in the reducible case 3 = Ujcq%i? q

Remark 152 . 4. One should notice that N — 1 does not appear dividing in the above bounds
and successive bounds as it appears in the bounds given in [91|, 92]. This is the case,
because there was a mistake in the citation of [B7; Theorem 21.7] in [91]. However, this
mistake does not affect the order of the estimates. q

Via geometric functional analysis The geometric functional analysis framework in
the probabilistic analysis of « is quite new. It was introduced by Ergur, Paouris and Ro-
jas [175, 176] for the zero dimensional case and it was applied by Cucker, Ergir and the
author [137] to the case of a single polynomial. The advantage of this method is that it can
be applied to distributions more general than the normal distribution. We will show this in
Chapter @ in the special case of hypersurfaces. Here, we will provide a tail bound with a very
simple proof for the Gaussian case.

Theorem 152 .17. (A) Let§ € Hq[q] be a KSS random polynomial tuple and x € S". Then

fort > 2,
7 (110NN 2 (1nd £\
P > 1) < — .

(S) Let f € Hqlq), 0 > 0, f, := f+ o|/f|lwg be a random polynomial tuple such that
g € Hqlq] is a KSS random polynomial tuple and x € S". Then for t > 2,

7 (110NN "F [1ng ¢\ 1\ "1
Pl(fo,x) > 1) < = 1+ — .
(K(fo x) = 1) 2<n+1> ( t ) ( +a>




Condition and Homology in Semialgebraic Geometry 45

In the proof, we will use the following proposition. Recall that wp := 72 /T (T +1) is
the volume of the unit Euclidean m-ball. We also recall Stirling’s estimation of Euler’'s Gamma
function:

<2e)2eé< 1 <( )X

| oix

(1.21)

e ‘

for x > 0.

Proposition 152.18. (V) Let x € R9, ¢ > 0 and ¢ ~ N(x, o) be a random vector. Then

forall e > 0, .
g

P(lle] <e) < —9_ ().

(Il <) < ot - (5)

M) Letg<n, AcRI" o> 0and A~ N(A, o) be arandom matrix. Then for all € > 0,
q n
Va@2m)2 ez g\nti—q
<g)< ¥/ (= - )
Pgl(aq(Ql) se} s 2 <27T) Wntl-q (0)
Proof of Proposition B32_18. (V) can be found at the end of [87); Proof of Proposition 4.21],

(1—X)n
2

and (M) in [B7; Proof of Proposition 4.19] (page 90), where here the factor <%) , with
A= 21 is bounded by e?. O

Proof of Theorem B52_17. (A) We do the proofforg < n+1,forg>n-+1is analogous.E
By Proposition £32_111, we can see that

2
P(|[flw >t) <e'"s

for t > 2v/N. Now, note that for all t > 0 and u > 2v/N,

P(s(7, %))
= (1w I + a7 > ¢ By Proposiion 58
<P (||f||w > wor /IR + ra(RL)? < u/t> (mplication bound)
Pl = 0)+ 7 (/19D + 2a(R ) (Urion bound)

Ifllw > u) +P(IRF(F)I| < u/t and Uq(%l( )

< IP( ) < (Implication bound)
< P([fllw > u) + P(IR3H)]| < u/t)P(og(Rx(f)) < /t) (R (), R (§) independent)

n

2 z n+1
<el"% 4+ ﬂwqwn—}—l—q (;) : (%) (Proposition L52_18).
7T

We can apply Proposition I32_18, because, by Proposition B3T_6, RY(f) and R1(f) come
from taking independent orthogonal projections of . This fact guarantees that R)(f) and
RL(§) are independent and Gaussian.

Here, we substitute u = 2v2NInz t > 2v/Nfor t > 2, and we get for t > 2,

n 1 n+1
P(s(f,x)) < (e + \f“’qwmkq (%)5 (8N)"§1> (In; t)

SAnd for g > n 4+ 1, one can get a tail bound of the order (’)(In% t79), but this bound will not be useful for
us.
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ol

since t—N < <”t

estimation (1), to obtain the bound

Va ( e )2 en e" [er e"
Y Wgwntl—gl— ) < — <= = .
2 q¥n+l1—q ot 2(n_q+ 1) (n_q+1) ng q g+lq%

We put A = ;75 € [0,1] and observe that

n+1
f) . We substitute now the formula for wp, and we use the Stirling
0

[SIES]
[N
—~
S
|
o
_|._
—_
~—

" _ +1 " =
(h—g+1) é’“q%:((l—A)%A%)n (n+1)2lz<”+1> o

2
This gives us
e" e" Lomy 1262 \T 1 /119/8\ T
n—g+1 g < T S en(liilnT) = = ( ) < - ( )
(n—g+1)" = q2 (u)T e\n+1 e\n+1

n+1

and so the desired bound follows using that e + /35 < 7/2 and that (ﬁ’f’) >

(S) For the smoothed case, the proof is analogous to the one above. In this case, we
have

2
B(lfo lw > tIflw) < Plgllw > (t — 1)/0) < &'~ 5%

fort > 1+ 20+v/N. We proceed as above, but we use the general version of Proposi-

tion and we substitute u = ||f||(2v/2No N t + 1). To obtain the same line or argu-

ments as above, one should only notice that u < \|f||2mln% t(oc + 1) and so one obtains

the same as above, but with the extra factor (1 + %)"H. O

To pass from the local condition estimates to the global ones, we use a grid-based
method which is common in the probabilistic methods coming from geometric functional
analysis (see [399; §4.4]).

Theorem 152.19. (A) Let f € Hqlq] be a KSS random polynomial tuple. Then for t > 4,

n+1

P(s(f) > 1) < 7 <1984N>2 ozt

=4 n+1

(S) Letf € Hqylq), o > 0, f» := f+0o||f||g be a random polynomial tuple such that g € Hq|q]
is a KSS random polynomial tuple. Then for t > 4,
n+1
()
g

For proving the above theorem, we need the following lemma for “constructing” an
optimal grid that allows us to sample efficiently in the sphere and pass from the tail bound
estimates of the probability of the local condition number to the ones of the global condition
number.

7 (1984N\ "2 _ In"F
2
Pk(f,) >t) < - D"

Lemma 152.20. [398; Lemma 5.2] (cf. [399; §4.2]). Let § € (0,7/3). Then there is a finite
set Ny C S" such that for all y € S", dists(y, Ns) < § and such that

2 n
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Proof of Theorem B52_19. (A) Fix t > 4. Let G C S" be such that for all y € S, dists(y, G) <
2 and define

kg(f) == maxk(f, x).

xeg
By the 2nd Lipschitz property (Proposition £5Z_7),
1 1 1 1
- <D ==
kg(f) w(F) = Dt t
and so ) ,
K
kg(f) 2 — = = 5-
g( ) 1+ w(5) 9

t
Hence x(f) > t implies kg (f) > t/2 and so, by the implication bound,

P(x() > 1) < Blrg(]) > t/2) < #G maxP(x(f, ) > t/2)

where the last inequality is the union bound. Without loss of generality, we can assume
#G < (2Dt)", by Lemma (taking 6 = 1/(Dt)). Finally, Theorem together
with some computations finishes the proof.

(S) Exactly like (A). O

Proof of Lemma B82_20. Let N5 be amaximal set of S"” such that for each distinct x, x € N,
dists(x, X) > 4. Such a set exists and its finite, since otherwise we can construct a sequence
{xk} in S" such that for all distinct k, I € N, dists(xk, X;) > ¢ contradicting the compactness
of S". This set satisfies the first property, since for all y € S", dist(y, Ns) < d, otherwise
N5 U {y} would contradict the maximality of Ns.

By construction, the family of sets {Bs(x,4/2) | x € N} is disjoint and so

#N5voln(Bs(e0,6/2)) = voly |_J{Bs(x,5/2) | x € N5} < voln(S") = (n+ 1wn1.

Now, by [B7; Lemma 2.31],

) [}

2 in-1 2 iqn—1 i ”6
voln(Bs(e0,9/2)) = nwp sin~tsds > wp nsin"~ scossds = wpsin 5
0 0

Note that sin x > 37%‘ for x € (0,7/6), so sin” g > (3—5)" Finally, a simple maximization shows

s

that the bound provided is correct. O

Remark 152 . 5. The geometric functional analysis’ approach definitely provides a more ele-
mentary proof than the integral geometric approach. This can be a good pedagogical tool
when one cannot go into the details of the integral geometric proof. On the one hand, we
obtain a tail bound for the local condition number, which is not possible using integral ge-
ometry as long as the Open Problem O remains open; on the other hand, the bound ob-
tained for the global condition number is worse, both in the constants and asymptotically.
The latter seems to be an intrinsic characteristic of the method (since similar issues happen
in [175, 176]), but it may be because some of the traditionally used probabilistic boundsf
are not the best bounds for the job.

*Specially P(x/y > t) <P(x > uory < ut) <P(x > u) +P(y < ut).
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Open problem D. Can one obtain tail bounds of the form

1

P(k(f,x) >t) <O (pdy(N)pOW(n)t”l“) and P(x(f) > 1) < O (IOOW(D, N)poly(n)t>

using the methods of geometric functional analysis? For an approach looking to prove the
above estimate, the techniques from [[141] might be useful.

Despite all the above said about the drawbacks of the methods from geometric func-
tional analysis, we have to point out that these methods have an advantage over the methods
from integral geometry: they are able to handle probability distributions that are not normal.
This was shown for the zero dimensional case in [175, 176] and for the case of a single
polynomial in [137], which we will cover in Chapter B. q

152-3 Alternative definitions of k

Now that we have gone through all the theory, one might wonder about alternative
definitions of x that might be better from one perspective or another. The following proposi-
tion however shows that all natural variations are equivalent up to a reasonable constant or
parameter.

Proposition 152 .21. Let f € Hq[q] and x € S". Then:

(0) For ko(f, x) := ||fllw/ max {|F(x)], 0q(Ag'Dx)},

Lo %) < R(F,X) < Ko(F, x).

V2

(1) For ka(f, x) == [[fllw/+/IFCO* + 04(Dx)?,

rk1(f, x) < k(f, x) < VDr1(f, X).

2) For ra(f,x) := ||f\||/v/\/\|f(x)||2 + 0q(Ay'Dxf)2, where Dxf is the derivative of f as a
map on R,

ro(f, x) < k(f, x) < V14 Draff, x).

(3) For k3(f,x) := ||ﬂ|w/\/u?(x)||2 + 0q(Ag'Dxf)2 where f:= (£/|fi|w)iciq

ks(f, x) < k(f, x) < [Fllw

1 [[fllw
—K f,X < - i
3(f, x) V@ Minicrq [Iillw

NG| ~ V/q maxicq |Ifillw

Hg(f,X).

Proof. (0) follows from the inequality between the /., and ¢,-norms in R?, (1) from

0q(Dxf) < 0q(Ay'Dxf) < og(Dxf),

S|~

(2) from

0q(A7"'Dxf) < 0q(Ay'Dxf) = 0q(Ag Dxf(I — xx*) + Agf(x)x*)

X)x*
< \Joq(A5"DxN)? + DJIF )12,
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and (3) from

[fllw  [IFCIll _ s [fllw  [I[fX)]]
e T 77 e LL OOl a7 T
it fillw [Ifllw Minieig Ifillw [Ifllw

and )
[fllw  oq(Ag Dxf)

maXxiciq Ifillw  [Ifllw

X f AZIDyf
< 0g(Ag'Dyh) < — Mlw _ 7a(2a Del)
minicg Ifillw — Ifllw

O]

The above proposition only shows some of the variations, which can be themselves
combined. In the end, the reason to choose the definition that we have chosen is conceptual
and historical, since it is the one that allows us to develop the theory in its maximum aesthetic
appealing.

Remark 152 . 6. Among the variants of x above, the only one that is not strongly equivalent
is k3. This is s0, because k3 is small whenever « is so, but the opposite impliciation is not
true. To see this, note that k3 is invariant under scalar multiplication of each component of
f, while this property is not true for k. By taking one component to zero, we can construct a
sequence {fx} such that {k3(fx)} is constant, but {x3(fx)} goes to infinity. q

Remark 152 .7. One can observe that Proposition £52_211(2) is just [142; Proposition 6.1].
However, the difference in the constants is due to an error in the proof in [142], in which
they used the identity fi(eg) = 0f/9Xo(ep) instead of the correct fi(ey) = didf/0Xo(ep), due
to Euler’s identity. q

15% %: a condition number for spherical semialgebraic sets

A spherical semialgebraic set is a semialgebraic subset of the sphere described by
homogeneous polynomial. Given f € Hg4[q] and ® a Boolean formula over f, the spherical
semialgebraic set described by (f, ®), S(f, ®), is given by

S(f, ®) := S" N W(f, ) (1.22)

where W(p, ®) was defined in (C=2). Instead of defining a condition number for each descrip-
tion (f, @), we will define a condition number associated only to f. This condition number will
be finite when for all ®, the descriptions (f, ®) is well-posed. The way to achieve this is to
focus on the possible boundary pieces. This motivates the following definition.

Definition 153.1. Let f € Hg[qg] and x € S". The local intersection condition number of f
at x, &(f, x), is the quantity in [1, co] given by
R(f,x) := max fb x 1.23
R(fx) = | max | s(fx) (1.23)
where [g]=™! ;= {K C [q] | #K < n+ 1} and f- = (f)ic., and the global intersection
condition number of f, £(f), the quantity given by
R(f):= max x(f') = max &(f,y). (1.24)

LClq] yesn
#L<n+1
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The first thing we should notice is the following proposition, which explains the term
“intersection” in the name of the above condition number. Recall that an intersection (., N
of a family of smooth submanifolds {N;}ie; of a smooth manifold M is called transversal in
M ifforall x € Mg, MV,

> codim, mTxNi = codimr, e () TN (1.25)
i€l i€l

Proposition 153 .1. Let f € Hqlq]. Then &(f) < oo iff the following conditions hold:
(1) Foralli € [q], Z5(f) := S(f, f; = 0) is regular.

(2) Forall L C [q], the intersection (;

ic1 Z5(f) Is transversal in S". O

Remark 183 . 1. One should observe that in the definition of %, we limit to subsets L C [q] of
size at most n + 1. However, this is not the case in Proposition B33 11. The reason for this
is that for # L > n+ 1, N,c, 25(f) is transversal in S" iff N;., 2°(f;)) = @. Therefore when
#L > n+1, e, 25(f) is transversal in S" iff for all H C L with #H = n+ 1, ;e 25(f) is
transversal in S".

We have in this case a theorem even more general than Theorem 1522, which involves
not only algebraic sets, but all possible semialgebraic sets that can be constructed from f.
The proof will be done in the next chapter, together with the one of Theorem A53%_2.

Theorem 153 .2, Let f € Hqylq] be such that %(f) < oo. Then for all Boolean formula ®
over f and every g € Bw/(f,min; ||fi|wk(f)~1), we have He(S(f, ®)) = He(S(g, ®)).

As with Theorem 522, we can interpret Theorem as saying that homology will
not change as long as we do not cross the set of ill-posed polynomial tuples. In this case,
we have that the set of ill-posed sets is given by

Salalk= |J Zaldx and alg) = |J Talal = | Zaldl: (1.26)
Le[g)=nt? Le[g]<n+1 zesn
where
ff,[q]x .= {g € Halq] | g- (x) = 0, rank Dyg" < q} and Ed U Ed (1.27)
zeSn

Transferring the properties from « to ¥ is straightforward, with the exception of the condition
number theorem (Theorem and Corollary B532_10) that can only be transferred in a
weaker sense.

Proposition 153.3. Let f € Hq[q] and x € S". Then:
* Regularity inequality: For all L € [q]<"+!, either

L -1 L
Il . 1 oa(dg'Dut)

1w~ fﬁ() IfHlw — V2R(f,x)

In particular, for all L € [q)<"1, if v/27(f, x)“”ff ("‘)H < 1, then Dyft = T,S" — RE s

surjective and its pseudoinverse (Dyfl)t exists.
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¢ 1st Lipschitz property: The maps

Halq) — [(|)|, o|o> . Halq) — [Ho \TO)
gllw gllw
7(g, X) "~ Hg)

are 1-Lipschitz with respect to the Weyl norm. In particular, %(f,x) > 1 and &(f) > 1.
¢ 2nd Lipschitz property: The map

S" — [0, 1]
1
E(f,y)
is D-Lipschitz with respect to the geodesic distance on S".

y—

e Weak condition number theorem:

R0 < oI and () < Y
T distw(f, Salqlx) ~ distw(f, Zalq))

where disty is the distance induced by the Weyl norm.

Proof. They follow straightforwardly from the properties of x and the definition of . Ex-
panding this out, the regularity inequality follows from Proposition B52_3, the 1st Lipschitz
property from Proposition and Corollaries .54 8 and 0.5%_. 6, the 2nd Lipschitz prop-
erty from Proposition B3%2_7, and the weak condition number theorem from Theorem
and Corollary B32-10. O

Proposition 153 . 4. et f € Hgy[q] be such that all its coefficients are integers of absolute

value at most H. Then either &(f) = oo or
E(f) < \/mH (22_%D”+2H\/N — O(DHN)(’)(D)Z(”'H)_

Proof. \We take the maximum of all bounds given by Theorem noting dim Hq4[g]* <
N. O

)2(”+1)<4D)2<"+1>

Proposition 153.5. (A) Let § € Hq[q] be a KSS random polynomial tuple. Then for t
(n*(2g)"'D" +1)(N - 1),

Y

P(R(§) > 1) < 11(n%(2)™D" + 1)(N — 1)%
and
E log%(f) < log(N — 1) + n(log D + 6log 2) + (n + 1) log g + log(30).

(S) Letf € Hqlq], o € [0,1]and f, € Halq] a random polynomial tuple uniformly distributed
in Bw(f,o). Then for t > (n?(2q)"*'D" + 1)(N — 1)o— 1,

1

P (R(fo) = 1) < 11(n*(2q)"' D"+ 1)(N = 1)o "5

and

E log%(fy) < log(N — 1) + n(log D + 6log2) + (n+1)logq + log o~ + log(30).
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Proof. We apply the union bound for a random variable that is the maximum of several
random variables together with Proposition E32_16. We then observe that dim Hg[g]t < N
and

n+1 q

# <n+1 _ < n+1.
[a] > <k> < 2nq
k=0
O

Proposition 153.6. (A) Let § € Hqlq] be a KSS random polynomial tuple and x € S™.
Then for t > 2,

119N 2 (Ins 1\
_ > < nt+1 [ LLIN n2 -
P(R(f,x) > t) < 7nq <n+ 1) ( ;

(S) Let f € Halqg], o > 0, fo := f+ o||f|lwg be a random polynomial tuple such that
g € Hqlq] is a KSS random polynomial tuple and x € S". Then for t > 2,

119N\ 2 (Ind e\ ™ 1\
P(E(fo, x) > 1) < ntl (220 14 = .
(Rl %) > 1) < Tng <n+1> ( t ) ( +0)

Proof. Analogous to the one of Proposition B33_8, but applying Theorem this time.
]

154 K.¢: a condition number for affine semialgebraic sets

The traditional way to pass from the affine to the homogenous world is homogeneization.

The homogeneization map
" Palq] — Halq]
h . ) d;
pr—p = (PI(X/XO)XO )iem !

takes each p; to its homogenization adding the variable Xy. This map allows us to transform
tuples of affine polynomials into tuples of homogeneous polynomials and so transfer the
theory developed for the spherical case to the affine case. In this way, the Weyl norm of
p € Pqlq] is defined by ||p|lw := ||p"||lw and a KSS random polynomial tuple p € Pq[q] is
defined as a random polynomial tuple such that p" € Hg4[q] is a KSS random polynomial
tuple.

Together with the above map, we consider the diffeomorphism

(1.28)

I0O:R" =S :={zeS" |z > 0}

FO(x) i 1 1 (1.29)
X — (x)._THX”2 e

which takes the affine space R" onto the upper half of S, S7} . Note that the maximal circle
S :={z € S"| zyp = 0} corresponds to the points at infinity of R" inside the compactification
S USg, which differs from the usual compactification IP". The main reason to compactify in
the sphere is that one can still speak of signs of polynomials in S”, while this is not possible,
in general, in P".
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Given a Boolean formula ® over p, we can naturally consider the Boolean formula ®"
over p" obtained by substituting the p; in ® by their corresponding homogeneization p,-h.
Now, we need to add to the polynomial tuple p" and the formula ®" a polynomial to encode
the sign of Xy. To do this, we consider the polynomial tuple

H(p) == (|lpllwXo, ) (1.30)

and the Boolean formula
H(®) := ®" A (H(p)o > 0) (1.31)

over it. We can see then that
FO(W(p, ®@)) :=S(H(p), H(®)).

The way we choose the scaling for X, in H(f) is such that that it has the same weight as p".
Following the transfer condition, we expect p € Pg4[q] to be well-conditioned if H(p) is
s0. This motivates the following definition.

Definition 15%.1. Let p € Py[q]. The global affine intersection condition number of p,
Raff(p), is the quantity in [1, o] given by

Fare(p) := R(H(p)). (1.32)

We note that for this condition number, the following version of Theorem holds.
This again can be seen as the justification for calling the above quantity condition number.

Theorem 154 .1. Let p € Pq4[q] be such that Ka(p) < oo. Then for all Boolean formula ®
over f and every g € Bu(p, min; ||pi||wa(p) 1), He(W(p, ®)) = Hu(W(g, D)).

Proof. Since min; ||H(p)i|lw = min; ||pi|lw and distw(H(p), H(g)) < v/2distw(p, g), it follows
from Theorem E53_2. O

Before continuing, let Hg°[q] be the space of d-homogeneous polynomial g-tuples in
the variables Xi, ..., X, and consider the orthogonal projection

h: Pala] — Hq'ld]

h (1.33)
p = ph = p (03 Xl:"'an)

that maps each p; to its dj-homogeneous part (p;)n, which is the polynomial obtained from
pi by eliminating all terms that are not of degree d;. The behaviour of p at the hyperplane
at infinity SJ is precisely captured by the behaviour of p, at S"~*. The following proposition
follows immediately from Proposition

Proposition 154 .2. Let p € Py[q]. Then F.5(p) < oo iff all the following hold:
(1) Forallic [q], Z(pi) € R"and Z5((p;)n) C S"* are regular.

(2) Forall L C [q], the intersection (., Z(pi) is tranversal in R™ and (N, Z°((pj)n) tranver-
sal in S" 1. O
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Due to the above definition, we can see that the set of ill-posed polynomial tuples
53'1q] == H 1 (Salq]) = {p € Palq] | Fate(p) = 00} decomposes as
S lal = 4 lal+ UTg [dlo (1.34)
with
Sa lal+ == {9 € Plq] | g" € Salq]} and g [qlo == {g € Palq] | aw € Tg [q]} (2.35)

where £ [q] := {g € H[q] | R(q) = oo}. Intuitively, iiﬁ[q]+ are those polynomial tuples
for which the ill-posedness comes from a non-transversal intersection and iiﬁ[q]o those for
which the ill-posedness arrives from a tangency to the hyperplane at infinity. We can get the
following more quantitative statement.

Theorem 15 .3. Let p € Pq4[q]. Then

- - IpllwF(pr)
Raff(P Snmx{mph,2+3D max < (2+3D
2 (P )LG[Q]S”“ ok llw ( )

”PHW
distw(p, ¥4 [q))

Lemma 154 4. Let g € Pq4lq], o > ||g|lw and x € S". Then

(ghimen (X))
(2+3D) 5w

2 /f|x0| >

/i((OéXo,gh),X) < {

In particular, r(aXo, g") < (2 + 35)7";(”-%)

Proof of Theorem B3% 3., We observe that, by the weak condition number theorem for &
(Proposition £33 3),

o h Hprn(pﬁ)}
max4 k(p"),(2+3D) max ———2=
{( ) 3D e ok Tw
lpllw Ipllw }
< (24 3D)max< — — ) —
( ) {dlstw(ph,ﬁa[cm distw (pn, 237 [a])
:<2+3D>max{ _lplw__ lplw }
distw(p, Xq [q]+) distw(p, X4 [qlo)

IPlw
distw (p, g [q])

Hence we only have to prove the first inequality. By the definition of ,¢, we have that

Far(p) = max_ max{x ((p")") . (lIpllwXo. (P)") }

Le[g]=sntt

= (2+3D)

Therefore it is enough to show that

[
w (lpllwo, (p)") < 4D = (o).

Now, this is shown by Lemma by setting a = ||pllw > [Ip;llw and g = p*, and so
the proof concludes. O



Condition and Homology in Semialgebraic Geometry 55

Proof of Lemma I3 4. Let Hy(g) := (aXo, g"), so that [|[Ha(9)[lw = /a2 + ||g]|%. Since
IHa(@)(x)]| > alxl, we have

w(H(@), 20 < 1+ 190 1 < o,

This shows the inequality for |xo| > 1/2. We assume now |xp| < 1/2, so that distg(x, Sj) <
Z|xo|. By the 2nd Lipschitz property (Proposition I52_7),

K(Hoz(g)’ X)
#Ha(9):m53)) 2 1= b Ha (@) ol

Now, since x(Ha(g), x)|Xo| < v/2, this gives

r(Ha(9), X)
r(Ha(9), Tsp (X)) = @

To finish the proof it is enough to show that for y € S,

#(Ha(9), y) < #(9,Y)-

(6]
“Tonl

Now, ||Ha(9)|lw < v2a, so it is enough to show that

ae) 1 1
> —oq(AS D .
o (AalDygh> = Jg7el8a D)

Let (t v*) with v € R9 and t? + ||v||? = 1 be such that

e . g
i (AdlDy9h> ( ) (AdlDygh) H

By an easy computation, we can see that if |t]| < 1/\/5,

g}
t V>|< A p gh)
( ( Ag'Dyg" ) H ’

> \/a2 (1t~ VI~ )+ (1~ 2)0(A,'Dy00)?

and if |t| > 1/v/2,
e
t v* _
| (tv) (AdlDy9h>
1 _
> %Uq(AdlDth),

where the inequality follows from direct minimization and the fact that o« > aq(Angygh),
which follows from « > ||g||w and Corollary 5L 7. O

Remark 154 . 1. We observe that the last inequality in Theorem is precisely [88; Propo-
sition 4.16] when D > 2. However, we note that our proof is different from the one given
in [B8], which, in principle, could be extended to more general conic condition numbers. 9§
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Motivated by Theorem 052 _3, let us define

|pllwF(pL, )

(1.36)
Lel@=rt  |Iptllw

R35(p,X) =

for p € Palq] and x € S§, and F3x(p) := Maxyesn Rag(p, ). With the above result, we can
perform the usual complexity analyses as shown above for k. We only sketch the proofs as
they are identical to the ones for k and .

Corollary 154 . 5. Let p € Py[q] be such that all its coefficients are integers of absolute value
at most H. Then either R,(p) = oo or

2(n+1)(4D)2("+1) 2(n+1)

Rair(p) < VZDNH (227" D" 2HV/N) — O(DHN)O®)

Sketch of proof. By Theorem E5%3, we just need to bound for #(p") and ®2%(p). For the
first, we apply Proposition B5% 4. For the latter, we proceed as in the proofs of Theo-
rem and Proposition I53_4. The bound obtained for 5(p) will be like the one
above, but with n — 1 in the place of n. This makes that multiplying by (2 4+ 3D) does not
affect the final bound that we obtain. O

Corollary 154 .6. (A) Let p € Pqy[q] be a KSS random polynomial tuple. Then for t >
(n*(2(g+1))™'D" + 1)(N - 1),
P (Rar(p) > 1) < 55D(7(2(q + 1)"'D" + (N~ 1)
and
E log Ra(p) <log(N—1) + (n+ 1)(log D 4+ 9log2) + (n+ 1)log(q + 1) + log(30).
(S) Let p € Pq4[q], o € [0,1] and p, € Pgqlq] a random polynomial tuple uniformly dis-

tributed in Bw(p, o). Then for t > (n*(2(q + 1))"™D" + 1)(N — 1)o~},

P (Rate(po) > 1) < 55D(n2(2(q + 1))™1D" + 1)(N — 1)1+

and
E log Raf(po) < log(N—1)+(n+1)(log D+9log 2)+(n+1) log(g+1)+log o~ +log(30).

Sketch of proof. By Theorem E5* 3, we have to obtain tail bounds for %(p") and &2%(p).
For the first, we apply Proposition B53°_8. For the latter, we proceed like in the proof of
Proposition after noting that 73g(p) < ||p||W/distW(§f,ﬁ[q]o). We use a union bound
to reduce from the case of iiﬁ[q]o to the case of {p € Hqlq] | p* € iZO’L [q]}. Then we use
that p — py, is an orthogonal projection to apply the degree bound in Proposition to
the latter sets. Finally, we use Theorem B5Z_ 14, O

The following probabilistic bound will be useful later.

Corollary 154.7. (A) Let p € P4[q] be a KSS random polynomial tuple and x € Sf}. Then

fort > 2,
1 n
N2 t
; .

NS

P(Rag(p, x) > 1) < 7ng"t! (11’(3N>
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(S) Let p € Pq4lq), 0 > 0, p, := p + ollpllwg be a random polynomial tuple such that
g € Hqlq] is a KSS random polynomial tuple and x € S. Then for t > 2,

n 1 n
119N\ 2 [ In2 1\"
P(nﬁf@a,x)zosmq"( ff ) (”j t) <1+) |
g

Sketch of proof. To handle

Iplw
VIIBE ()2 + oq(A5"Dyph)?

we separate numerator and numerator as in the proof of Theorem E52_17. Then the rest is
the same, except that we have just n variables now, instead of n+1. To handle the maximum,
we just apply the union bound as in the proof of Proposition I3 4. O

Further comments

Many of the results in this chapter can be found in [87] and [88, 91]. However, there
are some important additions: the gap theorem (Theorem E5%2_13, Proposition and
Corollary B3% 8) for integer polynomial tuples, the tail bounds coming from geometric func-
tional analysis (Theorems 15217 and 5219, Proposition and Corollary B%%_T), and
the inequality of Theorem B3*_3.

In addition to the new results, our presentation differs from those in [87] and [88, 91].
On the one hand, our definition of  is with the gth singular value, instead of the p-condition
or the operator norm. This change leads to a clearer form of x which is easier to parse.
We introduce p afterwards, but only after familiarity with x has been attained. On the other
hand, our focus goes away from the condition number theorem, and more into the properties
and possibles bounds of k. Even though, this means that we acknowledge the beauty of a
condition number theorem and the geometric interpretation it gives «. We don’t view this
as the center of the theory, since from an algorithmic point of view the other properties are
more important than a ‘fancy’ geometric interpretation. This should be viewed as a break
with the philosophy of [87].

It remains an important exercise to develop the above theory in the multihomogeneous
setting, meaning that x(f, x) and x(f) should be invariant under the scaling of each poly-
nomial f; in f. This development would lead to a more robust . The reason for this is that
semialgebraic sets are defined with atoms involving only one atom at a time.

We note that our approach to condition numbers follows the philosophy of the worst
variation. It would be interesting to study weak variations, where we consider the high-
probability-variation, following the notion of weak condition number introduced by Lotz and
Noferini [282].
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There are no dogmas to which we must conform. Our program is simple: to give numerical
meaning to as much as possible of classical abstract analysis.

Errett Bishop, Foundations of Constructive Analysis

Differential semialgebraic geometry
with condition-based inequalities

In semialgebraic geometry, it is usual to have results depending on “weak” inequalities.
These inequalities are of the form “for sufficiently small a” or “for x sufficiently smaller than
y”. Unfortunately, from an applied and computational viewpoint, these statements can be
useless, because they don’t give explicit bounds that can be used to obtain numbers sat-
isfying the desired statements. In the symbolic world, one can solve the issue by adding
infinitesimals; in the numerical world, we don’t have the luxury of using infinitesimals. Thus
we need to make the “weak” inequalities explicit and find explicit values for them.

In this chapter, we will substitute such weak inequalities by strong inequalities de-
pending on the condition number in the case of two theorems: Durfee’s theorem (The-
orem B53_2)) and Gabrielov-Vorobjov approximation theorem (Theorem BS*_2). Or, para-
phrasing Bishop [Q4], we will give “numerical meaning” to these inequalities in the well-posed
case. The first result will be fundamental for our constructions of simplicial complexes, and
the second one for passing from the arbitrary case to the closed case.

First, we recall Newton’s vector field and use a discontinuous version of it to prove a
converse of the Exclusion Lemma (Corollary I3 _8); second, we present the Thom-Mather
theory that will play a fundamental role in this thesis; third, we introduce our main technical
tool, (f, A)-lartitions and (f, A)-partitions; and four and last, we prove, respectively, Durfee’s
and Gabrielov-Vorobjov approximation theorem.

251 A converse to the Exclusion Lemma

Givenany smoothmap f : S” — R9, we consider the open set Qs := {x € S" | Dif is surjective}
and, on it, the Newton vector field of f as the vector field given by

N = —DyfTf(x). (2.1)
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The main property of this vector field is that for any integral path t — z;,
f(z) = f(zo)e ™. (2.2)

This property follows from the chain rule and the properties of the pseudoinverse.
Recall that Bs and Bs denote, respectively, the open and closed balls in S” with respect
the geodesic distance and that, for r > 0, the spherical r- neighborhood of X C S" is the set

Us(X,r) == {p € S" | ds(p,X) < r} = | Bs(x,r). (2.3)
xeX

For f € Hq[q], the algebraic neighborhood of Z5(f) with tolerance r is the set
Z3(f) = {x e S" | ()] < rllfllw}- (2.4)

The following theorem is a two-way version of the Exclusion Lemma (Corollary B31_8) for
algebraic sets.

Proposition 25 . 1. Let f € Hy[q] and r > 0 be such that /2k(f)r < 1. Then
(&) 2°(f) € Z3(f),

(b) Us(25(f),r) € Z5,,, (f), and

(c) Z3(f) C Us (Z25(f), V2()r).

Proof. (a)is obvious and (b) is just a reformulation of the Exclusion Lemma (Corollary 5% _8).
(c). Take x € Z3(f) and consider the integral path t +— x; of the Newton vector field of

f starting at x. Since v/2x(f)r < 1, we have that Z7(f) C €, by Proposition I52_3, and so

the Newton vector field is defined at every point of Z5(f). By (@==2), t — x; does not leave

ZP(f) and so it can be extended indefinitely obtaining a global integral path [0, 00) > t > x;.
We have that

: - Fllw IO - -
%l < 1D FO) | = D% A 1 F() 6t = — e ! <V2k(fre™!,

I3 < 1D IO = D5 IO~ = P et < Va()

where the first inequality follows from x; = —Dy,f{f(x;), which follows from (2—I); the first

equality from (22), the second equality from the form of the singular values of the pseu-
doinverse, and the second inequality from Proposition B3%_3. Therefore

/OO || Xt dt < V2x(F)r
0

and so x; converges absolutely and lim;_,., x; exists. By (2=2), this limit belongs to Z5(f).
We have thus shown that starting from x we can reach a point of Z5(f) following a path in
S™ of length less than v/2x(f)r. Hence dists(x, Z5(f)) < v/2x(f)r and the claim follows. [

In the semialgebraic case, we can prove an analog of Proposition using a dis-
continuous generalization of the Newton vector field.
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251-1 Boolean formulas over (f, t) and algebraic neighborhoods

We introduce several geometric notions that will be central later on. First, we extend our
universe of considered functions from homogeneous polynomials to homogeneous poly-
nomial with constants added. The reason for this is that these polynomials appear in the
Gabrielov-Vorobjov construction (see B53) and so the theory has to be extended to include
them.

Definition 251 .1. Let f € Hq[g] and t € R®, a Boolean formula over (f,t) is a Boolean
formula ¢ supported on

{(f = [Ifillwt), (8 # [Ifillwt),
(i > [Ifillwty), (f = Ifillwty), (f < [fillwty), (f < Ifillwt) [ 7 € [q]. j € [e]}

Given a Boolean formula ® over (f, t), the realization of (f, t, ®), S(f, t, ®), is the semialgebraic
set

S(f. 1, ®) := @r (77 (). 5" R\ ),

1

A

I (500), 17 5,00, 77 (o0 t), ' (—oest] [ dl € [e]) - @.5)

I I

where f = (fi/ I fillw)ie[q @nd the subscript in ®gn indicates that we evaluate subsets of
the sphere. In other words, S(f, t, @) is the spherical semialgebraic set obtained interpreting
(f, t, @) in the obvious way.

Remark 25 . 1. In the above definition, t € R® gives us the constants that we can modify
our original polynomial tuple with. q

Now, we introduce some notions for formulas and we define algebraic neighborhoods
for closed semialgebraic sets.

Definition 251 . 2. Let f € Hq[q] and t € R®. Then:

(m) a monotone formula over (f,t) is a Boolean formula over (f, t) that contains no nega-
tions.

() alax formula over (f, t) is a monotone formula over (f, t) whose atoms are of the form
(fi = [Ifillwt), (f = [Ifillwt) and (fi < ||| w).

(pc) a purely conjunctive formula over (f, t) is a monotone formula over (f, t) that does not
contain disjunctions, i.e., itis a formula of the form A;.,(fa, ;i ||fa || wts,) Where a € [q],
b € [e)! and x€ {=,#,>,>,<, <}

Definition 25 .3. Let f € Hg4[q], t € R®, r > 0 and ¢ be a lax formula over (f,t). The
algebraic neighborhood of S(f, t, ¢) with tolerance r, S,(f, t, ¢), is the spherical semialgebraic
set given by

Si(f, t, ®) := Pgn (?i—l[tj — o] = r00), f (=00, 4 1] | i€ (gl € [e]) . (2.6)

In other words, S, (f, t, ®) is the spherical semialgebraic set obtained by substituting in ® the
atoms (fi = ||fil|wt) by (i < [Ifillw(t +r)) A (fi = [[fillw(t — r)), the atoms (f; > |[fi[|wtj) by

(fi > |Ifillw(t; — r)) and the atoms (f; < ||fi|lwt) by (fi < |Ifillw(t; + r)) and interpreting the
obtained formula in the obvious way.
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To control the well-posedness of (f, t), we have to consider the separation, T11(t), of
t € R® given by
= inf|t — {; 2.7
III(t) '12] It — ] (2.7)

in addition to the condition number . This parameter allows us to control that certain inter-
sections, such as S(f,t, (fi > |[fillwt;) A (fi < [[fillwtk)), with ; > tx, remains empty when
passing to algebraic neighborhoods with sufficiently small tolerance. The following technical
proposition makes this clear.

Proposition 251 . 2. Let f € Hqlq], t € R® and r > 0 be such such that 111(t) > 2r. Then:

1. For every purely conjunctive lax formula ¢ over (f,t), there exist a purely conjunctive
lax formula NF(¢), called normal form of ¢, of the form

NF((b) = /\ (fm > ta(m)|’fMHW) N /\ (fI/I < ta(H)HfHHW)

uell 4 nel_

A\ (= topnlfallw) A (fa < i 1l w))
uclly
with ., Y1_, Uy C [q] pairwise disjoint, o : Iy UN_ — [e] and Ib,ub : Yy — [e]
such that for all u € Yo, ) < tupu), @and such that

S(f,t,¢) = S(f,t, NF(¢)) and S,(f, t, ) = S,(f, t, NF(¢)).

2. For every lax formula ® over (f, t), there exist a lax formula DNF (®), called disjunctive
normal form of ®, of the form

DNF(®) = \/ ¢

£e=

with ¢¢ purely conjunctive and lax in normal form, and such that

S(f,t,®) = S(f, t, DNF(®)) and S, (f, t, ®) = S,(f, t, DNF(®)).

Proof. 1. Since A is commutative, in the sense that permuting atoms do not affect the real-
ization, we can just focus in the case

A\ (6 5k tagey Iflw)

keK
with a : K — [e] and e {>, <,=}K, which is obtained when gathering all atoms in which
a particular fi appears. Further, by splitting atoms of the form (fi = tax)|lfillw) into (f; <
tagollfillw) A (fi = tallfillw), which again does not change the realization at all, we can
assume that oce {<, >}K,

Now, we observe that substituting, respectively,

/\ (< tagollfillw) by | fi < min tage) | IIfillw

KGK xk is <
xk is <
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and

N\ (> tagollfillw) by | fi> max ta(k) I fillw
keK Ok iSZ

Xk is >
does not change the realization. Hence we have substituted our initial factor by a factor of
the form (fi <t lfillw), (fi = tagpl[fillw) or ((fi = twyllfillw) A (fi < tup(i) [|fillw)). Inthe first

two cases, there is nothing to prove. In the last case, if () > tup(), then both S(f, t, ®) and
S/ (f, t, ®) are empty, since III(t) > 2r, and we can just take NF(¢) to be the empty formula.
The claim is proven.

2. Using that A is distributive with respect V, in the sense that passing from &g A (P V P2)
to (Pg A P1) V (Pg A P2) does not affect the realization, we can transform @ into a formula
of the form

V o

£eE

with ¢¢ purely conjunctive and such that
S(f,t,®) =S (f, t, \/ ¢§) and S/(f,t,®) =S, (f, t, \/ ¢5) i
€e= ce=

Applying (1) to each ¢ finishes the proof. O

Remark 25 . 2. We observe that Proposition does not necessarily give efficient algo-
rithms. For example, DNF(®) can have size exponential in the size of ® as one can sees by
slightly modifying Example 051 3. q

251-2 Discontinuous Newton vector field

We can now state and prove the semialgebraic version of Proposition 25T 1.

Proposition 25*.3. Let f € Ha[q], t € (=T, T)®and r > 0 be such that V2w (f)(r+ T) < 1
and 111(t) > 2r. Then, for every lax formula ® over (f,t),

@) S(f,t,®) C S/(f, t,®),
(b) Us(S(f,t,®),r) €SP0, (f, 1, @), and

(©) Si(f,t,®) C Us(S(f, 1, ®), V2R (F)r).

By Proposition 25T 2, we see that it is enough to prove the above proposition for a
purely conjunctive lax formula ¢ in normal form, which has the form

¢

/\ (fI/I > ta(I/I)HfI/IHW) A /\ (fI/I < ta(m)”fHHW)

I/IGI/I+ uell_

AN (e = o Ifallw) A (fa < tupgen [ allw)
ucly
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with M, VI, U, C [q] pairwise disjoint, a : 1 UM — [e] and Ib, ub : 11y — [e] such that
for all u € Yo, tip) < tupu)- We know define the following set-valued maps

SHBXHL+(X :{H€M+‘fn

) X) < ta(H)HfH”W}’
S"ox—= L (x):={neU_|f,
)

X) 2 togu[fullw},

(
(

S"3 x — Lub(X) = {I/I S I/Io ‘ fH(X) > tUb(I/I)HfHHW}'

For each x € S", Ly (x), L_(x), Lip(x) and Ly (x) are pairwise disjoint and each of these
sets encodes the clauses of ¢ that x does not satisfy or could stop satisfying after a small
perturbation.

Consider also the maps S"” 5 x — L(x) := L_(x) U Ly (x) U Lp(x) U Lyp(x) and S" >
x — 1(x) € R-X) given by

tay Ifillw, — 1f 1€ Ly (x) UL(x)
2(x) = § toollfillw, i1 € Lp(x)
tup(y I illw, f 1€ Lub(x)

With the help of these maps, we define the discontinuous Newton vector field of (f, t, ¢)
N)f(,t,qb — _(DXfL(X))T(fL(X)(X) — 1(x)) (2.8)

where Dy fL() = (Dxfi)ieL(x) selects the rows in D, L) indexed by L(x). In general, this
vector field is not continuous, but its solutions are well-behaved. With this vector field, we
can prove Proposition 253,

Lemma 251 . 4. () Given xg € S,(f,1, ), the integral path [0, T) > t — x; of the Newton
vector field of f-00) — 1(xy), N(*'==(x0)) starting at xo, agrees locally with the integral
path of the discontinuous Newton vector field of (f,t, ¢), N't®, starting at xg.

(i) Let [0, T) > t— x; be an integral path of N*t¢ and t,t' € [0, T). If t' > t, then L, (xy) D
L+(Xt), L_ (Xt’) DL (Xt), le(Xt’) D) L[b(Xt> and Lub(Xt’) D) Lub(Xt)-

(i) Given xo € S((f, t, ¢), there is a forward-time integral path of the discontinuous Newton
vector field N-t¢ of (f, t, ¢) starting at xq that extends indefinitely, i.e., for any time.

Remark 281 . 3. Although we could prove unigueness of time-forward integral paths in Lemma
ST 4, we don’t provide such a proof. The main reason for this is that such a uniqueness
result is not needed. q

Proof of Proposition BST 3. We restrict to the case of a formula ¢ as described above, since
it is enough to consider this case. (a) is trivial and and (b) follows immediately from the Ex-
clusion Lemma (Corollary B3*_8). We prove (c).
Let x € S,(f,t,¢). By Lemma 251 _4, we can consider the integral path of t — x; starting
at this point that extends indefinitely. Further, for all t > 0, we have that
T1(X0) + (fi(x0) — T(X0))e™t if I € L(xp)

fi(x¢) = (2.9)
7/(Xt) if1eL(x)\ L(xo)
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since, if | € L(xp), this follows from the formula for N*t¢, and, if not, then when we add |,
this holds because fi(x;) = T/(x), and so no variation occurs. Because of (2Z9), the integral
path remains in S.(f, t, ¢). Arguing as in the proof of Proposition 2SI 1], we can see that, by
the regularity inequality (Proposition £53_3),

Il < VER(f)re.

Therefore

/OO 1%l dt < V2R(F)r
0

and so the limit lim;_, x; exists and belongs to S(f, ®), by (2=3). Now, such a path lies on
S™ and has length at most v/2 %(f)r. Hence the claim follows. O

Proof of Lemma 25X _4l. (i). For the considered integral path, we can check that for t suffi-
ciently small, L(x;) = L(xp). Indeed, for I € L(xo),

fi(x) = T1(x0) + (fi(x0) — i(X0))e™"

and so | € L(x;) fort > 0, since the inequalities defining L(xp) will still hold. And for | €
[q] \ L(x0), we have strict inequalities, and so, by continuity, I € [q] \ L(x;) for t sufficiently
small. Hence, along the integral path t — x;, NL;W = N)’(f(XO)_T(XO) for sufficiently small t. Thus
the claim follows.

(i). We prove the claim only for L., since for the rest the proof is analogous. By (i) and
the formula for fi(x;) above, we can see that fi(xs) — 1y(xs') = (fi(xs) — 1/(xs))e¥ ~S for any
s, s’ € [t, t') with s’ > s sufficiently near to s and | € L(xs). This means that

{sett']|forals" €0,s], Li(xsr) 2 Ly(xe)}

is open. Since the defining conditions of L, (x) are closed, it is also closed. Thus it agrees
with [t, t'] and the claim follows for L.

(iii). By the regularity inequality (Proposition £33_3) and (i), we can guarantee that a local
time-forward integral path starting at xy exists and that it does not leave S, (f, t, ¢). By (i), we
only have to paste finitely many integral paths of the Newton vector field of fLO) — (X, ).
Hence we can extend the integral path indefinitely, as desired. O

One may think that the proof above can be adapted to obtain a continuous retraction
of S/(f, t,») onto S(f, t,¢) when ¢ is a purely conjunctive lax formula, so that one proves
Durfee’s theorem (Theorem B53_2)). However, as shown in Example below, the flow
of the discontinuous Newton vector field is not continuous in general. This phenomenon
motivates the introduction of Mather-Thom theory to be able to work with vector fields better
suited for the semialgebraic setting.

Example 28 . 1. We consider a pointed cone C (for simplicity, in R?) given as £; > 0Afy > 0
where #1, {5 are linear functions. In this case, the Newton vector field (over either ¢; = 0,
Ly =0, or £1 = €5 = 0) is just the orthogonal projection and the discontinuous Newton field
is the orthogonal projection onto the correspondent pieces of the boundary. Figure
shows two such situations for cones with different openings. For S C {1, 2} the region Rs
in the figure is the set {x | L(x) = S}.
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Figure 251 . 1: Discontinuous Newton vector field for a convex cone

We observe that in the left-hand drawing the flow of the discontinuous Newton vector
field is continuous, while in the right-hand drawing it is not (as illustrated by the integral paths
~1 and v whose end points are far away even though their initial points are near). We also
observe that this difference is not caused by conditioning as &(¢1, ¢2) is the same for both
situations (each pair of lines being obtained from the other by a rotation). A

252 Mather-Thom theory and some Whitney stratifications

Let us start with a motivation. Gradient retractions are central in Morse theory, where
they are used to establish homotopy equivalences between fibers of Morse functions at pairs
of regular values without critical values in between.

More precisely, it is known that for a submersion o : M — | from a compact manifold
M to aninterval | C R, the gradient of o induces a homotopy equivalence a1 (t) C a~1(J)
for any subinterval J C Iand any t € J. In more general terms, but also using the gradient of
a to prove it, this translates into the following statement (a particular case of Ehresmann’s
Lemma): for a submersion o« : M — | from a compact manifold M to an interval I C R,
the map a : M — I is a trivial fiber bundle. Recall that a trivial fiber bundle o : E — B is a
continuous map of topological spaces for which there is a subspace F of E (the fiber) and a
homeomorphism h : E — F x B such that the diagram

E\J—/>F><B

commutes. That is, « is a projection in disguise.

The extension of these results to a more general class of maps is part of the so-called
Mather-Thom theory [190, 285, 388]51, which allows one to generalize the results above
from smooth to semialgebraic, not necessarily smooth, maps. Below, we outline the main

"The core of the theory was introduced by Thom in 1969 [888]. However, the original paper was hard to
read. In the Spring of 1970, Mather gave a course at Harvard. The lecture notes of this course became the
unofficial reference to the theory, since they explained and expanded in great detail the original ideas of Thom.
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notions of this theory, stating a version of the so-called Thom'’s first isotopy lemma; show
the theory in action by proving Theorems 3% 2l and .52 2|, as promised in the last chapter;
and introduce the main technical construction of this chapter.

252-1 Whitney stratifications and Thom'’s first isotopy lemma

The following definition generalizes the notion of a triangulation of M, by allowing to
decompose M into more general pieces.

Definition 252 . 1. [190; Ch. I, §1]1 A Whitney stratification of a subset 2 of a smooth manifold
M of dimension mis a partition W of Q2 into locally closed smooth submanifolds of M, called
Strata, such that:

F (Locally finite) Every x € Q has a neighborhood intersecting finitely many strata only.

W (Whitney’s condition b) For every strata ¢, € W, every point x € ¢ N &, every sequence
of points {x¢}sen in ¢ converging to x, and every sequence of points {ys}een N o
converging to x, we have that, in all local charts of M around x,

lim Xe, Yo C lim TWU!
{—00 {—00

provided both limits exist. The inclusion should be interpreted in the local coordinates
of the chart: x;,y, denotes the straight line joining x, and y,, T,,o denotes the affine
plane tangent to ¢ at y,, and the limits are to be interpreted in the corresponding
Grassmannians of R™.

A Whitney stratified set (2, W) of M is subset 2 of M together with a Whitney stratifica-
tion W.

Remark 252 . 1. In many references, e.g., [285; §5], it is usual for the definition of Whitney
stratification to include the so-called boundary condition which states that for every pair of
strata¢,0 € W, ¢ N7 # & implies ¢ C 7. We omit it from the given definition, because this
condition is not needed and “is something of an embarrassment, since it is not preserved
under natural operations on stratifications” [190; pp. 16-77]. q

Remark 252 .2. We note that Whitney’s condition b has not to be checked for every local
chart of M, since it holds for all local charts if it holds for just one local chart of M [285;
Lemma 2.2]. Further, one can check it in the local chart of an ambient manifold containing
M.

We also note that Whitney’s condition b implies the weaker Whiney’s condition a [285;
Definition 1.7] which states that for every ¢,0 € W, x € ¢ N & and sequence {y;} in o
converging to x, we have Tyg C limy_,, Ty,0 whenever the limit exists [285; Proposition 2.4].

)|

We go through some examples and non-examples to get familiar with the introduced
concepts.

In 2012, these references were printed officially [285]. Although we used the more accessible book [190], we
call the theory ‘Mather-Thom theory’ to acknowledge the two creators of the theory. However, in some other
references like the original reference by Mather [285], this theory is called Thom-Whitney theory.
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Example 252 . 1. For every smooth manifold M, (M, {M}), is a Whitney stratified set of M.
We wiill refer to this as the trivial stratified set of M. AN

Example 252 .2, The sign map sgn : R™ — {—1,0,+1}™ which maps each x € R™ to the
vector of its signs induces a Whitney stratification on R™, which it’s called the sign partition.
We note that the Whitney partitions that we will be working with look locally like the sign
partition. A

Example 252 .3 (Spiral). Consider the stratification of R? consisting of the point {0}, the
smooth one-dimensional submanifold C := {(efcos(t), e!sin(t))|t € R}, and the open
subset o := R?\ ({0} U C). This stratification does not satisfy Whitney’s condition b.

Note that C is a logarithmic spiral and that the angle between 0, x and T,C is 7 /4 for
all x € C. This implies that limy_,o, 0, y¢ € limy—o Ty, C for all sequences {y,} of points in
C, whenever the two limits of lines exist. Therefore Whitney’s condition b cannot hold at
0e{0}nC.

The intuitive reason for this violation of Whitney’s condition b is that the spiral C oscillates
too much around 0. This means that we should see Whitney’s condition b as a “smoothness
condition” for stratifications, which guarantees that the different strata “paste” nicely to each
other. A

Example 252 .4 (Whitney’s umbrella). [190; Ch. I, §7]. Consider the algebraic set Q) :=
{(x,y,2) € R3| x2 — zy? = 0}, which is known as Whitney’s umbrella. An initial stratification
of Q can be obtained separating the line L = {(x,y,z) € R? | x = y = 0} from the surface
S := Q\ L. However, one can check that the stratification {L, S} of £ does not satisfy
Whitney’s condition b at the origin.

Intuitively, the reason for this is different from that for the spiral. The Whitney umbrella
does not have wild variations at the origin. However, one can check that €2 looks different
locally around (0,0, t) € L depending on whethert < 0,t =0and t > 0. If t < 0, 2 looks
locally like a line; if t > 0, like two planes intersecting transversely; and if t = 0, like an
umbrella broken by the wind. This allows to see the failure of Whitney’s condition b as the
existence of a radical change in the local topology of 2 as we move along L, which again
can be seen as a lack of “smoothness” of the stratification {L, S}.

However, the stratification {L, S} can be turned into a Whitney stratification by dividing
theline L into O = {(0,0,0)}, L™ := {(0,0,z) e L | z>0}and L™ := {(0,0,2z) € L | z < 0}.
Indeed, {O, L™, L~, S} is a Whitney stratification of {2 and the phenomenon above does not
happen. This procedure can be done in general for semialgebraic sets and one can show
that every semialgebraic set admits a Whitney stratification [190; Ch. /, (2.7)]. A

The following proposition shows that Whitney stratified sets (and Whitney stratifications)
are closed under many of the usual operations.

Proposition 252 . 1. [190; Ch. |, (1.2), (1.3) and (1.4)]. Let | be a finite set.

(R) Let (2, W) be a locally closed Whitney stratified set of a smooth manifold M. If U is
an open subset of M, then (2N U, Wy), where Wy :=={ocnNU|onU# @}, isa
Whitney stratified set of M.
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(P) Foreach i € |, let (Q;, W) be a locally closed Whitney stratified set of a smooth man-
ifold M. Then ([Tic; i, [1ic; Wi) where [Tic, Wi == {Ilic/0i | oi € Wi} is a Whitney
stratified set of [ [;c; M..

() Let M be a smooth manifold and, foreach i € |, let (Q;, W;) be a locally closed Whitney
stratified set of M. If Wh, ..., W, are transversal, i.e., for every o1 € Wh, ...,or € W,,
N{_,0; is a transversal intersection, then (Nje/82i, AicWVi) where

/\W,' = {ﬂ,'e/O',' | oj € W,'}
iel
is a Whitney stratified set M. O
Recall that a map is proper when its inverse image of any compact subset is compact.
Let A be a partition of A and B one of B, by a stratified homeomorphism f : (A, A) — (B, B),
we mean a homeomorphism f : A — B that induces a bijection between A and B, i.e., for
al o € A, f(o) € B. The reason we have introduced Whitney stratifications and Whitney
stratified sets is the following result, a version of the so-called Thom’s first isotopy lemma,
which generalizes Ehresmann’s Lemma to more general maps.

Theorem 252 . 2 (Thom'’s first isotopy lemma). [190; Ch. II, (5.1.) and (5.2)]. Let M be a
smooth manifold and (2, W) a locally closed Whitney stratified set of M and let a : M — Rk
be a smooth map such that

(i) o : Q — Rk js proper,
(i) g :0— RX is surjective, for each stratum o € W; and

(i) o0 — RX s a submersion, for each stratum o € W.

Then o : Q — RK s a stratified trivial fiber bundle. That is, there exist a Whitney stratified set
(F, F) and a stratified homeomorphism h = (hgx, he) : (2, M) — (R x F, {RK} x F) such
that o = hpx. O

Remark 252 .3. Note that every submersion is an open map and that R¥ is connected.
Therefore to check that o, : 0 — R¥ is surjective is enough to check that «(c) is closed.
Then, by connectedness, a(c) = RX, since a(o) is both open and closed. q

Remark 252 . 4. As the codomain of « is R, it follows from the proof of [190; Ch. Il, (5.2)]
that we have a trivial fiber bundle and not just a locally trivial fiber bundle. The last sentence
follows from noting that the trivial fibration in the statement of [190; Ch. /I, (5.2)] is stratified,

see [190; Ch. Il, (5.1)]. q
Remark 252 . 5. We observe that, since h is a stratified homeomorphism, it follows that for
all x,y € Q, he(x) = he(y) implies that x and y lie in the same stratum of W. 9

Remark 252 . 6. We note that for each x € R¥, we have that a~!(x) = F. Further, consider
the stratification
Wia-1(x) == {o N ot (x) | o eW, ona(x) # o).

Then one can see that W,-1(x is @ Whitney stratification of a~!(x) and that he gives a
stratified homeomorphism between (a~!(x), Wia-1(x)) @nd (F, F). Because of this, we can
take as (F, F) any of the fibers of a. q
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252-2 Mather-Thom theory in action: Theorems and

We are now in a position to prove Theorems and using Thoms’s first
isotopy lemma, although the former can be proven just with Ehresmann’s lemma. We first
prove the simpler Theorem and then the harder Theorem L3532,

Proof of Theorem 522, Consider the set
Q:={(g,x) € BxS"|f(x)=0}

where B := By/(f, ||f|lwx(f)~1). If Q is empty, we are done; so we can assume that € is not
empty, and we consider the projection

a:Q)—= B
(9, x) = g.

For any compact set K C Hq[q]\ Xq[q], we have that a1 (K) is a closed subset of K x S™ and
so compact. Thus « is proper. Further, we can easily see that for g € B, a™1(g) = Z5(9).
Hence, if we show that « is a trivial fibration, we are done, since all fibers would be homotopy
equivalent and thus all of them would have the same homotopy.

To show that « is a trivial fibration, we will apply Thom’s first isotopy lemma (Theo-
rem SZ_2). Let A : B x S" — R9 be given by A(f, x) := f(x). For every (g, x) € B x S",

DiguA = (%) Dig) : Hald] x T,S" — R

where R is the evaluation map, defined in Proposition I¥X 8. For (g, x) € 2, we have that
D(g.x)A is surjective, because Dyg is so. To see this, note that x € Z5(g) and that g ¢ Z4]q],
by the Condition Number Theorem (Corollary B52-10). Hence 2 is a smooth manifold. On
this manifold, « is smooth and we consider the trivial Whitney stratification {Q2}. The last step
for applying Thom'’s first isotopy lemma (Theorem B5Z_2)) is to show 1) that « is a submersion
and 2) that its image is closed in B, by Remark 2523

1) Dg,x)c is the restriction of the projection Ha[q] x TxS" — Hal[q] to

Tg0 = {(h,v) € Hqlq] x T,(S" | h(x) + Dxgv = 0},

and so it is surjective whenever Dyg is so. The latter was shown in the above paragraph for
(g, x) € Q. Thus « is a submersion.

2) Let {gk} be a sequence in a(2) converging to some g € B. Now, due to the axiom
of choice, there is a sequence {xx} in S” such that {(gx, x«) } is a sequence in Q. Since S" is
compact, we can assume without loss of generality that {xx } is converging to some x € S”,
after passing to a subsequence if necessary. Hence g = a(g, x) € a(2) and we are done.
Therefore «(Q) is closed in B.

Since the above holds, we can apply Thom’s first isotopy lemma (Theorem B5Z_2)) to
the trivial stratification and the proof concludes. O

The above proof didn’t use stratifications. In the next one, we need to be more careful
and so we will need to introduce a new notion of formula.
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Definition 252.2. Let f € H4[q]. A strict formula over f is a monotone formula over f that
contains only atoms of the form (fi = 0), (f > 0) and (f; < 0), and a saturated formula over
f is a purely conjunctive strict formula ¢ of the form

q

¢ = /\(fix; 0)

i=1
where ;e {>, <, =}9.
The term “strict” alludes to the fact that no lax inequalities are allowed and the term

“saturated” to the fact that one cannot add more strict atoms to the formula. Saturated
formulas can be encoded by a sign vector, which will be very useful for proofs.

Definition 252 . 3. Let f € Hqy[q] and ¢ a saturated formula over ¢. The sign vector, sgn(¢),
is the vector sgn(¢) € {—1,0,+1}9 given by

+1, if x;is >
sgni(¢) == -1, if o is <
0, if X/ is =.

The boundary order on {—1,0,+1}9, <, is the partial order defined, for 0,0’ € {—1,0,+1}9,
by
o=<0o & forallielq],oi=00ro =oj. (2.10)

Note that for all x € S(f, ¢), where ¢ is a saturated formula over f € Hq[q], we have
that sgn(f(x)) = sgn(¢), where sgn(f(x)) is just the vector of signs of f(x). In other words,

x € S(f, ¢) iff sgn(f(x)) = sgn(¢).
The following lemmas are instrumental in the proof of Theorem A53_ 2.

Lemma 252 .3. Let f € Hqlq|. For every Boolean formula ® over f, there is a unique strict
formula sDNF (®), called strict disjunctive normal form, of the form

SDNF(®) = \/ ¢¢

e

where | is finite and the ¢, are distinct saturated formulas over f such that for all m > 0 and
polynomial tuples g € R[Xy, ..., Xm]9,

W(g, ®) = W(g, sDNF(®)).
In particular, S(f, ®) = S(f, sSDNF(®)).
Lemma 252.4. Let f € Hqlq] and ¢ and 1 be saturated formulas over f.

@ IfS(f,¢) N S(f,4) # 2, then sgn(¢) < sgn(¢).

(b) If&(f) < oo and S(f, ¢) # @, then the following are equivalent:

[ ]
w
=
&
N
wn
=
£
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* sgn(®) < sgn(v).
In particular, when &(f) < oo and sgn(¢) < sgn(v), S(f, ¢) # @ implies S(f,¢) # @.
() If &(f) < oo and S(f, ¢) # @, then
S(f,¢) =S (f,6) = [ J{S(f,v) | sen(v) < sen(¥)}

where ¢ is the purely conjunctive lax formula obtained substituting (fi > 0) by (fi > 0)
and (fi < 0) by (fi < 0).

Proof of Theorem B33 2. Let B := By (f, min; ||f;||wr(f) ') and consider the proper projec-
tion
a:BxS"—+B
(9:%) = g.

For each saturated formula ¢ over f, consider the semialgebraic set

Q(¢) :={(g,x) € B x Halq] | x € 5(g, ¢q)}-
We can see that
S :={Q(9¢) | ¢ is a saturated formula over f, Q(¢) # o}

is a locally finite partition of B x Hgq[q].
Arguing as in the proof of Theorem 322, we can show that the zero set of

Ay BxS"— RHE)
(g.) = g (x)

where L(¢) := {l € [q] | sgn;(¢) = 0} is a locally closed submanifold and that the restriction
YA1(0) is a submersion. Now, since Q(¢) = A;I(O) N U(¢) where

U(¢) :={(g,x) € BxS" | for I € [q], fi(x) > 0if sgn;(¢) = +1 and fi(x) < 0 if sgn,(¢) = —1},

the same applies to Q(¢), i.e., 2(¢) is a locally closed submanifold such that aq ) is a
submersion.

To apply Thom'’s first isotopy lemma (Theorem 252_2)), we need to do two things: 1)
show that S satisfies Whitney’s condition b and therefore is a Whitney stratification, and 2)
show that for each Q(¢), a(Q(¢)) is closed in B, by Remark 2523,

1) By Lemma B5Z_4], we can see that for Q(¢) € S,

Q(¢) = {(9,x) € BxS" | x €5(g,¢g)} = [ J{UY) € S | sen(v) < sen(6)}-

This means that we only have to check Whitney’s condition b for (g, x) € Q(z) N Q() with
sgn(¢) < sgn(¢). Let us choose some local chart (U, u) around (g, x), in which (g, x) is
written as u. We will work in the coordinates of this chart to avoid tedious notation, so that
we write u, v, ... instead of (g, x), (h,y), .... Let {ug} be the sequence in ©2(¢») converging to
uand {v,} the sequence in Q(¢) converging to u.
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On the one hand, we can see that
z@oTWQ(‘M = Zh_)rrgo (ve + kerDy,Ay) = u+kerDyAy.

On the other hand, since Uy, vy, converges to some line, we can assume without loss of
generality that ﬁ is convergent, after passing to a subsequence if necessary. We can
see that its limit is the direction vector of the limiting line limy_,., Uz, V. Therefore we only

need to show that
\ Up— vy
lim DAy | —— | =0.
rm00 ¢<\|U4—Vz||>

By continuity, this is the same as
. Uug — Vp
lim Dy, Ay | —— ) =0.
mroe <HUe - vd\)

Now, since A4(vy) = 0, by hypothesis, and A,(ug) = 0, since Ay (uy) = 0 by hypothesis,

we have that
Ug— Vg
DA ( Y ”) H

Up— vy 1
D, A _— < — max
‘ vt (!Ue - Ve\) H = 2 welug,v] [lug — ve

1
< = max ||Dy Ayl llue— vell,
WG[U[,VA

by Taylor’s theorem. Hence, the desired limit is zero and Whitney’s condition b holds.

2) Take Q(¢) € S. Let g € B be a limit point of a(2(¢)), we only have to show that
S(g, ¢g) # @ in order to show that g € a(2(¢)). Take any sequence {gk} in a(Q(¢)) that
converges to g. By the axiom of choice, we have that there is a sequence {xk} in S” such that
{(gk, xx) } lies in Q(¢). By compactness of S", we can assume, after taking a subsequence if
necessary, that {xx } converges to some x € S". Now, by the form of the closure of Q(¢), we
have that x € S(g, ¢¢) and so, by LemmaR52_4], x € S(g, ¢4) for some saturated formula ¢
with sgn(v) < sgn(¢). But then S(g, ¢4) # @ and so, by Lemma again, S(g, ¢g) # 9.
Thus g € a(92(¢)). Since g was arbitrary, this shows that a(€2(¢)) is closed in B.

At this moment, we can apply Thom’s first isotopy lemma (Theorem 25%2_2)) and deduce
that o : B x S" — B is a stratified trivial fioer bundle. Note that o was already a trivial fiber
bundle, we need Thom'’s first isotopy lemma to guaranteed that it is a stratified trivial fiber
bundle. Following Remark above, we note that the induced stratification on S" =
a~L(f) is given by

Wr = {S(f, ¢) | ¢ is a saturated formula over f, S(f, ¢) # o}

and so Thom'’s first isotopy lemma (Theorem 25Z_2) tells us that there is a continuous map
h:B x S" — S" such that

(o, h): (BxS",8) = (BxS",{B} x {W})

is a stratified homeomorphism.

We manipulate this homeomorphism to prove the desired result. Let ® be an arbitrary
formula over f. By Lemma B5Z_3, we can assume without loss of generality that @ is in the
saturated disjunctive normal form /.= ¢¢. Consider the set

Q@) == | Qee)

£eE
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whose image under (a, h) is B x S(f, ®). Since («a, h) is a homeomorphism, it restricts to a
homeomorphism
(a/,h") : Q(®) — B x S(f, ®)

which induces a homeomorphism between each fiber of o/, S(g, ®4) = («/)~!(g), and
S(f, ®). Hence they have the same homology and we are done. O]

Proof of Lemma 252 3. We apply Morgan’s laws to move negations inwards until they apply
to atoms. Then we just substitute —(f; = 0) by (fi # 0), =(fi # 0) by (fi = 0), =(fi > 0) by
(fi <0), =(fi > 0) by (fi < 0), =(fi < 0) by (fi > 0), and ~(fy < 0) by (fi < 0). After this,
we substitute (fi # 0) by (f; > 0) vV (fi < 0), (ff > 0) by (fi > 0) vV (f; = 0), and (fi < 0) by
(i < 0) V (f; = 0).

Here, we apply the distributive law to take the disjunctions out, until we arrive to a

formula of the form
VA (o i 0)
jed kek;
where J is a finite set, {K;}jcy a family of finite sets, {¢; : K — [q]}jes a family of maps and
x€ {=,>, <},
If for some j € J, o is not injective, then either some factor is repeated in /\KEKj(fOtj(k) X k
0) or there are two factors that cancel each other and so, we can eliminate it. Therefore,
without loss of generality, we can assume that K; C [q] and that ¢ is the inclusion map.
If for some j € J, K; # [q], then substitute /\keK,-(fk xjk 0) by

\/ (/\(fkoq,kw A <fjo<’kO>)

o’ €{=,>,<} K \KEK; ke[q]\K;

where all the summands are saturated. So without loss of generality, K; = [g], and so each
Nkejg (fc xjk 0) is a saturated formula.

In the last step, we eliminate the repeated summands to arrive to a formula of the desired
form. None of the transformations we have done affects the realization, independently of
which polynomials we substitute in the place of the f;, so it satisfies the desired property.
Further, by substituting f; by X;, we can see that such formula is unique, since

W((X1, ..., Xq), SDNF(®)(x,,..x;)) N1 {—1,0, +1}7 = {sgn(¢¢) | £ € E}
which determines uniquely sDNF(®). O

Proof of Lemma B5Z_4. (a). When we take a limit point of S(f, ), the equalities of the form
fi(x) = 0 are preserved and the inequalities fj(x) > 0 (resp. fi(x) < 0) are either preserved or
they turn into equalities of the form fi(x) = 0. This proves the claim.

(b). The first sequence of implications from the first to the third point follows from (a).
For the implication from the third point to the first point, let x € S(f,¢) and L := {I € [q] |
sgn,(¢) = 0}. Without loss of generality, assume that L = [k]. Then by the regularity inequality
(Proposition B53_3), D, f- is surjective and so, by the implicit function theorem, there is an
open neighborhood U of x in S" and u : U — B(0,1) C R" a diffeomorphism, such that for
allielklandy € U, ui(y) = fi(y). By making U smaller if necessary, we can assume that
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forall i € [g) and y € U, we have that fi(y) > 0 if sgn;(¢) = sgn;(v)) = +1, and fi(y) < 0 if
sgn;(¢) = sgn;(¢)) = —1. Taking the point,

X = Ut (u(x) + ;%L:sgn,(w)e,>
we can see that for t € (0,1), x; € S(f,v), since sgn(f(x)) = sgn(z); and that lim;_o x = x.
Thus x € S(f, ) and the implication holds.
(c). This follows easily from (b), since the sets S(f, ¢), with ¢ a saturated formula over f,
cover S". O

25%2-3 (f, X)-lartitions and (f, A)-lartitions

A polynomial tuple f € H4[q] can partition the sphere S” in many ways, according to the
values it takes. This motivates the introduction of (f, X)-lartitions and (f, A)-partitions. The
former divide S according to the values that f takes with respect to some finite grid. The
latter consider also the signs that f takes. Depending on the context, one or the other is more
useful: (f, X)-lartitions will appear in the proof of Durfee’ theorem (Theorem BS3_2) and (f, A)-
partitions in the proof of the Gabrielov-Vorobjov approximation theorem (Theorem B5*_2)).

Definition 252 .4. Let f € Hg[g] and XA € RI*™ be a matrix whose entries satisfy i1 <
-+ < \im, foreach i € [q]. To each point x € S" we associate the following sets:

(Jo) Forallk € [m], Jox(x) := {i € [q] | i(x)/l[fillw = Aix}-
(J90) Jyo(x) := {i € [q] | fi(x)/Ilfillw < Aia}.
(J91) Forallk € [m— 1], Jyi(x) := {i € [q] | Aik < fix)/[Ifillw < Ak}
(02) Jym(x) == {i € [a] [ Aim < fi(x)/[Ifillw}-

This defines the ordered partition of [g] (in which we allow empty sets):

J(X) := (Jy,0(x); Jo,1(X), Jy1(X), -, Jom—1(X)s Iy m—1(X), Jo.m(X), Iy m(X))-

It is clear that the fibers of x — J(x) induce an equivalence relation on S". We define the
(f, XN)-lartition JIt 5 as the set of equivalence classes of this relation.
An ordered partition J := (Jy 0, Jo,1, Iy 15 -+ s Jo.m, Iy m) Of [q] defines the set

ay:={x € S" | J(x) = J},
which is an element of JI 5, provided it is non-empty.

Remark 252 .17. Less formally, the construction of JIf, can be described as follows: the ith
row of the matrix A € R9<(M+1) defines a partition of R into (—oo, Ai1), { X1}, (A1, Nia),...,
(Aim—1,Aim), {A\im}, and (Aim, 00). The product of these partitions of R, for i € [q], yields a
partition of RY. By taking the preimage of this partition with respect to f, we obtain JItx. SO
the sets of this partition just indicate us the location of a value f(x) = (yi, ..., ¥q) € R9 within
the discrete grid provided by the matrix A. q
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Definition 252 . 5. [92; Definition 3.6]. Let f € Hq[q] and A € R¥*(M+1) be a matrix whose
entries satisfy 0 = A\jp < i1 < -+ < Aim, for each i € [q]. To each point x € S" we
associate the following sets:

(lo) Forall0 < k <m, lex(x):={i€[q]]| |i(x)|/]|fillw = Ak}
(|Q1) Forall 0 < k < m, IQ,k(X) = {i c [q] | )\i,k < |f,(X)|/||f,HW < /\i,k+1}-
(102) Iym(x) :==A{i € [a] | Aim < [f(X)[/|fillw}-

This defines the ordered partition of [q] (in which we allow empty sets):

I(x) := (le0(x), ’Q,O(X)a lo.1(x), ’Q,l(X)a ey lom—1(X), I{},mfl(x)a lo,m(x), ’Q,m(X>)-

The point x also determines the tuple of sign conditions o(x) € {—1,0,+1}9 given by
(S) ai(x) := sgn(fi(x)) for i € [q].

It is clear that the fibers of x — (I(x), o(x)) induce an equivalence relation on S". We define
the (f, A)-partition I1;  as the set of equivalence classes of this relation.

An ordered partition I := (le,0, Iy 0 -, le,m: Iy,m) Of [q] together with a sign vector o €
{—1,0, +1}9 defines the set

n, :={xeS"|I(x)=10(x) =0},
which is an element of I1; x, provided it is non-empty.

Remark 252 . 8. Note that (f, X)-partitions are just a particular case of (f, A)-lartitions. They
correspond to the case in which each row of A is symmetric with respect to the origin.
However, in the symmetric setting where this is needed, (f, \)-partitions are better, because
they encode this symmetry in the sign vector . q

Remark 252 .9. The term “lartition” is just a language play with the notation that we use.
While we denote the (f, X)-partition by IIf 5, we denote the (f, A)-lartition by JIf 5. So the
difference in the initial letter reflects the change in the initial letter of their names. q

Example 25%.5. Letn =1, q = 1, f = (XY) and XA = (0,1/3/4). We can see that, in this
case, JIf  has exactly five elements. The zero-dimensional pieces are

{(1,0),(=1,0),(0,1),(0,-1)}
e5)-(22) (-9) (52}
and |\ = || |- 3|7
2" 2 22 2 2 2 2
and the one-dimensional pieces
{(x,y) € S? | 4xy > V3}, {(x,y) € S? | 0 < 4xy < v/3} and {(x,y) € S? | xy < 0}.

This is represented in Figure 252_2. We can see that none of the strata of JI; 5 is connected,
S0 the strata might be topologically complicated. A
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Example 252 .6. [92; Example 3.8]. Figure shows, locally, an example of a (f, A)-
partition on S? with g = 2, m = 2 and Ay, = X2, = A;. The thick curves correspond to the
zero sets for f; and f». The dashed lines are level curves (for both f; and £) with levels —\; and
A1 and the dotted curves are the same for the levels —\s and As. All these curves partition
the picture into 36 two-dimensional open regions, 60 open segments, and 25 points. Each
of these 121 regions corresponds to an element in I1¢ . We write down the details for some
of them in Table 2. A

The following two theorems give sufficient conditions on f € Hg[g] and A € RI*(m+1)
for the (f, A)-lartition and (f, A)-partition of S” to be a Whitney stratification.
Theorem 252 .5, Let f € Hq[q) with &(f) < oo and assume X\ € RI*™ satisfies for i € [q],

1 1

———— <A1 < A2 < < Ap < ———.
ﬂﬁ(f) i1 i,2 im ﬂﬁ(f)

Then the (f, X)-lartition J1¢ x is a Whitney stratification of S". Furthermore, under these con-
ditions, the following holds:

(2.11)

(1) The codimension in S" of each stratum iy equals Y ¢ [lek| = q — > k¢ |yl

(2) Given ny € Jltx and a € Jy i for some k € [m — 1], the map

;(a,J Iy — (/\a,ka )\a,k+1)

X = fa(X)/[|fallw
is a surjective submersion.

Theorem 252 . 6. [92; Theorem 3.9] Let f € Hq[q) with 7(f) < oo and assume X € RI*(m+1)

satisfies for i € [q],
1

V2RE(f)
Then the (f, X)-partition 11z  is a Whitney stratification of S". Furthermore, under these con-
ditions, the following holds:

0= <A1 < <Aim< (2.12)

(1) The codimension in S" of each stratum 1, equals Y _ [lex| = q — > g—q [ k|-

(2) Given m, € Il x and a € Iy for some k < m, the map

?a,l,a e — ()\a,ka )\a,k+1)
x = |fa(x)|/ || fallw

is a surjective submersion.

Remark 252 .10. Recall that the condition “a € Jyk for some k € [m — 1]” can be less
cryptically written as “fa(x)/|/fallw € (Aak, Aak+1) for some x € my, and k € [m — 1]”, or
simply as “fa/||fallw € (Aaks Aak+1) ON 1y, for some k € [m — 1]”. Similarly, the condition
‘a € Iy, for some k < m” can be rewritten as “|fa(x)|/|Ifallw € (Aak,Aak+1) for some
X €, and k < m”, or simply as “|fa|/||fallw € (Mak, Aak+1) ON 1y, fOor some k < m”. 9§
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N

Figure 252 . 2: JI¢y with f = (XY) and XA = (0,1/3/4)

fo = +A2
ggggggg - fh=4+M

fo=0
ggggggg k==X
fo = —MXo
fi ==X
S R h==N

/ fi =

K - h=4M
// // 77777 fl = +A2

loo | Iyo | lex | ly1 | le2 | ly2 o
Xa | 9 | 9| O %) o | {12} | (-1,-1)
xg | © %] g | {12} | @ %] (—1,-1)
xc| @9 | @9 | @ %) {2} | {1} | (+1,-1)
xp | @9 |{2}| @ %) %) {1} | (-1,+1)
Xe | © %] g | {12} | @ %] (—1,+1)
xk | @ | @ | {1} %) {2} @ (+1,+1)
xg | {2} | 9 | @ %) %) {1} | (-1, 0)

Table 2. 1: Some points in Figure and their ordered partition and sign vector.
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The following lemma, which is a simple consequence of the Implicit Function Theorem,
will be instrumental in the proof of the above theorems.

Lemma 252.7. [91; Lemma 4.9]. For given f € Hgq[q] put gi := f;/|fi|. Fix x € S", and let
r > 0 be such that v/2&(f)r < 1. We define the index set

S:={ie{l,...q} | lg(x)| < r}

and set u := g%(x) € RS. Then |S| < n, and there exist an open neighborhood Oy of x in S"
and ¢ > 0 with the following properties:

(t1) We have |gi(y)| > rforalli¢ Sandally € Oy.
(t2) For all i such that gi(x) # 0, the sign of g; does not change on Ox.

(t3) The set Zy := {y € Oy | fS(y) = f5(x)} is a smooth submanifold of S" of codimen-
sion |S|, and there exists a diffeomorphism h such that the diagram

h

Zy x B(u,¢)

O«
k % ’
B

(.e)

commutes (that is, for every i € S, gi becomes a coordinate projection in the coordi-
nates on Oy given by h).

We will call the pair (Ox, h) a trivializing chart at x. We can describe a point y € Oy by its
trivializing coordinates (z,u) € Zx x B(U,¢), where u = (uj)ics and h(y) = (z, u). In these
coordinates, the normalized polynomial g; = fi/||fi||w, for i € S, takes the form (z, u) — u;.

Proof of Theorem 2528, |n order to show that JIt x is @ Whitney stratification, we notice
that
q
Tia = NIl = {0l [ m € gy}
i=1
where Aj := (i1, ..., Aim) is the ith row of A and JI; y, is the (f;, A;)-partition of S". Thus, by
Proposition SZ_1J()), it is enough to show that each JIy, ,, is a Whitney stratification and that
Ik Ay s o5 g 0, @r€ transversal.
Note that JIr, 5, consists of open sets of the form ! (a, b), with (a, b) an open interval,
or a hypersurface of the form £ (t), with t = |/fi||w\;; for some j. By assumption on A,
this implies that for such t, [t| < ||filw/(v2%(f)) and hence, by the regularity inequality
(Proposition B33_3) and the implicit function theorem, all the hypersurfaces are smooth.
Whitney’s condition b is verified in a straightforward way so that we conclude that JIy, , is a
Whitney stratification.
We show now that Jlf, »,, ..., JIf, 5, are transversal. Let m; € Jlf 5, for i € [q], and
X € Ni<qm;. It is easy to check that codim Ty = 1if i € Jo k(x) and codim Ty1; = 0 other-
wise. Therefore, abbreviating Je . (X) := [y Jok(X), we get >°7 , codim Tyuj = |Je .(X)]. In
addition, when x; is a hypersurface, we have Tya; = ker D f;, and thus

q
me-Hi = ﬂ ker Dyf; = ker Dyf/e(X).
i=1 icJe«(X)
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By the regularity inequality (Proposition B33_3), the codimension of the right-hand side is
|Je,+(X)|. This shows that JIy, »,, ..., JIt, », @re in general position. We conclude that JIy  is
a Whitney stratification.

The argument above proves also (1).

We prove part (2) in a standard way. First, we show that ?a,J is a submersion, i.e.,
that its gradient is not tangent to my. Then we show that ?a,_; is closed. One we have done
this, Remark finishes the proof, since closed submersions are surjective when the
codomain is connected.

To show that f‘a,J is a submersion, we fix a point p € oy and take trivializing coordi-
nates around it, using Lemma 25%Z_7. In these coordinates, using the notation explained
after Lemma BSZ_7, 1;, is an open subset of an affine subspace given by

Ui = ) O<k<mied
i ik ( >~ o,k) (2 ] 13)
)\i,k < U < )\i,k+1 (0 <k<mlIl>1,ie JQ,k)
whose tangent space is given by the system
{Ui=0 (O<k<micdon): (2.14)

The map ;(a!J in these coordinates becomes the linear map U,. To check that ;(a’J is a sub-
mersion is then enough to check that U, is not identically zero in the tangent space in these
coordinates. Since a ¢ UxJe k, Ua, this is the case and so ?a,,, iS a submersion.

To show that ?a,,, is closed, it is enough to show that for every sequence {xi} in oy, if
{fa.u(xc)} has alimit A € (Aax, Aakr1), then there exists x € my such that f, y(x) = A.

As S is compact, we can assume without loss of generality that {xx} converges to a
point x” € my. By continuity, f‘a,_,(x’) = \. Passing again to trivializing coordinates and using
Lemma B5Z_, we perturb x’ to a point x whose components in these coordinates are as
follows:

ui +t if for some k we have i € J; x and uj = ik
ui:=q u;—t if forsome k we have i € Jyx and Ul = Nik+1

uj otherwise

with a sufficiently small t > 0. This new point x evaluates to the same value as x’ under ?a’J,
since u; = U, as U, = X € (A\ak, Mak+1) by hypothesis; and it belongs to my. Thus it is the
desired point and we are done. O

Proof of Theorem 252 _6. The proof is analogous to the one of Theorem BSZ_6. Moreover,
we can avoid redoing the proof altogether, by noting that for . € R3*(2m+1) given by

Hi = (7)\I‘,ms ey 7)\1',].7 05 >\i,1! ey )\i,m)
fori e [Q], Hf!u = Hf’A. ]

Proof of Lemma 2527, Assume first that S is nonempty. The regularity inequality (Propo-
sition I3 3) implies that DyfS is surjective, since v2x(FS)IEX < 1. S0 clearly [S] < m.

[175]Iw
Hence the derivative of the map g° at x is surjective as well. The Implicit Function Theorem
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implies the existence of a diffeomorphism h and a neighborhood Oy satisfying (t3) with Z,
smooth. By shrinking Oy, we can guarantee that properties (t1) and (t2) hold. Finally, the
assertion is easily checked when S is empty. O

253 Durfee’s theorem

A fundamental step in the sampling theory of Chapter @ that will allow us to construct
the simplicial complex homologically equivalent to the considered closed semialgebraic set
is that we need that inclusions of the form S(f, t, ¢) < S,(f, t, ¢), with ¢ a purely conjunctive
lax formula over (f, t), to give isomorphisms in homology.

The following theorem is a consequence of results by Durfee [[163] concerning algebraic
neighborhoods of algebraic and semialgebraic sets.

Theorem 253 .1 (Durfee’s theorem). [163; §3]. Let f € Hqglqgl, t € R® and ¢ a purely
conjunctive lax formula over (f, t). Then for all sufficiently small r > 0, the inclusion S(f, t, ¢) —
S/(f, t, ¢) is @ homotopy equivalence. O

To apply the above statement, we need a quantified version in which the meaning of
“sufficiently small” is quantified. This is handled by the next theorem.

Theorem 253 .2 (Quantitative Durfee’s theorem). [91; Proposition 4.6] and [92; The-
orem 4.4]. Let f € Hqlg), t € (~T,T)® and r > 0 be such that v2r(f)(r + T) < 1
and 111(t) > 2r. Then for every purely conjunctive lax formula ¢ over (f,t), the inclusion
S(f, t,¢) < S(f, t, ) is a homotopy equivalence.

We actually will prove a stronger version of this theorem. For f € Hgqlq], t € (—T, T)¢,
¢ lax formula over (f, t) and a vector r € RY, we define

Se(f,1,®) 1= Dgn (741t = i+ 1), [ty = 1i,00), B (=00, 4+ ] [ i € [a), j € [e]).

In a more digestable way, S,(f,t, ®) is the semialgebraic set obtained by substituting in ®
the atoms (fi = [[fillwt) by (f < [fillw(t +r)) A (f = |Ifillw( —n), (i = [Ifillwt) by
(fi > fillw(t — r)) and (fi < ||fillwt) by (fi < ||fillw(t + ri)), and interpreting the obtained
formula in the obvious way. Note that the the difference between S, (f, t, ®) and S,(f, t, ®),
for r > 0, is that while in the latter we do the relaxation with the same r for all polynomials,

in the former we do this with a different constant for each polynomial.

Theorem 253 . 3 (Strong quantitative Durfee’s theorem). Let f € Hy[q], t € (—T,T)®
and r € R be such that

V2R (||Fllee + T) < 1 and II(t) > 2||F||co- (2.15)

Then for every purely conjunctive lax formula ¢ over (f, t), the inclusion S(f, t, ¢) < S,(f, t, ¢)
is a homotopy equivalence.

We move r to <1, with sufficiently small € > 0, so that we can apply Durfee’s theorem
(Theorem BS3_11). However, we don’t carry out this motion all at once, but one component
of r at a time, so that it can be easily handled with Mather-Thom theory.

Remark 253 . 1. We note that Theorem together with its proof can be extended easily
to cover the case in which @ is a lax formula, not necessarily purely conjunctive. However,
such an extension would make the proof unnecessarily technical. q
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253-1 Moving r to the unknown known case?

We write r <4 r’ when ry < rj and fori # a, r; = r/. We note that whenever r <, r’, we
have the inclusion

Se(f,t,¢) C Sp(f,t, )

between the generalized algebraic neighborhoods of S(f, t, ¢). It is enough for us to prove
the following proposition, because with it we can prove Theorem 533,

Proposition 253 .4. Let f € Hq[q], t € (—T,T)® and r,r € R be such that (Z_15) holds
for both r and r'. If for some a € [q], r <4 I/, then for every purely conjunctive lax formula ¢
over (f,t), the inclusion S,(f, t, ¢) — Sp(f,t, ¢) is a homotopy equivalence.

Proof of Theorem RS2 3. Lete > 0be such that S(f,t, ¢) — S.(f, t, ¢) is a homotopy equiv-
alence and such that 1 < r. This number exists by Durfee’s theorem (Theorem 253 _1l).
Consider now the sequence r®, ..., F{9 ¢ (0, 00)9 defined by

(k) i ifi >k

r =
e ifi<k

fori € [qland k € {0,...,q}. Note that r®) = r, r@ = £1 and that for k € [q], r®) <y rtk=1),
Hence, by Proposition BS34], we have a sequence of inclusions

Se(fit, ) = Spa (f, 1, 0) = Spa-v (f, 1, 0) = -+ = Sy (f, 1, 0) = Se(f, 1, )

where each inclusion is a homotopy equivalence. Thus S(f, t, ¢) < S,(f, t, ¢) is a homotopy
equivalence and the proof concludes. O

253-2 Moving r one step at a time (Proof of Proposition 253 4))

We now apply Mather-Thom theory to prove Proposition 2534, and with it, the quanti-
tative Durfee’s theorem (Theorem 2522/ and 252 _3)). The main idea is to construct a (f, A)-
lartition that is compatible with the considered semialgebraic sets, so that we can apply
Thom’s first isotopy lemma (Theorem 25Z_2).

By Proposition ST 2|, we can assume, without loss of generality, that ¢ is in normal
form. It follows from its proof, that the equality S,(f, t, ¢) = S,(f, t, NF(¢)) still holds if we put
r in the place of r, as long as the inequality II1(t) > 2||r||~ holds. Thus assume that ¢ has
the form

A = taalltllw) AN (e < tagn lallw)

unell uell_

A\ (a2t 1 fullw) A (fa < a1 Fullw)
MEI/I()

with I, 1_, U, C [q] pairwise disjoint, oo : Iy UM — [e] and Ib, ub : Iy — [e] such that
forall u € Yo, tipw) < tup(u)-

°The term “unknown known case” is a punchline which points out that the case stated by the non-explicit
theorem is a known case, but it is unknown as we don’t know when we are in that case explicitly.
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To make notation less tedious, we will assume that ||fa||w = 1 without loss of generallity,
since %(f) is invariant under scaling. Moreover, for fixed a, we will write r := ry, r' :=r}, and

C, =S¢, (f, 1,0)

forr, := (r,...,fa—1, p, ra+1, ..., Iq). With these notations, observe that r, = rand r, = r'.
And so we only need to show that the inclusion ¢ : C, — C, is a homotopy equivalence.

Consider now t, 1" > ||F||« such that t < 1/, v2&(f)(T +1') < 1 and IT1(t) > 27'. We
define A € R9*4 as follows

(taiy = T’ tagiy — T tagiy = Fis tagi)) ifi£aandie Uy
(ta(a) = '+ taga) — T ta(a)s taga) + 1), Ti=ae W,
(taiys taiy = i taiy + T taiy + 7). ifi#aandie W

y = L et~ T laga o) + T loga + 1), (=2 el
(tio(iy = Tis tib(iy» tib(iy + Tis tin(i) ) ifi #a, i€ Woand Ib(i) = ub(i)
(tb(a) — T tib(a)s tb(a) + T» tib(a) + T'), if i =a € Wy and Ib(a) = ub(a)
(tib(iy — Fis tiv(iy» tub(iys tub(iy + 1) ifi # a, i € Yy and Ib(i) # ub(i)
(tib(a) — T tio(a)» tub(a)» tub(a) + T): ifi=a e Uyand Ib(a) # ub(a).

The choice of A is done in a way that the strata of JI 5 intersect nicely with the C,. In orther
words, so that we can prove Proposition 525 and 253 _4.

For the sake of simplicity, we have to distinguish four cases: 1) a € 1, 2)a € 1_, 3)
a € Uy with Ib(a) = ub(a), and 4) a € U, with Ib(a) < ub(a). We will just do the cases
1) and 4), because the case 2) can be easily reduced to the case 1), by changing (f, t) to
(—f, —t), and the case 3) is analogous to the case 4).

Case1)ac U,
From now own, we assume that a € M,. The following proposition shows how the
strata of JIy » intersect the C,,.

Proposition 253 .5. (1) C. is a union of strata of Jly .
(2) Let p,p’ € (0, ). For each ny € Jls 5 such that ny C C., the following holds:

(i) iynC, =2 iff 1N Cy = @. In this case, ny C ;! (tya) — 1)
(ii) 14N Cp =1y iff 1y N Cp/ = gy. In this case, 1y C fa_l[ta(a), OO)

(iii) /f & # 240 Cp G ny, then my € £ (ta(a) = T ta(a)) aNd
agNCp=myN{x €8"|fa(x) > toa) — p}-

With this proposition, we can proceed to the proof of Theorem in the case in
which a € ..

Proof of Theorem for a € 1. Consider the closed set

Q= Cr N (taga) — T taa) € fr (taga) = T taga))
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and the proper smooth map
9 2 £ (ta(a) — T taga) = (0,7)
X = ta(a) — fa(X).
By Proposition 25%_ 8, € is an union of strata of JIy y, particularly of those strata in which f,
takes values in (t,(a) — T, ta(a))- And SO, by Theorem and the given assumptions, the
hypothesis of Thom’s first isotopy lemma (Theorem 252 _2)) are satisfied. In particular, this

means that there is F C €2 and a homeomorphism h := (9, hg) : @ — (0, 1) x F.
Consider now the linear homotopy

v:[0,1] x [0,7] = [0, 1]

2 ify €[0,r]
(5.y) = (1—s)y+sr, ify e [r,r] (2.16)
| y+sr—r) (1-255), ffye [/, (7 +m)/2
Y, ity e [(r +1)/2,1]

\
that restricts to a continuous retraction of [0, r'] onto [0, r] and that leaves fixed every point
in a neighborhood of {0, r}. Using v, we define the map

0:[0,1] x Q2 —Q
(s, %) = h~Y(he(x), v(s, ¥(x))).
This continuous map restricts to a continuous retraction of ¥=(0,r') = Cp N £ (tya) —
T, ty(a)) ONtO 971(0, 1) = CrNfy (ty(a) — T, ta(a)), @nd it leaves every point in a neighborhood
of the boundary of Q2 inside C, fixed. This statement is due to Proposition and the
fact that 6 respects the strata of JI;y, since h is a stratified homeomorphism by Thom’s

first isotopy lemma (Theorem B5Z_2)). Because of this last point, it can be extended to a
continuous map

©:[0,1] x C; — C;
9(s,x), ifxeQ

X, otherwise.

(s, X) —

By the above paragraph, © still restricts to a continuous retraction of C,» onto C,. Hence the
inclusion « : C, — C, is a homotopy equivalence. O

Proof of Proposition B5* 8. Since the (f, X)-lartition JI; » classifies points in S according to
the values that f takes with respect to A, we can see that our choice guarantees trivially all
the claims. We prove only the last claim (2)(iii).

By construction of sy, either my C f_l(ta(a),oo), ay C f_l(ta(a)), ay C f_l(ta(a) —
T, ta(a)) ormy C f1 (ta(a) —1). The rest of the options are excluded, since iy C C... Therefore,
because ta(a) — P € (ta(a) - T, ta(a)) and @ # 1y N C, ; a1y, we must have i1y C f_l(ta(a) —
T, to(a))-

Since ny C C, all defining inequalities of C,, are satisfied, except at most the inequality
fa > tya) — p- Thus enforcing this inequality is the only difference between iy and ny N C,,
which gives the stated equality. O
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Case 4) a € 1, with Ib(a) < ub(a)

From now own, we assume that a € 1 and that Ib(a) < ub(a). Asin case 1), we have
a proposition relating the strata of JI; » and the C,. Its proof is analogous to that in case 1),
and because of that, we omit the proof.

Proposition 253 . 6. (1) C. is a union of strata of Jls .
(2) Let p,p’ € (0,71). For each ny € Jlf such that ny C C,, the following holds:

(i) iynC, =2 iffnyNCy = 2. In this case, ny C f;* ({tp(a) — T, tup(a) + T})-

(i) myNC,p=mnyiff iyN Cy = ny. In this case, my C f3  tp(a), tuv(a))-

(i) If @ # nyNC, S my, then ny C 13 ((t(a) — T tib(a)) U (tub(a)s tun(a) + T)) @nd

nyNCp=umyN{x €S" | tipa) — p < fa(X) < tupa) + p}-
O
As in case 1), with this proposition, we can proceed to the proof of Theorem 2533,

Proof of Theorem for a € Yy with Ib(a) < ub(a). Consider the closed set

Q= Confy " ((tb(a) — T tiva)) U (tuv(ays tun(a) + ) € fa ' ((tba) — T tin(a)) U (tub(a)» tub(a) + 1))

and the proper smooth map
9 5 ((tba) — T tivga)) U (tub(a)s tuv(a) + 1)) — (0,7)

to(a) — fa(x), if fa(X) < tip(a)
X .
fa(X) = tupa), If fa(X) > tup(a)-

By Proposition 25%_4, ) is an union of strata of JIy x, particularly of those strata in which f,
takes values in (fip(a) — T, tip(a)) U (tub(a)» tun(a) + T). And s0, by Theorem and the given
assumptions, the hypothesis of Thom’s first isotopy lemma (Theorem B5Z_2) are satisfied.
In particular, this means that there is F C Q and a homeomorphism h := (9, hg) : Q —
(0,T) x F.
With the help of the linear homothopy in (22—18), we define the map
0:[0,1] x Q2 —Q
(s,x) = h™Y(he(x), v(s,9(x))).

This continuous map restricts to a continuous retraction of 9=1(0,r") = Cp N £ ((tip(a) —
', ti(a))U(tub(a)s tun(a)+1')) onto 9710, r) = Crnfy ((tia) =T tiv(a)) Ultub(a)» tub(a) +1)), and
it leaves every point in a neighborhood of the boundary of 2 inside C.. fixed. This statement
is due to Proposition and the fact that 6 respects the strata of Jl; y, since h is a

stratified homeomorphism by Thom'’s first isotopy lemma (Theorem B5%_2)). Because of this
last point, it can be extended to a continuous map

©:[0,1] x C; — C,

(5.%) 9(s,x), ifxeQ
’ X, otherwise.
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By the above paragraph, © still restricts to a continuous retraction of C, onto C,. Hence the
inclusion ¢ : C;, — C, is a homotopy equivalence, as desired. O

254 Gabrielov-Vorobjov approximation theorem

The main algorithmic techniques to compute the homology that we have available (see
Chapter &) work for closed sets. Unfortunately, many natural and well-posed semialgebraic
sets are not closed, such as the semialgebraic described by

(X=Y,Y),(X=Y=0AY>0)V(X—Y>0AY=0)). (2.17)

To circumvent this problem we will rely on a beautiful construction by Gabrielov and Vorobjov
in [186] that produces closed semialgebraic approximations to semialgebraic sets.

The idea of the construction by Gabrielov and Vorobjov [186] is to produce a sequence
of steps, each combining relaxations of closed conditions (equalities and lax inequalities) and
strengthenings of open condition (strict inequalities) of the formula. The sequence is such that
what is missed at one step is covered by next step of relaxations and strengthenings.

Definition 254 .1. [92; Definition 2.3] Given a monotone formula ® over f € Hg[q] and
positive § and e, the Gabrielov-Vorobjov (9, €)-block I'B; - (f, @) is the spherical semialgebraic
set defined by the following rewriting of @,

fi =0~ [fi(x)| < ellfillw,

fi # 0~ (fi(x) > |lfillw) v (fi(x) < =d]/fillw),
fi >0~ fi(x) > o|lfil|w,

fi> 0~ (f(x) > 8]l lw) V (1HCO] < ellfilw),
fi <0~ fi(x) < =4||fi||w, and

fi <0~ (fi(x) < =0|fillw) v (1i(x)] < ]lfillw).

Given d,e € (0,00)™, the Gabrielov-Vorobjov (4, €)-approximation I'Bs ¢ (f, ®) (of order m)
of S(f, @) is the spherical semialgebraic set given by

IBs.(f,®) UI‘ngEk(f D). (2.18)
k=1

Remark 254 . 1. Note that |fi(x)| < e||fi]|w is just an abbreviation of (fi(x) < e||fi|jw) A (fi(x) >
—e||fi]lw) and that both Gabrielov-Vorobjov blocks and Gabrielov-Vorobjov approximations
are compact subsets of S". q

Remark 28* .2. The symbol “I'B” used to denote Gabrielov-Vorobjov blocks and approxi-
mations should not be confused with “T'B”, the Greek letter ‘T followed by the Latin letter ‘B’.
“I'B” comes from the initials in the Cyrillic alphabet of the names of Gabrielov (Tabpranos)
and Vorobjov (Bopobbes). q

The main result of Gabrielov and Vorobjov is the following one.
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Theorem 254 .1 (Gabrielov-Vorobjov approximation theorem). [186; Theorem 1.10].
Let f € Hgqlq], ® be a monotone formula over f, m € N, and §,e € (0,00)™. If

1<K K Kep<kKip K 1, (2.19)
then, for k € {0, ..., m — 1}, there are homomorphisms

ok : Tk (IBs e (f, @) — mk (S(f, ®))

and

ok : Hk(IBs e (f, ®)) — Hk(S(f, ®))
that are isomorphisms for k < m — 1 and epimorphisms when k = m — 1. O
Remark 254 .3. In the above theorem, the expression 0 < a; < --- < a < 1 means

that there are functions hx : (0,1)"=% — (0,1) such that 0 < ax < hx(aks1, ..., at) for all k.
Unfortunately, no explicit form for the functions hy is given in [186], although in principle one
should be able to determine them from the proof there. However, let us note that the func-
tions hi in (2ZZ13) do not depend continuously on the coefficients of f for an arbitrary f. This
phenomenon can be seen by taking two orthogonal lines and deforming them continuously
onto the same line. q

Remark 28 . 4. Homotopy groups (without specifying a base point) are only defined for
connected spaces. However, the bijection between mo(I'B; . (f, ®)) and mo(S(f, ®)) identifies
the connected components of I'B; ¢ (f, ®) and those of S(f, ®). Therefore we can naturally
interpret ¢k : Tk (IBs e (f, ®)) — mk (S(f, @)), for k > 0, as the family of maps

{ék : m(C) — mi(d0(C)) | C € mo(IBse(f, )}

The assumption of connectedness in [186; Theorem 1.70] is only for technical ease of the
exposition. q

The proof of Theorem goes beyond of what we aim to cover. Because of this we
invite the interested reader to read it in [186]. The following two examples try to illustrate the
theorem.

Example 284 . 1. [92; Example 2.6]. Consider the pair (f, ®) in (Z—17). For any pair (4, £) with
0 < e < § the block I'Bs . (f, ®) is given by

('X_y| SE@A(YZ(S)) v (M <eN(x—y> —5\/5))
and looks as in Figure BS* 4. It is clear that this block is homotopically equivalent to S(f, ®).

A

Example 258* . 2. [92; Example 2.7] The number m of blocks needed in the Gabrielov-Vorobjov
construction to recover the kth homology group of S(f, ®) may reach the bound k + 2 in
Theorem R5%_1l. This can be seem in the linear case.

For example, let f = (X, Y) and consider

P=(X=0AY=0)V(X=0AY>0)V(X>0ANY=0)V(X>0AY>0)



88 Josué Tonelli-Cueto

Figure 284 . 4: The Gabrielov-Vorobjov construction for two open half-lines

so that S(f, ®) is the non-negative quadrant. Now take any sequence 0 < 1 < §; < €3 <
0y < £3 < 03.

At the left of Figure we see in light grey shading the block I'Bs, ¢, (f, ®). It is not
connected; not even the Oth homology group is correct. At the center of the figure we see
that same first block with I'Bs, ¢, (f, ®) superimposed in a darker shade of grey. Now the
union of the first two blocks is connected (so Hy is correct) but not simply connected: the
first homology group is wrong. We obtain a contractible set, homotopically equivalent to
S(f, ®), when we add the third block, at the right of the figure, to the union. A

e

I i

First I'B block First two I'B blocks Third I'B block

Figure 284 . 5: The Gabrielov-Vorobjov construction for the positive quadrant

The main theorem of this chapter makes the <« in the Gabrielov-Vorobjov approximation
theorem (Theorem 5% _1l) explicit in the case of a well-posed polynomial tuple.

Theorem 25* . 2 (Quantitative Gabrielov-Vorobjov approximation theorem). [92; The-
orem 2.8]. In Theorem B5* 11, condition (2—19) can be replaced by

1
V2RE(f)

0<e1 <01 < <em<on<

(2.20)

when R(f) < oo.

Example 25 .3. [92; Example 2.9]. The simple form of the inequalities in (Z20) requires
well-posedness, i.e., &(f) < co. To see this, consider f = (X, Y, X — Y) and

B=((X=0)A(Y>0)V(X=Y=0)A(Y>0).

The set S(f, @) consists of two half-lines with a common origin but without this origin. Note
that (f) = oo. Figure shows S(f, @) at the left. The center and right parts of the
figure exhibit two Gabrielov-Vorobjov Approximations for it with m = 1 but different pairs
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L M

Ve

I'Bo.75,0.5(f, @) I'Bo.75,0.25(f, ®)
Figure 254 . 6: The Gabrielov-Vorobjov construction for an ill-posed system

(0, ). The middle part shows that the condition ¢ < ¢ is not strong enough to guarantee the
conclusions of Theorem for m = 1. An easy computation shows that, in this case, we
need 0 < € < §/2 (as in the right part of the figure). A

The idea of the proof of Theorem is simple. Instead of proving it from scratch,
we prove that modifications of (§,e) do not alter the homotopy of the Gabrielov-Vorobjov
approximations and we use this to reduce to the case in which we can apply Theorem R5* 11,
We first show how we will do transform a pair (4, e) satisfying (2—21) into a pair (&', €’)
satisfying (2Z139) and then we will show how our basic transformation preserves homotopy.

25%-1 Moving (4, €) to the unknown known case

We write (8,&) <p,; (§’,&") whene = €', §; = oj for j # i, and &; > ¢;. Similarly, we write
(8,€) <g,i (8, e')whend =4, ¢ = s} for j # i, and ¢; < /. Note that the calligraphic index
D indicates a difference in a § (and therefore, in an inequality of the corresponding Gabrielov-
Vorobjov system), while a calligraphic £ does so for an e (and therefore in an equality). These
relations capture the notion of a difference in only one entry of § or of €, respectively. The
choice of the inequality in the es and the s is different. This is done to ensure that if either

(8,€) <p,i (8',€") or (8,e) <g; (8',€"), then we have, for all formulas ® over f, the inclusion
I'Bs(f, @) C IBy o (f, ©) (2.21)
between the corresponding Gabrielov-Vorobjov approximations. We write
(d.€) 24 (8, ¢)

to denote that
((5, E) S’D,i (6’, E/) or ((5/, E/) SD,i (5, E) .

This notation is consistent with the meaning of updating (4, €) to (6’, s’) by updating (either
increasing or decreasing) only §; to &/. We similarly define (8, ¢) 4 (&', €').
The following result states the main property of these rewritings.

Proposition 254 .3. [92; Proposition 3.1]. Let f € Hqlq], ® be a strict formula over f,
and 8,8’ e,e' € R™ be such that both (8,¢) and (&', ¢') satisfy @—20). If either (§,¢) 24
(8',€") or (8,€) &L (8',€"), then the corresponding inclusion (2—2ZT) of Gabrielov-Vorobjov
approximations induces a homotopy equivalence.

Proving Theorem from this proposition is easy.
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Proof of Theorem BS*_2. By the definition of <, it is clear that there exist at least one (4, &)
satisfying both (2Z19) and (2—=2m). For any (4, €) satisfying (2—=21), we can easily construct
a sequence (6(()), 5(0)) (6(5), e(‘f)) of pairs satisfying (2=21) such that

" (5(0),5(0)) = (8,¢),

2. (5(4),5“)) = (4,&), and
3. foreach p € {0,...,£ — 1}, there are k, € {D, £} and i, € {1, ..., m} such that

(5(p>,€(p>> kosip <5<p+1>,€<p+1>) _

For such a sequence, the isomorphism types of the homology groups of IBse+1) c(p1) (f, @)
don’t change at each step as a consequence of Proposition 2% 3. Thus I'B; . (f, ®) has ho-
mology groups isomorphic to those of I'B; . (f, ®). The conclusion now follows from applying
Theorem to the latter. O

We next focus on the situations (8, ¢) 27 (8’,¢’) and (8,¢) &/ (8',€’). These situations
correspond to replacing d; in the first one and ¢; in the second one by some ¢ € (g, 6;). Even
though we are updating only one entry in the pair (9, €), we have to modify the inequalities
associated to several polynomials. Instead of doing this replacement simultaneously in all
the inequalities, we do it by steps, in the inequalities corresponding to a single polynomial at
a time. With this intuition at hand, we introduce the semialgebraic sets below.

Fix f € Hq[q], a strict formula ® over f, positive numbers é,¢,(, t, and a € {0,...,q}.
We define the following spherical semialgebraic sets:

I*B:;’if(,t(f, ®) is obtained from @ by rewriting

fi =0~ [fi(x)] <ellfillw

(1) > Sllfllw 1> a

>0 fa(x) > tlfalw fl=a

i) > Cllilw fl<a (2.22)
(1(x) < —s||fllw  ifl>a

<0 () < —tlfllw ifl=a

f/(X) < —CHf/HW if I < a.

I‘Bgﬁgt(f, ®) is obtained from ® by rewriting

()| <elfllw fl>a
fi=0~ Clfa(x)| < tlfallw ifl=a

()| <Cllflw fl<a (2.23)
fi >0~ fi(x) > d||fillw
fi <0~ fi(x) < =0|/fillw-
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Consider now d,e € (0,00)™, c € {D,&}, i€ {1,...,m}, a € [g] and (,t > 0. We define the
intermediate Gabrielov-Vorobjov approximations as the sets

B3 (f,®) :=TB{L (,®) U | JTBy(f,®). (2.24)
#i

In particular, we can see I‘ngf,t(f, ®) as the result of having replaced ¢; by ¢ in all the
inequalities with polynomials fi, ..., f;—1, and being in the process of making the replacement
in those inequalities with f; with the parameter t moving from §; to ¢.

We now observe that for ¢, t, t' > 0 with t < t' we have the inclusions

£, £,
IBy2,(f,®) CTByLE (,®) and TBjLE ,(f,®) D TB;LE (f,®). (2.25)

The crucial fact to prove Theorem is that these inclusions induce homotopy equiva-
lences.

Proposition 254 . 4. [92; Proposition 3.2]. Let f € Hq[q], ® be a strict formula, §,e € R™
satisfying (2—210), and let i € [m] and a € [q]. Then,

(1) Forall ¢ € (si,6) and gj < t <t < €41 (Where emy1 = 1/V/2E(f) by convention), the
inclusion TB 12, (f, ) C TBFIE (f, ®) induces a homotopy equivalence.

(2) Forall ¢ € (gj,60;) and di—1 < t < t' < §; (where &y = 0 by convention), the inclusion
I‘B?’Q"’Z!t,(f, P) D Fny’Qz,t(f, ®) induces a homotopy equivalence.

Again, Proposition easily follows from this result.

Proof of Proposition BS* 3. Assume that (d,e) <p, (8’,€’) holds. Then §; > &/ and with-
out loss of generality, §; > §. The following equalities then follow from the definition of
I‘Btlszis’f'g‘t(f, @) (we omit the (f, @) in what follows for simplicity):

D,i,1 _
° FBS,E,(S,.’,&,- = FB(;]E,

D,i,a o D,i,a+1 _
. I‘B&E’&;ﬁ; = IBJ’E@,!&, foralla € [q — 1],

D,i,q - i
* IB5 55 = 1By e = 1By e,

the last one as, by assumption, e = €’. These equalities yield the following chain

_ Dl Dl  _ D2 Di2 Diq
IBse =185 55 S1Bslss = 1Bscss S 1Bscig = S 1Bs o5 = 1B e
on which all inclusions induce homotopy equivalences by Proposition 25*_4((1). Hence Propo-
sition follows in this case.
For the other cases, i.e., when (&',€’) <p; (8, €) or when (4, €) &i (6',€), we proceed
analogously. O
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254-2 Moving (8, €) one step at a time (Proof of Proposition 252 __4))

We have now all the tools needed to prove Proposition and with it to finish the
proof of the Quantitative Gabrielov-Vorobjov Theorem BS* 2. We will only prove part (1) of
Proposition as part (2) is proven in an analogous way.

We fix f € Hqlq], a strict formula ® over f, tuples d,e € (0,00)™, an index i € [m],
a point ¢ € (g;,6;), points t < t" in the interval (gj,¢i11), and an index a € [q], as in the
statement of Proposition and satisfying the hypothesis given there. Since a is fixed,
we can assume ||fa]|lw = 1 without loss of generality after scaling f appropriately.

We also choose positive numbers ty, t; satisfying

gi<th<t<t <t <eii1

and define the matrix A € R9*2m+2) whose Ith row ) is given by

0,61,015 0451, C 00, Ejt1 e s €Emy Om ), if | # a,
. (0,€1,01, .46, ¢, 0is €1 - s Ems Om) # 2.26)

(0,51,51, s Ei lo, by Eit1, ...,Sm,(sm), if | = a.

By construction, this A satisfies (2—12). We will assume these conventions throughout this
subsection without further mentioning them explicitly. The matrix A determines the (f, A)-
partition Il y which, as we saw in Theorem 524, is a Whitney stratification of S”.

Recall the intermediate Gabrielov-Vorobjov approximations

B, := IByLE_(f,®),

defined in (@=23), for 7 € [ty, t;). These are compact subsets of S".

Proposition claims that + : I'By — I'B; is a homotopy equivalence. The basic
idea for showing this is to apply Theorem to the stratification provided by If . In a first
step towards this goal, we describe how the strata m;, of Il intersect I'B,. The findings
are summarized in the proposition below, whose easy but somewhat cumbersome proof is
postponed to §5%=2,

Proposition 254 . 5. [92: Proposition 3.11].
(1) I'By, /s a union of strata of 11 y.
(2) Let 7,7" € (ty, th). For each u;,, € Ils such that ny, C I'By,, the following holds:

(i) m,NIB, = @ifand only if m;, N TB,, = @. In this case, m;, C |fa| (k).
(ii) o, NIB; =4 if and only if o, NIB = 1y,.

(i) If @ # o, N IB, ; 5, then o, C ’fa|71(tg, tl) and
m, NIB; =1, N{x €S"||fa(x)] > 7}

Homotopies preserving I1;
We are now going to construct the maps and homotopies to show that the inclusion
v : I'By — I'B; is a homotopy equivalence. For this, we should construct a continuous map
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p : I'By — I'By and homotopies between the compositions of these maps and the identity
maps.

A first approach would be to move around the points of I'B; \ I'By and then extend
the maps obtained continuously to the whole space. It is easier though to work in the larger
space I'By, N |fa|L(t, t1), where we can control what happens at the boundary and thus
obtain the continuous extensions.

Consider the open subset M := S"\ £, 1(0) of S" together with the smooth map M —
R, s — |fa(x)|, as well as the locally closed set

Q:=TBy, N fa] ' (th, ) € M.

By Proposition BS%_§(1), Q2 is the union of certain strata m; , of I1; 5, namely of those strata
on which |f,| takes values in (ty, ;). We note that the restriction of |fa],

a:Q— (f,t)

X = |fa(x)],

is a proper map. Indeed, the inverse image a~1(J) = {x € I'By, | fa(x) € J} of a compact
subset J C (fy, ;) is a closed subset of the compact set I'B;, and thus compact itself.

By Theorem 2524, T1;  restricts to a Whitney stratification of {2 and the map « satisfies
the hypothesis of Thom'’s first isotopy lemma (Theorem 252_2)). Therefore, there is a subset
F C Q and ahomeomorphism h : Q — Fx (ty, t;) such that the following diagram commutes

Q L> F x (to,h)

x J{W(toﬁl)

(t(), t1).

Moreover, the stratum in which x € Q lies only depends on hge(x), that is, if he(x) = he(y)
then x and y belong to the same stratum of I1; 5. This is so because h is a stratified home-
omorphism by Thom'’s first isotopy lemma (Theorem B5Z_2)).

Consider the following continuous (piecewise linear) map

U [0, 1] X [to, tﬂ — [To, tl]

y ify € [t', 1],

(s,y) (1—s)y+st fyeltt],
Y %+((1—s)+32";_%) (y — o) ify e (o +1)/2,1],
y ify € [to, (to +1)/2].

One easily verifies that this map restricts to a continuous retraction of [t, t;] onto [t', t;] that
leaves fixed all points in a neighborhood of {ty, t; }. With the help of v, one defines the con-
tinuous map

P :[0,1] x Q2 — Q

X, if a(x) ¢ ((to +1)/2, (b +t')/2),

(s,X) —
h=Y(he(x),v(s, a(x))), otherwise.
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The properties of v and h imply that this map restricts to a continuous retraction of a~t, t;)
onto o~ L[t', 1) that leaves fixed all points in a neighborhood of the boundary 9 N TBy, of
in I'By, (note 92 C |fa| 1 ({to, 1 })).

We also have that ¢(s,m,) C m, for all s € [0,1], provided iy, C Q. This is s0, be-
cause the value hg(x) determines the stratum to which x belongs and moreover he(v(s, x)) =
hF(X).

Since ¢ fixes all points in a neighborhood of 92 N I'By,, it can be extended to the
continuous map

v . [0, 1] X FBtg — FBtg
P(s,x), ifxeq,

(s,x) —
X, otherwise.

As we are extending by the identity, all properties of ¢ are inherited by W. In other
words, W restricts to a continuous retraction of I'By, N |fa| L[t,00) = (IBy, \ Q) Ua L[t 1)
onto I'By, N|fa| ~1[t’, 00) and it preserves the stratification Tl y, i.e., we have ¥(s, ;) C 11} 4,
for all iy, € Il¢ \ contained in I'By, and all s € [0, 1].

We are now ready to conclude. However, as a warning, we note that ¥ does not give a
continuous retraction of I'B; onto I'By. The reason is that TB, = I'By,N|fa|~![r, co) generally
does not hold!

Proof of Proposition 2524, \We first show that for all s € [0, 1],
\I/(S, oy M FBt) Co, NIB; and \I/(S, oy M FBy) Co, NIBy.

By Proposition BS*_§(2), there are three possible cases for each of these intersections.
We only focus on the third one, (iii), since the other two cases are straightforward. In this
case, we have i, N I'B; = my, N {x | |fa(x)| > t} and |fa](m,) C (fo, t1). Thus my, € 2 and

o, NIB; =1, N |fa|71[t, 00).
Since this is the case, again by Proposition BS*_§(2), the same happens for t’ and so
oy M IBy = oy M ‘fa|_1[t,, OO)

Since ¥ gives a deformation retract of I'By, N a~[t, t;) onto I'By, N~ [t 1), it preserves
the stratification I1¢ x, and moreover ¥ gives a continuous retraction of my, N |fa| ~2[t, 00) =
. N (IBy, N |fa| 71t 00)) onto my, N |fa| 71[t, 00). Hence ¥ must preserve m;, N I'B; and
1, N I'By and we have shown the claim.

We conclude that ¥(s,I'B;) C I'B; and ¥(s,I'By) C I'By forall s € [0, 1].

This allows us to restrict ¥ to obtain continuous maps

©:[0,1] x I'B; — I'By and ©' :[0,1] x I'By — I'By
(8, %) = ¥(s,x) (s,x) = U(s,x).
Let p : I'B; — I'By be the continuous surjection given by

X — U(1,x).
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By examining the three cases of Proposition R$2_5(2), we see that p is well-defined. Recalll
that . : I'By — I'B; is the inclusion map. By construction, we have

O =idrB,, ©1=p=trop, G)E)ZidFBt/ and O] =pou.

Hence, both (idrs,, ¢ o p) and (idet,,p o 1) are pairs of homotopic maps. Thus ¢ induces a
homotopy equivalence as desired. O

Intersecting I'B with strata (Proof of Proposition 25*_5)
Arguing as in the proof of Lemma 523, we can assume, without loss of generality,
that @ is already in saturated normal form, since this does not change any of the I'B-sets.

So we write
d = \/ G¢
¢e=
where each ¢ is saturated.
As we can take out unions in (2Z—224)), we have

B, = TBy 2 (f,®) = | [ TB]2 . .(f,0¢) U JTBy o (F, %) | - (2.27)
§EE J#i
Hence it is enough to consider how the different strata intersect with the sets in the right-hand
side. This is done in Lemmas 3% _4, 23° 7, and 23_8 below. We recall that we assume
IIfallw = 1 without loss of generality.

The first lemma deals with the I'B blocks of the form I'Bs;, ., (f, ¢¢) with j # i, the second
lemma with those of the form FBE,’:,-,C,to’ and the third lemma with those of the form IB(SD,-,’;,QT
with 7 € (fy, t;). Of these, the third lemma is the most delicate one, as in this case, the I'B
blocks do not decompose as a union of strata.

Lemma 25%.6. [92; Lemma 3.12]. Let ¢ be a saturated formula over f, let j # i and put
0 :=0j, € := ¢j. Forevery nj, € 1l 5 the following are equivalent:

(011) 1y, NTBs.(f,6) # 2.
012) 1y, C IBsc(f, ¢).
(013) sgn(¢) < o and forall I € [q],

‘fl|/”fIHW <eon 0 o, ifsgn,(¢) = 0,
fil/Ifillw = 6 onmye, if sgni(¢) # 0.
Proof. The chain of implications from (0I3) to (0I2) to (OI1) follows directly from the definition

of iy ,. Therefore we only show that (OI1) implies (0I3).
Let x € m, NI'Bs(f, ¢). For each | € [q], we distinguish three cases:

+) Ifsgn,(¢) = 1,then x € I'B; . (f, ¢) implies fi(x)/||fi]jw > d. Therefore, o) = sgn(fi(x)) =
1 %=1 =sgn)(¢) and |fi|/|/fi]lw > 6 on iy ,. The latter because ¢ appears in in A, and
so either all x € my, satisfy |fi(x)|/||fillw > ¢ or none of them does.

—) If sgn,(¢) = —1, the argument is analogous to that of the case sgn,(¢) = 1.
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Ifil/|Ifillw < eonum,, Since e appears in A, and so either all x € 1, satisfy this or none
does. Also 0 < 0,+1, —1, and so sgn(fi(x)) < 0.

0) If sgn;(¢) = 0, then x € IB;.(f,¢) implies [fi(x)|/|/fillw < e. This, in tun, implies

O]

Lemma 25%.7. [92; Lemma 3.13]. Let ¢ be a saturated formula over f. Forevery iy, € Il ,
the following are equivalent:

(111) m, N ng’;,C,to(f, }) # @.
(112) my CTBYZ - (. 9).
(113) sgn(¢) < o and, forall | € [q],
Ifil/Ifillw < eionm,, ifsgn(p) =0,
|fl|/HfI||W > (S,‘ on 0jq, ifsgn,(gb) 7& Oand | > a,
fil/Ifillw > to on my,, if sgny(¢)
(®)

1fil/Ifillw > ¢ on 4, if sgn,

Proof. The proof is analogous to that of Lemma BS* 6, but longer as we must now divide
into cases depending not only on sgn,(¢) but also on whether I > a, =aorl < a. O

Lemma 25 .8. [92; Lemma 3.14]. Let ¢ be a saturated formula over f and s € (ty, t;). For
every n, € ¢ 5 the following are equivalent:

(211) meNTBY2 . (f,¢) # @.

(212) sgn(¢) < o and forall | € [q],

1fil/[Ifllw < eionm,, ifsgni(¢)=0,

Ifil/IIfillw > 6i on ., ifsgn(¢)#0andl> a,
Ifil/IIfillw > to on w4, ifsgn(¢p)#0andl=a,
Ifil/Ifillw > Connye, ifsgn(e)#0andl< a.

Additionally, if any of the two claims above holds,

M, N{x eS| |fa(x)| > 71}, if|fal(f, ty) C oy g,
o TR (1) = M XTI 2T ) S

0, otherwise.
Proof. The implication from (2I11) to (212) is shown in a similar way as those from (0I1) to
(0I3) in Lemma and from (111) to (113) in Lemma B5* 7. We next prove the reverse
implication.
Assume then that (212) holds. From the conditions there and the definition of both m;
and IBS”;,C,S(f, ¢), it follows that
e NTB2 (o(f,6) =meN{x €S"||fa(x)| > s}. (2.29)

We next divide in cases depending on whether m; , C |fa| ~*(to, t1) Or not.
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Z) If |fal(fo, t1) € m, then |fa] > t; on oy, by (212), since t; is the next value in A,. This
shows that

m, N{x €S" | |fa(x)] > s} = my,-. (2.30)

As 1, is non-empty, (211) follows from (2—29) and (2=30).
Q) If, instead, |f,|(t, t) C m,, then, by Theorem R5Z_6(2), the map

. — (fo, t)

X = |fa(x)]

is surjective. Hence my; N {x € S" | [fa(x)[ = 7} is non-empty and (211) also follows in
this case.

We have proved (228) in passing. O

Now we finish the proof of Proposition with the help of the above three lemmas.

Proof of Proposition BS*_ 8, Part (1) follows directly from Lemmas 25% 6 and B5*_7 since
these lemmas guarantee that each set in the right-hand side of (2277 is a union of strata.

We now show part (2). Consider the intersections of m; , with the decomposition (2=—27)
for I'B; and I'By,.

If for some j # iand £ € =we have m,NI'By, ., (f, ¢¢) # @, then this intersection equals
m;,, by Lemma and all the claims of (2) hold trivially since m;, N T'Bj, ., (f, ¢¢) does not
depend on the value of 7.

Assume instead that for all j # i and £ € = we have my, N IBg, ¢, (f, ¢¢) = @. Then

e NTB, = | J me NTBY2 . (1, ¢e)
£e=

and

Hl,a’ m IBto - U HI,O' m I_TBE:;’C’tO(f: (;55)
£eE

By hypothesis on m; ,, we have m;, N I'By, = my, # @ which implies that there exists
¢ € Zsuch that my,, N I‘Bg”g,c’to(f, ¢¢) # @. Lemma then ensures that the conditions
in (113) hold true. But these conditions are the same as those in Lemma B5*_8(212) except
for I = a, where the inequality is strict in the latter and lax in the former. This means that
oy, N I‘BJD’*S":Z"T(f, ®) = o if and only if |f3| = ty on my,. Furthermore, this latter condition is
independent of the particular value of 7. If it holds for 7, then it holds for 7/ and viceversa.
This proves the first claim of (2).

Arguing as above, we have that m; , N FB?,;":?,S(ﬂ ®) =1y, ifand only if |fz] > f on 1y 4.
As this does not depend on the value of 7, we get the second claim of (2).

The third claim of (2) follows directly from the last statement of Lemma R5*_8. O
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Further comments

The results in this chapter go back to [88], Proposition 25X _3; to [91], quantitative Dur-
fee’s theorem (Theorem B53_2)); and to [92], quantitative Gabrielov-Vorobjov approximation
theorem (Theorem B5*_2)). However, the proofs of some of these results are very different.

The original proof of the Proposition in [B8] used a continuous version of Smale’s
a-theory (see [B88; §3.2 and §4.2]), and it only applies to semialgebraic sets in which t =
0. In contrast to this, our proof used a discontinuous version of the Newton vector field.
Further, we were able to improve the inequality from the original 13D%E(f)2r < 1in [B8§;
Theorem 4.19] to the current v/2&(f)r < 1, in the case t = 0.

The proof of Durfee’s theorem (Theorem R53_2) differs significantly from that in [91]
(including the adaptation sketched in [92]). Instead of doing the continuous retraction in
one step (as done in [91]), we divide it into different steps. This different proof strategy
makes the proof more similar to that of the Gabrielov-Vorobjov approximation theorem (The-
orem 25%_2)), which helps to introduce the proof of this theorem.

The proof given of the Gabrielov-Vorobjov approximation theorem (Theorem R5%_2) is
almost identical to that in [92]. Further, there are no significant differences between the two
expositions and, except for some minor changes, the text is the same as that of [92].

On top of these differences, we have enlarged significantly the exposition of the Mather-
Thom theory done in [91|, 92]. Apart from being more systematic, we add some new exam-
ples and theorems (such as Theorem L34, 2| and .32 2) to illustrate better the applications
and use of this theory. Further, the reader should note in the proofs of this chapter a repeti-
tious style. This style was intentional and it was to emphasize the main ideas and techniques
behind the application of Mather-Thom theory.
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Pointiller, est le mode d’expression choisi par le peintre qui pose de la couleur sur une toile par
petits points plutdt que de I'étaler a plat.

Paul Signac, D’Eugéne Delacroix au néo-impressionnisme

Computing the homology of a set
par pointillage

The idea of approximating images by dots is an old one. This variant of approximating
the continuous by the discrete made its first appearance in the mosaics of Antiquity. In
engraving, it was introduced by Giulio Campagnola, Ottavio Leoni and others in the 15th
century, and it was later perfected, under the name of stipple engraving, by Jean Charles
Francoise, William Wynne Ryland and Francesco Bartolozzi in the 18th century [Q13; Ch. IX].
In painting, it was introduced, with special attention to the colors, by Georges Seurat and Paul
Signac in the 1880s [Q14], marking the birth of the divisionism (also called, contemptuously
then and popularly now, pointillism).

Aside from the history of art, Paul Nipkow was the first in conceiving with his Elektrisches
Teleskop in 1884 that an image could be recorded using a finite set of pixels (Bildpunkte for
him) [Q10]. His design became the germ that, after the contributions of too many inventors
to mention them one by one, gave origin to the screens that inhabit our technological world.
In these screens, the paradoxical illusion of a continuous image made out of discrete dots
shows how well the discrete can approximate the continuous.

At the beginning of the 21st century, the above idea became the foundation of topo-
logical data analysis. In their study of dynamical systems coming from physics, Muldoon,
MacKay, Huke and Broomhead [295] had the idea of extracting topological information
about the attractor of the system from time-series of data coming from experiments. Al-
though this marks the beginning of topological analysis, they were Robins [833], relying on
work by Robins, Meiss and Bradley [334, 335], and Edelsbrunner, Letscher and Zomoridan
[168, 168] who laid, respectively, the theoretical and algorithmic foundations of this area.

Nowadays, topological data analysis is an established area of mathematics dealing with
theoretical, computational and applied questions about the topological information that can
be extracted about a set from a finite cloud of points approximating it. In this chapter, we
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will expose the ideas and techniques from topological analysis that we will use. Our intention
is not to be complete, but to introduce exactly what we will use later, trying to give some
intuition on the techniques.

First, we introduce the Hausdorff distance, the reach and the Niyogi-Smale-Weinberger
approximation theorem which allow us to guarantee that an approximation is topologically
good; second, we develop some explicit lower boundsil on the reach that will allow us to
control the size of the approximation explicitly; and third and last, we introduce the Nerve
theorem and other algebraic topological results that will allow us to go from the approximation
to the homology computationally.

351 Approximation of sets by clouds of points

The fundamental result of this section is the Niyogi-Smale-Weinberger theorem (The-
orem BST_8) of Niyogi, Smale and Weinberger [300, 301] which gives precise sufficient
conditions for when a cloud of points is a good topological approximation of a set in terms
of two numerical quantities: the Hausdorff distance and the reach.

351—1 Hausdorff distance

The Hausdorff distance is one of the possible distances that one can consider between
sets of a metric space. It is based on the simple idea that two sets X and Y are near if every
point of X is near Y and every point of Y is near of X. Note that this is different from the usual
distance between sets,

dist(X, Y) :=inf{dist(x,y) | x € X, y € Y},
where X and Y are near if a point of X and a point of Y are near.

Definition 351 . 1. Let X, Y C R™ be non-empty compact subsets, the Hausdorff distance
between X and Y, disty(X, Y), is the real number given by

disty(X, Y) := max{max{dist(x, Y) | x € X}, max{dist(y, X) | y € Y}} (3.1)
where dist is the Euclidean distance in R™. By convention, we define disty (2, X) = occ.

Recall the definition of a (Euclidean) r-neighborhood of a compact set X,

UX,r) = {z|dist(z,X) < r} = | | B(x,r). (3.2)
xeX

The following proposition is immediate from the above definition. It gives a useful equivalent
formulation of the Hausdorff distance, which helps to develop the intuition about this notion.

Proposition 35 . 1. Let X, Y C R™ be compact subsets. Then the following are equivalent:
e disty(X,Y) <r.

e XCU(Y,r)and Y CU(X,r). O

"Unsurprisingly, these bounds are in terms of the condition number.
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The following examples should clarify and justify the use of the Hausdorff distance in
our setting.

Example 35 . 1. Let X = [0,1/2]and Y = [0, 1] be subsets of R, we can see that dist(X, Y) =
0since X C Y, butdisty(X,Y) =1/2,since Y CU(X,r) = [—-r,1/24r]ifand onlyif r > 1/2.
This exempilifies why dist is not a good measure of how near are two sets and that the Haus-
dorff distance is able to distinguish a proper subset from a set. A
Example 35*.2. Let X, = +ZN[0,1] = {0,1/k,2/k, ..., (k — 2)/k, (k — 1) /k,1} and X =
[0,1]. We can easily see that disty(Xk, X) = ﬁ which goes to zero as k goes to infinity.
Hence, in the Hausdorff distance, Xy converges to X. AN

The above example shows a general phenomenon. Recall that an r-net of set X is a
discrete subset N C X such that for every point x € X, there is a point y € N such that
dist(x, y) < r. It is easy to prove the following.

Proposition 351 .2, Let X C R™ be compact and N C X be discrete. Then N is an r-net of
X iff disty(N, X) < r. O

In this way, in the Hausdorff metric, the discrete approximations of a set converge to
it. This is the main reason why we use the Hausdorff metric to measure how well a cloud
of points approximates a set, since we expect that an e-net approximates a set better as ¢
goes to zero. Also, it is robust in the sense that it allows N not to be included in X, as long
as it is close to X.

We conclude with the following theorem. On the one hand, it justifies why we speak
about Hausdorff distance or metric; on the other hand, it shows that the Hausdorff distance
is a metric with very good properties.E

Theorem 351 . 3. [360; Theorems 7.3.1 and 10.7.2] Let S C R™ and K(S) denote the set
of non-empty compact subsets of S. Then disty is a metric on K(S). Further, (S,dist) is
complete (i.e., S is closed) if and only if (K(S), disty) is complete. O

351—-2 Nearest-point retraction and reach

In a metric space, like R™, Urysohn’s lemma is an easy exercise for students as every
closed subset X is just the zero set of the non-negative Lipschitz function disty : z —
dist(z, X). One can see that the neighborhoods U(X, r) are just the sublevel sets of this
function. For small r, we might expect that the topologies of (X, r) and of X to be similar,
and this can be made precise in topological terms for arbitrary closed sets [333]. However,
we will concern ourselves with a restricted class of closed subsets for which we can answer
positively the following question: how small should r > 0 should be so that X and (X, r)
have the same homotopy type?

Our approach to answer this question goes back to Federer [177] and relies on the
so-called nearest-point retraction.

Definition 351 .2. Let X C R™ be closed, the nearest-point retraction is the partial map
mx : RM --» X defined by

mx(z) := argmin{dist(z, x) | x € X}. (3.3)

2\We state the result for subsets of R™ for concreteness, but it holds for general metric spaces.



102 Josué Tonelli-Cueto

Figure 351 . 1: X, in red, and part of its medial axis, Ax, in blue.

The medial axis of X, Ay, is the set of those points of R™ for which wx is not defined.

Note that 7x(z) is the nearest point in X to z, and that this is well-defined if and only if
this point is unique. With this observation, we can easily see that

Ax ={zeR™|3Ix,x € X : x # x and dist(z, x) = dist(z, x) = distx(z)}, (3.4)

i.e., that Ay is the set of those points with two or more distinct nearest points in X.

Example 35t . 3. In Figure BST_1, one can see in red the set X and in blue its medial axis Ax.
An observation that should be made in this this picture is that the points of X nearer to Ay
are those of higher curvature. A

Proposition 35 . 4. [177; Theorem 4.8(3,4,5)]. Let X C R™ be closed. Then:
(1) The map mx : R™\ Ax — X is a surjective continuous map.

(2) The map distx is a C'-function on the interior of R™ \ (Ax U X) such that its gradient is

given by
_z—7x(2)

Vx(2) = e (3.5)

Proof. 1. The surjectivity is obvious, because for all x € X, x is the unique nearest point in
X to x and so mx(x) = x.

To prove the continuity, we prove that mx commutes with limits of sequences. Let {zx}
be a sequence of points in R™ \ Ax converging to z € R™\ Ax. Then,

diST(Wx(Zk), z) < diSt(ﬂx(Zk), Zk) + diSt(Zk, z)
= dist(zx, X) + dist(zx, z) < dist(z, X) + 2dist(z, 2)
where the first inequality is the triangle inequality, the second one the fact that u — dist(u, X)
is 1-Lipschitz, and the equality is by the definition of x. Since {zx }« is convergent, {dist(zx, z) }

converges to zero. Therefore, on the one hand, {mx(zx)}« is bounded, and, on the other
hand, for every limit point x, of {mx(zx) }«,

dist(x,, z) < dist(z, X).
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The latter implies that x. = mx(z) since mx(z) is the unique minimizer of X > x — dist(x, z).
We have just proven that {mx(zx)} is a bounded sequence with the unique limit point 7x(z).
Thus limk—c0 mx(2k) = mx(2), as we wanted to show.

2. Observe that disty is a 1-Lipschitz function. Also, note that for all z € R™\ Ax and
allx € [0,1],

distx((1 — A\)z + Amx(z)) = Adistx(z),

since, otherwise, there will be a nearer point to z in X distinct from mx(z).

By the above, we obtain that for all sufficiently small t > 0,

distx(z — tVx(z)) = distx(z) — t.
Therefore, if disty is differentiable at z, then
D.distx(Vx(z)) = 1.
But, since ||D distx|| < 1 by the 1-Lipschitzness of distx, we must have
D.distx = Vx(2)*

whenever disty is differentiable at z.

Finally, since disty is Lipschitz, disty is differentiable almost everywhere by Rademacher’s
theorem [217); Theorem 3.1]. But then, by the Fundamental Theorem of Calculus for Lips-
chitz functions [217; Theorem 3.3] we have that disty is differentiable and that Vx is its
gradient on RM\ (X U Ay), since Vi is continuous. O

This means that as long as we are away from Ay, the nearest-point retraction my is
a good map and it points to the direction we must take to decrease the distance to X the
fastest possible way.

Reach
To measure how far from the set the nearest point retraction is defined, one considers
the notion of reach.

Definition 35t . 3. [177]. Let X C R™ be a closed set. The local reachreach!local reach of
X at x € X, 7(X, x), is the non-negative quantity

T(X, x) := dist(x, Ax) (3.6)
and the reach (or local feature size) of X, 7(X), is the non-negative quantity
7(X) := inf 7(X, x) = dist(X, Ax). (3.7)
xeX

The reach is precisely the quantity we were looking for.

Proposition 351 . 5. [88; Proposition 2.2]. Let X C R™ be a closed subset such that 7(X) >
0. Then for all r € (0, 7(X)),

Hyx : [0,1] x U(X,r) = U(X,r)
(t,z) — (1 —t)z + trx(2)

is a continuous retraction of U (X, r) onto X. In particular, for all r € (0,7(X)), X — U(X,r)
is an homotopy equivalence.
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(a) Two intersecting lines (b) Two tangent circles

Figure 351 . 2: Sets with reach zero, in red, and their medial axis in blue

Proof. Since dist(Hx(t, z), mx(2)) < (1—t)dist(z, 7x(2)) = (1—t)distx(z) = (1—t)r < r, Hx
is well-defined. The continuity of Hy follows from Proposition and that is a retraction
from the fact that for all x € X, mx(x) = X. O

Observation 35 . 1. Note that an alternative way to define Hx for (t, z) with z ¢ X is by
Hx(t,z) = z — tdistx(z)Vx(z).

Since V is the gradient of disty, this shows that we have just done gradient descent.  q

There are many sets with positive reach, among them the ones with maximum reach,
i.e., reach equal to infinity, being the convex closed sets. However, let us note that not every
set has positive reach as the following two examples shows.

Example 35t . 4. Consider the set which consist in two lines with an small angle of § between
them. In Figure BS2. 24, one can see the union of the lines, X, in red and the medial axis,
Ay, in blue. In this case, We observe that Ax is not closed, since it misses the intersection
point of the lines, and that 7(X) = 0. A

Example 351 .5. Consider the set consisting on the union of two tangent circles. As in the
previous example, in Figure , the set X in red and the medial axis Ay in blue. Similarly
to the previous example, Ay is not closed, because it misses the intersection point of the
circles, and 7(X) = 0. A

Normal vector and the reach along a direction

How far can we leave X from x in the direction given by a vector u before the fastest
path to return to X is the reverse of the path traversed til then? This motivates the following
definition, which is a directional version of the local reach at a point.

Definition 351 . 4. [177]. Let X C R™ be a compact set, x € X and u € S™!. The local
reach along u of X at x, 7(X, x; u), is the non-negative quantity defined by

7(X, x; u) := sup{t > 0 | dist(x + tu, X) = t}. (3.8)

The importance of the above notion is that it will allow us to work in a easier way with
the reach. The following theorem gives the best way of proving lower bounds.
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Theorem 35 . 6. [88; Lemma 2.5] and [177; Theorem 4.8(6)]. Let X C R™ be closed,
x € Xand u e S". Then

(1) 7(X,x;u) =sup{t>0|x+tu¢ Axand mx(x + tu) = x}.
2) If0 < 7(X,x;u) < oo, then x +7(X, x; u)u € Ax.
(3) If 7(X, x;u) > 0, then 7(X, x; u) > 7(X, x).

Proof. (1) Given that x + tu ¢ Ay, dist(x + tu, X) = t and mx(x + tu) = x are equivalent. This
shows that
T(X,x;u) > sup{t >0 | x+tu ¢ Ax and mx(x + tu) = x}.

To prove the equality, assume that it does not hold. In this case, there is t; in between these
two quantities. For this ty, on the one hand, x + tyu € Ax and distx(x + tyu) = tp; on the
other hand, there is x € X different from x such that dist(x + tyu, x) = t.

Let Y = {x, x}. Then, by elementary geometry, H := Ay is a hyperplane that passes
through x + tou and whose complement is the union of two open half-spaces: U comprising
those points nearer to x and ] comprising those nearer to x. Clearly, [x,x + tou) C U.
Therefore, for t > ty sufficiently near ty, t < 7(X, x; u) and

dist(p + tu, X) < dist(p + tu, x) < dist(p + tu,x) = t,
since p + tu € O; and so
dist(p + 7(X, x; u)u, X) < 7(X, x; u) — t + distx(x + tu) < 7(X, x; u).

This contradicts the definition of 7(X, x; u). Hence the equality must hold.

(@) Let zg = x + 7(X, x; u)u. Assume that zy ¢ Ax. Then, in a neighborhood of z,
the continuous vector field Vx of Proposition is defined. By the Cauchy-Peano theo-
rem [180; Teorema 2.2a],

o (t) = Vx(a(t))
a(O): 20

has at least one local solution « : (—d,0) — R™ for some ¢ > 0.
Now, by construction of «,

Da(t)diStx(O/(T)) = Da(t)diStx(Vx(Oé(t))) =1
where the last claim follows from Proposition BST_4(2). Therefore, by the chain rule,
(distx 0 a)'(t) = 1 = [/ (D)]],

where the last inequality follows from || Vx|| = 1.
By the above paragraph,

/tl o/ (s)]| ds = /h (distx o a)'(t) ds = distx(a(t))) — distx(a(ty)) < dist(a(ty), a(tr)).

to to

Therefore
Iength Oé[to, tl] < diSt(Oé(to), Oé(t1>)
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where length a[ty, 1] is the length of « between ty and t;. This means that « is a geodesic in
R™ with constant unit speed and so it is of the form

a(s) = zp + su.
But then for t > 7(X, x; u) sufficiently near to 7(X, x; u),
Vx(x +tu) =o' (t — (X, x;u)) = u

and so mx(x + tu) = x contradicting the equality in (1).
(3) We have that

(X, x; u) = dist(x, x + 7(X, x; u)u) > dist(x, Ax) = dist(x, Ax) = 7(X, x)

where the first equality comes from the definition of 7(X, x; u), and the first inequality from
(2). O

We finish this section with the following proposition which shows for which vectors u we
can guarantee that 7(X, x; u) > 0 when X is a locally closed submanifold around x. Given a
smooth submanifold M C R™ and x € M, recall that a normal vector of M at x is a vector
u € T,R™ such that u is orthogonal to T, M. We denote the vector subspace of normal
vectors of M at x by NyM := Ty M+,

Proposition 351 . 7. Let M C R™ be closed and x € X be such that M is a reqular manifold
around x. Then for every u € S™1, 7(X, x;u) > 0iff u € NyM.

Proof. By the Constant Rank Theorem [275; Theorem 4.12], there is an open neighborhood
B(x, ¢) of xand asmooth map f : R" — R9 such that f~1(0)NB(x, ) = MNB(x, ) and such
that its tangent map of f at every point z € B(z,¢), D.f, is surjective. In this neighborhood,
let

P, :=1— D,f'D,f

be the orthogonal projection onto ker D,f, which for z € M N B(x,¢) is just the tangent

space of M, T, M. Note that z — Ps, is differentiable and that the values of its derivative

when evaluated at a vector are matrices, of which we will consider the spectral norm.
Consider the following minimization problem

argmin{dist(x + tu,y) | y € M}

which for t < £/2 has its solution in M N B(x, ). Therefore, for such t, by the Lagrange
multipliers theorem [275; Exercise 11-11], we have that for any local minimizer in y € M N
B(x,¢), x + tu — y is orthogonal to T, M or, equivalently,

Pty(x +tu—y)=0.

In the special case in which y = x, this gives Py ,u = 0 and so u € Ny M showing one of the
implications.

For the other implication, assume that u € Ny, M and that there is another local minimizer
y € M N B(x,¢) different from x. Then

y = x+Dyf'f(y) + D, Dyf(x — y) = Dyf1f(x) = Pry(y — x) = tPryu = t(Pry — Pry)u
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since f(x) = f(y) = 0 and P;xu = 0. On the one hand,

5P, ()H v =l
P\ =

where the last inequality follows from Taylor’s theorem with remainder; and, on the other
hand,

t(Pry — Prx)ull < t[|Pry — Prx|l <t max
z€[x,y]

ly = x + Dy f'(y) + Dy fDyf(x — y) — Dyff(x)]

> (1_ IDyff(y) + DyfiDyf(x — y) — Dy fif(x)] B
> Cal Ix =yl

1 L
> (1 -5 max [, D, x =yl ) Ix— vl
2 ze(x,y]
= = = = = =2
because ||[Dy fif(y) + DyfDyf(x — y) — Dyfif(x)| < §maxseixy D, FD,f|[x — y||* by the
Taylor theorem with remainder.
Combining these two inequalities and cancelling ||y — x||, we obtain

I max
z€(x,y]

IV o
D.P (2—- )| > (1= max |D,fD:||Ix—y| ) - 39
(=) 2 (- me T -1 ). o)

By continuity of all terms involved, there are § > 0 and fy > 0 such that for all y such that
ly — x|l < &, maxzeuy, ‘ 0.7 (1) H <ty and (1— maxeeyy) ID,AD:Ally - x1|) >
%. This means that there can be another local minimizer y in the considered region, only if
t > ty/2. Hence x is the unique local minimizer for t sufficiently small, and so 7(X, x;u) > 0
as desired. O

351-3 Niyogi-Smale-Weinberger approximation theorem

The Niyogi-Smale-Weinberger approximation theorem gives a sufficient condition for a
cloud of points to approximate the homotopy type of a set. The original versions [300, 301]]
had more complicated inequalities and proofs than the version given here [88; Theorem 2.8]
(cf. [109; Theorem 4.6]).

Theorem 35! . 8 (Niyogi-Smale-Weinberger approximation theorem). [88; Theorem 2.8].
Let X, X C R™ be compact sets. Assume that T(X) > 0. Then for all e > 0 such that

3disty(X, X) <e < %T(X), (3.10)
X s a deformation retract of U (X, €). In particular, X — U (X, €) is an homotopy equivalence.
Proof of Theorem BSX_8. Note that
U(X,e) CUUX,disty(X,x)),e) CU(X,disty(X,x) +e) CR™\ Ay,

since, by assumption, disty(X, x) + & < 7(X). Therefore Hy of Proposition is well-
defined for all (t,z) € [0,1] x U(X,e). We will show that Hx gives a continuous retraction
of U(X,e) onto X. For this, by Proposition BSL_H, we only have to show that for all (t,z) €
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[0,1] x U(X,€), Hx(t,z) € U(X,e). By the way that Hx is constructed, we have to show
that for all z € U(X, ¢),
[z, mx(2)] CU(X,¢).

Letz e U(X,¢), z := mx(z) and x € X be such that dist(x, z) < e. If dist(z, x) < ¢, then
[z,z] C B(x,¢) and we are done. Therefore assume dist(z, x) > ¢ from now on. In this way,
let z € [z, z] be the nearest point to z such that dist(z, x) = . We only have to show then
that [z,z] C U(X,e). In fact, we will show something stronger, namely, that it is contained
in just one of the balls that constitute U/(x, ¢).

Let

then, since z = z + tu for some t > 0 and mx(z) = =z, we have 7(X,z; u) > 0. Hence, by
Theorem BST_4(3),
T(X,z; u) > 7(X).

Consider now, r := %5. On the one hand, 6r < 7(X), therefore 7(X, z; u) > 6r and we can
construct 3 := z + 6ru such that mx(3) = z. On the other hand, disty (X, X) < r, thus there
is x € X such that dist(x,z) < r.

We will be done once we show that dist(x, z) < . We note now that

dist(y, z) < dist(y, z) + dist(z, z) < r+dist(z, z) = r+dist(3, z) — dist(3, z) = 7r — dist(3, 2),

where the middle equality follows from the fact that z, z and 3 are collinear with z in the
middle. Because of this, it is enough to show

4r < dist(3, 2),

i.e., that z is “far” from 3.

To end the proof consider the triangle xz3 whose vertices are x, z and 3. Now, the angle
© at z of xz3 is the same angle at z of the triangle xzZz/, where Z’' is the point in [z, 3] such
that dist(x,Z’) = e. This last triangle is isosceles, with the considered angle being a base
angle. Thus © is acute. We note that in the degenerate situation, ©® = /2 and the argument
below still applies.

Since x is “near” X and 3 “far” from X, we have that

dist(x,3) > distx(3) — distx(x) > 6r —r = 5r

where we have use that distx(x) < disty(X, X) < r. Finally, by the cosine theorem applied
at ©, we have

dist(x, 3)? = dist(z,3)? + dist(z, x)? — 2dist(z, 3)dist(z, x) cos © < dist(z,3)? + dist(z, x)?

since © is acute. From here, we have

dist(z,3) > +/dist(x, 3)2 — dist(z,x)2 > /36r2 — 25r2 > /11r > 3r.

This concludes the proof. O
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Remark 35! .2. In case the reader does not like proofs a la Peano, i.e., without draw-
ings [Q12], E can see a diagram of the proof in Figure BSX_3. In this diagram, we have
not only represented the relations of proximity, but also the metric relations concerning the
points involved in the proof. q

Figure 351 . 3: Diagram of the proof of Theorem

Remark 35 . 3. A version of the above theorem (Theorem BST_8), but with worse constants
can be obtained as a corollary of the Chazal-Cohen-Steiner-Lieutier approximation theo-
rem [109; Theorem 4.6]. The proof there is more involved, but it is so because their theorem
applies to a more general setting. They do this by using the notions of u-reach, 7,,, and weak
reach, , introduced by Chazal and Lieutier [110, 111].

Let us briefly recall these notions. Let X C R" be compact and z € R™. Then define
I'x(z) := {x € X | dist(z, x) = dist(z, X)}. Let ©x(z) € R" and Rx(z) € [0, 00) to be such
that B(©x(z), Rx(z)) is the (unique) smallest closed ball containing I'x(z). Finally, consider

the vector field
_z—6x(2)

Vx(2) = Gz
which is well-defined whenever z # Ox(z). One can see that for z ¢ R™\ (XUAy) this agrees
with the one defined in Proposition BST 4. However, constructing a flow for this vector field
requires technical tools, since it is not continuous in general, and because the continuous
retraction it gives is only between neighborhoods. In this setting, the u-reach (for u € (0, 1])
and weak reach are given by

Tu(X) == dist(X, {z € R™ | [Vx(2)|| < i} and 7,(X) := dist(X, {z € R | |Vx(2)| = 0}.

Note that the reach is just the 1-reach.
One can see that, in Example B4, 7,(X) = coif p <

0
1—cos 5

\/(17008 %)2+tan2 g
acute angle between the red lines and 7,,(X) = 0 otherwise. However, in Example BSZ_5,

where 6 is the
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Tw(X) > 0, but 7,(X) = 0 for all p > 0. In general, one can show that for every closed
semialgebraic set, 7, (X) > 0 [111]; Proposition 3.6], but one should observe that in order
to make this computational one needs explicit lower bounds. It is not clear how to extend
some of the results that only work for the p-reach, or how to give bounds for the . for which
the u-reach is positive. We discuss this problem in Chapter &. q

352 Reach: Explicit lower bounds

In this section, we provide lower bounds for the reach of an intersection in terms of the
reach of the intersection of the boundaries, a lower bound of the local reach of an analytic
set in terms of Smale’s gamma, and a lower bound for the class of spherical semialgebraic
sets we will be working with.

352—1 Reach of intersections

The main theorem we will prove is the following one.

Theorem 352 1. [88; Corollary 2.6]. Let {X;}ic; be a finite family of closed subsets of R™
and Y C R™ another closed subset. Then

<Ynﬂx> > min 7 Yy n()ox

icl jed
In particular, T (Nje1Xi) > mingc; 7 (Njey0X;).
The theorem will follow from induction from the following proposition.
Proposition 352 .2. [88; Theorem 2.4]. Let X, Y C R" be closed subsets. Then
(YN X)>min{r(Y), 7(YNIX)}.

Proof of Theorem BS%2_1l. By Proposition BS2_2, Theorem is true for # 1 = 1. Assume
that Theorem is true for # I < k, we will show that then it is true for #1 < k + 1.
Let I = Iy U {io}. Then, by Proposition BSZ_2,

T (YHDIX,) =7 <<Y0Q)x,-> mX,-0>
Zmin{r (Ymigox,) ,T((Yﬁigxi> max,b)}.

Since # Iy < k, by induction hypothesis,

(YﬂﬂX,) >m|nr Yﬂﬂc‘)X,

i€ly jed

and, also by induction hypothesis,

T ((Yn ﬂx,-) max,-0> =7 ( Y N oX,) N ﬂx,)
i€ly i€ly

zgﬁgilrgf ((vmax,o)mﬂa&-) _Dmr;T (Yﬂ N ax,-) .

jed jedu{io}
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The first is the minimum over subsets of [ that exclude iy and the second the minimum over
those that contain iy. Hence, taking the minimum of both of them, we prove the theorem for
#1 = k + 1. By the induction principle, the proof is finished. O

Proof of Proposition BS?2_2, Let z € Aynx and x,x € Y N X be different points such that
dist(z, x) = dist(z, x) = distynx(2). As z is arbitrary, it is enough to check that

distynx(z) > min{r(Y), 7(Y N 8X)}

since, then, taking the infimum over z the desired result follows. We consider three cases:
1) x,x € 90X, 2) x ¢ 90X, and 3) x ¢ 0X.
Case 1). In this case, x and x are also the nearest pointsto zin YN9X C YN X and so

diStyﬂx(Z) = diStyﬁax(Z) > T(Y N 8Y)

which shows our inequality.
Case 2). In this case, x is in the interior of X and so there is some ¢ > 0 such that

YNXNB(x,e) =YNB(x,¢),

i.e., we cannot distinguish Y N X and Y locally around x. Further, Y N B(x,e) C B(x,¢) \
B(z,distxny(z)), as otherwise x would not be one of the nearest points in Y N X to z, which
contradicts the way x was chosen.

Let
Z—X

U= —+——,
1z = x|

which is the unit vector of the line joining x to z. By the above paragraph, we must have
Tynx (X + tu) = my(x + tu) € B(x,¢) \ B(z,distxny(z))

for t € [0,min{e/2,7(Y)}). Thus 7y(x + tu) = x, as this is the nearest point in B(x,¢) \
B(z,distxny(2)) to x + tu. Therefore 7(X, x; u) > 0 and, by Theorem B _6(3),

7(Y) < 7(Y,x) < 7(Y,x;u).

Also (Y, x; u) < dist(x, z) = disty~x(z), by Theorem BSX_&(1), since dist(z, x) = dist(z, X)
and x, x € Y. This finishes the proof.

Case 3). This is the same as case 2), but with x in the place of x.

In all three cases, the given lower bound holds. Hence the proposition is proven. O

Remark 352 .1. Although the proof above might look more complicated than that given
in [88; Proof of Theorem 2.4], this is so because there is a small mistake in that proof. In the
case 2), it is claimed that disty(z) = dist(z, x) > 0, written there as dw(x) = ||x — p|| > 0.
However, this is false in general, as shown by

X:={xeR?|x,>0}and Y = (S' nX)UB((0,-1),1/2),

illustrated, respectively, in red and in blue in Figure BS2_4. In this example, one can see that
disty(z) = 1/2 < 1 = dist(z, x) no matter the x that one chooses in Y N X°. q
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Figure 352 .4: X, inred, and Y, in blue, from Remark BSZ_1]

Remark 352 .2. A natural question is whether the lower bounds of Theorem and
Proposition can be extended to the local reach. This motivates the following open
problem.

Open problem E. Given X,Y C R™ closed subsets and p € Y N X, is it true that
T(YN X, x) > min{r(Y, x),dist(x, Aynax)}?

Or more generally, can we lower-bound (Y N X, x) in terms of 7(Y N X, x), dist(x, Aynax)
and disty~ax(x)?

We observe that such a claim was made in [214; Theorem 3.10] (cf. [213]), but the
proof there has a mistake which cannot be corrected.B Such a result is fundamental for the
construction of adaptive grid algorithms for homology of basic semialgebraic sets. We will
discuss this further in Chapter B. q

352-2 Reach of analytic sets

Smale’s gamma (see Definition B3%2_3) plays a fundamental role in the local analysis
of Newton’s method. For example, in the zero dimensional cases, one can show that a
condition for Newton’s method to converge to a zero x of f starting at a point x is that
dist(x, x) < %i(f, x)~1 [147; Théoréme 917]. Since a point cannot converge to two zeros
under Newton’s method, this implies immediately the following proposition.

Proposition 352.3. Let f : R™ — R™ be an analytic function and x € f~1(0) a zero of f.
Then 375(f, x)dist(x, f~1(0) \ {x}) > L O

Now, since x is an isolated point of f—l(O) in the above case, this means that

r(17(0), %) = dist(x, 1 (0)\ {x)),

which can be proven by considering the midpoint between x and one of its nearest points
in f~1(0) \ {x}. Therefore, we have the following.

Corollary 352 .4, Let f : R™ — R™ be an analytic function and x € f=1(0) a zero of . Then
67(f, x)7(f~1(0),x) > 1. O

30n the one hand, it claims W N V C W N &V; on the other hand, it claims that Ax € Ag whenever A C B.
Both of these claims are false, even in very well-behaved settings.
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The main theorem in this section is a generalization of the above result for positive
dimensional zero-sets of analytic functions. This can be interpreted as evidence that the
reach is an analogue in the positive dimensional case of the distance between nearest zeros
of the zero-dimensional case.

Theorem 352 .5, [88; Theorem 3.3]. Let f : R™ — RY be an analytic map and x € f~1(0) a
zero of f. Then
145(f, x)7(F1(0),x) > 1

whenever 7(f, x) is finite.

We will prove the above theorem as we proved Proposition BSE_7, but now we have to
be more careful in order to obtain explicit lower bounds and not only positivity.

Proof. Let M = f~1(0) and let’s prooceed as in the proof of Proposition BSX 7. In this case,
however, we already have a function which gives globally M as its zero set. As in the proof
there, we will consider for each x € R™ such that D4f is surjective, the linear map

Pix =1 — Dy fiDxf

which is the orthogonal projection onto ker Dyf.
We consider the same minimization problem,

argmin{dist(x + tu,y) | y € M},
and we fix u € Ny M in the following. We will show that
1475(f,x)7(F1(0), x;u) > 1

from where the claim will follow by Theorem BST_6(3).
By Theorem BSI_6(1), the smallest t for which this problem does not have a unique
solution satisfies that there is y € M different from z such that

t = dist(x + tu, x) = dist(x + tu, y).

If 77(f, x)dist(x,y) > 1, then 2t > dist(x, y) finishes the proof. Therefore assume that
77(f, x)dist(x,y) < 1 and let n := 7(f, x)dist(x, y) < 1/7.
Arguing as in the proof of Proposition BST 7, we will arrive again to inequality (3=—9).
There we need to bound max [y ‘ D, Py <ﬁ) H and maX ¢y ] HﬁyfTﬁifH from above.
Applying the usual rules of differentiation, we have that

. — T72 . — 1.*2 . T
D,Pi(2) = —D,HD.f(2)Py, — (sz sz(z)Pf,z)
for all zand z € T,R™ = R™. Therefore, by Definition 1323,

ID:Pi(2)]| = |P=AD;(2) Py

< 29(f, 2)||z],
since for A = D,fD>f(2)P;,, we have A% = 0 and so ||A + A*|| = || A||. Hence

max
ze[x.y]

DP,:()H< max_ 25(f, z
Py =« (#.2)

z€(x.y]
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Now, recall that in, the proof of Proposition BSL_T7l, max, ¢/, Hﬁyﬁﬁiﬂ] appears when
we bound ||D,f'f(y) + D, fiDf(x — y) — Dy fTf(x)|| using Taylor's theorem with remainder.
As f is analytic now, we can just take the full Taylor series to obtain

IDyf'f(y) + Dy f'Dxf(x — y) — Dy f'f(x)]

[e'e] 1— .k 00 Ly
ZprfTDyf(X—y’ , X — ﬁDyfTDyf(X—y, ’X_y)H
k=2 =)
3 D D, f|| x — yII* < i (f, )< x — y||F < 7(}£>()||X—y||2
=2 =2 L=7(f,y)lx =yl

Now, by [147; Lemme 132], we have that, under our hypothesis, for all z € [x, y],

3(f, 2) < v(n)7y(f, x) (3.11)
where n := 7(f, x)dist(x, y) and

1
1 - 01— 4t +282)°

B (=5 )| <20

5 5 A4S U
B #t1y) + B, 1Dit(x — ) ~ B0l < 20y — .

r(t) :=

Hence, we obtain

max
ze(x,y]

and

Combining these two inequalities as in (3—3), we get

1 r(n)n ) 1 1
t> 1- — > ——
2r(n) ( 1L—r(n)n) 3(f,x) — 75(f,x)
where the right-hand inequality can be checked by direct computation using that n < 1/7.
Now, this means that 7p(x + tu) = x for t < == ( % and so

T(M,x;u) > TR

which by Theorem BST_6(3) gives the desired result. O

Remark 352 . 3. The above proof is less elementary than that of [88], although it is essentially
the same proof. However, there is a conceptual difference. While in the proof in [88] it is
not clear why Py, plays a role, in the proof above, this is clear as it appears as a result of
optimizing to find the nearest point in M to x + tu. q

Remark 352 . 4. Let us note that there is a deep relationship between reach, curvature and
bottlenecks. The bound of ||D.P¢(z)|| by 2v(f,z) gives also a bound of the norm of the
so-called second fundamental form. We refer the reader to [f]; §3], [88; Proposition 3.4]
and [B0Q; Proposition 6. 1] for further comments on this. q
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352-3 Reach of spherical semialgebraic sets

We combine Theorems B3<_1l and B>% 5 above to obtain a lower bound for the reach
of a spherical semialgebraic set of the form S(f, t, ¢), when f is well-posed and ¢ is a purely
conjunctive lax formula.

Theorem 352 . 6. [92; Proof of Theorem 2.13]. Let f € Hg[q] and t € (—T, T)® be such that
V2R(f)T < 1. Then, for all purely conjunctive lax formulas ¢ over (f, t),

(2 + V2)TDER(F)T (S(F, 1, ¢)) > 1.
Proof. By assumption on ¢, we can write

¢ = I\ (Fagy <k o) I fagio Iw)
kek

with K a finite set, ce {>,<, =} and maps a : K — [g] and b : K — [e]. Therefore, by
Theorem BSZ_1],

jed

T(S(f,t,9)) > Tg“’,]T (ﬂ IS(f, 1, (fagk) o<k tb(k)fa(k)))> -

Note that, by our assumption and the regularity inequality (Proposition B33 _3), S(f, 1, (f; =
til|fillw)) is a regular hypersurface and so, for all xe {>, <, =},

OS(f, 1, (fi o il fillw)) = S(F. ¢, (fi = tllfillw)),

by the Implicit Function Theorem. Thus

jed

7(S(f,1,9)) 2 minT (ﬂ S(ht, (fa) = tb(k)fa(k>w))) :

Because of this, it is enough to prove the bound in the case in which ¢ only has equalities,
i.e., xis (=,...,=). We assume this without loss of generality.

If for distinct k, k" € K, a(k) = a(k’) and b(k) # b(k’), then S(f, t, ¢) is empty and we
are done. Because of this, we might further assume that ¢ is of the form

¢ = N\ = toylIfillw)
leL

with L C [g]and b : | — [e]. Further, note that by the regularity inequality (Proposition 13%_3),
S(f, t,¢) isempty if #L > n+ 1. So we can assume, without loss of generality, that #L < n
and that S(f, t, ¢) is non-empty.

Let T € (—T, T) be such that for | € L, 1y := ty||fi[|w. Observe that S(f, t, ¢) is the
zero set of f- — v in S" and of (f- — 1), = (f—1, 2Ly X? — 1) in R™!. Therefore, by
Theorem B5%2_5,
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Now, on the one hand, for all x € §", 7 ((f- — )¢, x) =7 (f§, x); and, on the other hand,
for x € S(f, t, ¢), we have

0Ol _ il 1
< <T< .
I lw — It [w V2(f)
Hence, for x € S(f,t, ¢),
L 3 D%u(f, X) 3_ 1 3_
27 ((f- - T)S,X) < D2u(f,x) + W +1 < V2D2R(f) + D2 +1 < (24 V2)D2R(f),
KR

due to Corollary and the inequality u(f, x) < v/2%(f) which follows from the regularity
inequality (Proposition B33 3) and /27 (f)||f (x)||/||f*|lw < 1. This finishes the proof. [

Remark 352 .5. We note that the hypothesis of Theorem that requires ¢ to be purely
conjunctive cannot be dropped. The reason for this is that in general, the union of semial-
gebraic sets has zero reach, even in the case that the underlying polynomial tuple is well-
conditioned. An explicit example can be 9

Example 352 .1. Consider f = (X+Y,X-=Y)and ® = ((X+Y > 0)A(X=Y > 0))V((X+Y <
0)A(X—Y <0)).One can see that S(f, ®) C S? has reach equal to zero, due to the crossing
of the two lines at (0 0 1>*. A local image of the set around that point can be seen in
Figure BSZ_5, A

Figure 352 . 5: A semialgebraic set with reach equal to zero

353 Homology of a cloud of points: the nerve theorem

Covers play a fundamental role in topology, as in compactness and (topological) di-
mension. Further, triangulations and CW decompositions can be seen as covers with a
strong combinatorial structure. Among all these topological concepts, one that will play a
fundamental concept in this thesis will be the nerve of a cover introduced by the topologist
Alexandrov.

Definition 353 .1. [5]. Let X be a topological space and C a finite cover of X. The nerve of

C, N(C), is the (abstract) simplicial complex given by

N(C):Z{J§C|HC7§®}. (3.12)

Ceo
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One can see that this notion captures the intersection relations of the elements of a
cover. A highly non-trivial result is the following theorem,@ which says that this intersection
relationships capture the homotopy type of the space when the pieces and all intersections
are topologically trivial.

Theorem 353 .1 (Nerve theorem). [216; Corollary 4G.3]. Let X be a compact space and
C a finite open cover of X satisfying the Leray property:

for every C' C C, Nyecr V is contractible.

Then X is homotopy equivalent to [N (U)).

This form of the nerve theorem is not always the best. Because of that, we will develop
below the statement of the theorem that best suits our objectives. Also, we will introduce a
graph variant of the nerve that will play an important role in making our algorithms faster.

353-1 Simplicial complexes and the computation of their homology

We define what a simplicial complex is, we indicate how the homology of a simplicial
complexes is defined and we give an algorithm for computing this homology, based on this
definition.

Remark 353.1. We don’t intend to introduce the concepts, but we recall them to fix termi-
nology and notation. q

Abstract simplicial complexes and their realizations

Since our focus is computational, we will view simplicial complex just by their combi-
natorial properties, i.e., by how their faces are contained in other faces. This is modelled by
the notion of abstract simplicial complex.

Definition 353.2. Let X be a finite set. A (abstract) simplicial complex over X is a set S C
P(X) of subsets of X such that forallc € Sand all6 C o, we have 5 € S.

Remark 353 .2. We will refer to the elements of S as the faces of S and to the elements of
aface o of § as the vertices of o. q

This is not a topological space. It is just a family of subsets. However, we can associate
to it a “canonical” topological space. Consider the free simplex with vertex set X, which is
defined as the set

AX = {th[x]

xeX

forallxex,txzo,thzl}ng (3.13)
xeX
formed by the formal convex combinations of the points of X. Here we use the notation [x]
to distinguish the vertex [x] in AX from the point x in X. If X C R™, this avoids an ambiguous
notation.

Now, for every o € S, the simplex A? lies inside AX and it is a face of it. Further, this is
compatible with intersections, because for all o, o’ € S, A°?" = A° 0 A", This motivates
the following definition.

“We will sacrifice generality for an easily understandable statement.
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Definition 353.3. Given a simplicial complex S over a finite set X, its realization is the
topological subspace [S] of AX given by

8] = J{A7 | o €}. (3.14)

Whenever we work with topological spaces and continuous maps, the realization of
the simplicial complex will be used. For example, this will be done in our statement of the
functorial nerve theorem.

Remark 353 .3. Note that the realization of a simplicial complex above can be viewed as a
construction of an equivalent geometric simplicial complex.

Definition 353 . 4. A geometric simplicial complex in R™ is a set S of simplices of R™ such
that

0 Forevery o € S and every face 5 of o, & € S.
N Foreveryo,6 € S,ocNaisafaceof o.

One should note that geometric simplicial complexes are like simplicial complexes, but
keeping track of how the simplices lie in some ambient spaces. As this information is irrele-
vant for the homology of a simplicial complex, we prefer to use abstract simplicial complexes
instead of geometric ones. 9

Homology groups of a simplicial complex

Let us recall how the simplicial homology of a simplicial complex is defined. We consider
simplicial subcomplexes of our simplicial complexes and their boundaries. Topological holes
are interpreted as those simplicial subcomplexes that behave like a boundary, but they are
not a boundary. The main idea behind homology is to find an algebraic way of dealing with
the boundary condition, by just counting the faces with orientation.

Consider a simplicial complex S over a finite set X, the dimension of a face o of S is
given by

dmo :=#0c -1, (3.15)

i.e., the number of vertices of & minus one. We consider the set of k-dimensional faces, or
simply k-faces, of S,
Sk :={o €S |dm o=k}, (3.16)

and to each of these set of k-faces we associate the free Z-module

C(S)=2%:={ > n,o|n, €Z (3.17)
o€Sk

of formal combinations of faces. Each of these formal combinations is called a k-chain.

To get a nice formula for the boundary operator, we choose an ordering of X. To define
this order, we just number the elements of X by a bijective map o : X — {0,...,#X — 1}.
This map then induces the map

0, :0 —{0,..,k}
vie #{xe€o|o(x)<o(v)}
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on each k-face o € S. One can see that this numbering is compatible with inclusions, in the
sense that given faces o,d of Sand v,w € 0 C G, 0,(v) < 0,(w) iff 05(v) < 05(W).
Once we have fixed this order, we can define the kth boundary operator

IR CE(S) — CP L(S) (3.18)
which is the Z-linear map given on each k-face o of S by

(o) =Y (=1 (o \ {v}). (3.19)

veo

One can esily check that for all k > 0,
8kA ° 8I<A+1 =0

which is an algebraic version of the intuitive statement that boundaries of simplicial subcom-
plexes don’t have boundaries. By convention, 98 = 0. This motivates the definition of two
submodules of k-chains:

BA(S) := im gy, (3.20)

which are called k-boundaries, and
Z2(S) == ker 92 (3.21)

which are called k-cycles. One can check that these two submodules are independent of
the ordering o on X, although the 8,? are not, and that k-boundaries are always k-cycles.
Coming back to the intuition at the beginning, a topological hole is something that be-
haves like a boundary but it is not a boundary. In this setting, the first is to be a k-cycle and
the second to be a k-boundary. Therefore a “topological k-hole” is a k-cycle that is not a
k-boundary. This motivates defining the kth (simplicial) homology group of S as

HR(S) := : (3.22)

One of the most fundamental theorems of algebraic topology is the following one.

Theorem 353 .2, [216; Theorem 2.27]. Let S be a simplicial complex over a finite set X.
Then there is a natural isomorphism

HA(X) = Ha(S])
between the simplicial homology of S and the (singular) homology of [S]. O

In this way, when we say homology of a simplicial complex, there is no ambiguity to
what we refer to. We can mean either the simplicial homology of the simplicial complex
or the homology of its realization. Pursuing this, we will write 8k (S) instead of g ([S]) and
similarly for the torsion coefficients Tx(S) = (T«k.i(S))ie[s (s), When we speak about the
homology of a simplicial complex.
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Computation of homology groups

How fast can one compute the homology of a simplicial complex is not a settled ques-
tion, as it depends deeply on the structure of the simplicial complex. Further, one can see
that the computation of just the Betti numbers is equivalent to the computation of the rank
of sparse matrices [169]. As the latter is still an open problem, we don’t pretend to give the
best working algorithm, but one that is good enough for our purposes.

The result in which many computations of homology rely is the following one which re-
lates the Betti numbers and torsion coefficients to linear algebraic invariants of the boundary
operators. Recall that the Smith Normal Form (SNF) of an integer matrix A € Zm<m s the
unique diagonal matrix

HrankA—s(A)
SNF1(A)

SNF(A) := e zmm (3.23)
SNFs(a)(A)
@)

where the SNF;(A) are positive integers and SNF;(A) divides SNF; 1 (A) forall i < s(A) <
rank A and such that
A = gSNF(A) h

forsome g € GLy(Z) := {g € Z™™ | det(g) € {—1,+1}} and h € GL (Z).

Theorem 353 . 3. Let S be a simplicial complex and {§ kA} k>0 Its family of boundary operators
with respect to some order o Of its vertices. Then:

(B) For every k,
Bk (S) = # Sk — rank 95 — rank 95, ;.

(T) Forevery k and every i, sy(S) = s(92.,) and
Th,i(S) = SNFi(9R41)-

Proof. By Theorem BS3_ 2, and equations (3—20), (321 and (3—22), we have that

On the one hand, note that ker 92 is a submodule of the free module C2(S) and so also
free by [273; Ch. lll. Theorem 7.7]. Since extending to the rationals preserves the rank of a
free module [273; Ch. XIV. Proposition 4.1], we can see that

rankz ker 9 = dimg ker 95 = # Sk — rank d;.

On the other hand, choose a Z-basis of ker 9 and another Z-basis of C£,, (S) such that
9,1 1 CRL1(S) — ker 95 is in SNF with respect to these bases. Then, by direct computa-
tion, we have that

s(Of 1)

Z

A
ker 8k ~ rprankg ker 9P —rank 97
(AA ’
SNF,(akH)Z

| ~ 7 R @
imog, |
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Combining the above two paragraphs, we get the desired result by [273; Ch. /Il Theo-
rem 7.3 and 7.7]. O

By the above theorem, computing the homology of a simplicial complex is reduced
to computing the Smith normal form of its boundary operators and computing the Betti
numbers to computing the rank of its boundary operators. We have then the following two
algorithmic schemes for computing the Betti numbers and homology of simplicial complexes.

Algorithm 1: SIMPLICIALBETTI
Input :leN
simplicial complex S

<0
fori+ 1to/+1do
L re + rank 92
bk—1 < #Sk—1 — rk—1 — Ik
Output bg, ..., by

Output : £ first Betti numbers 5y(S), ..., Be(S) of S

Algorithm 2: SIMPLICIALHOMOLOGY
Input :feN
simplicial complex S

rp <0
o+ 0
fori<— 1to/+1do
Compute SNF(95)
r <+ rank 95
sk < S(05)
te < (SNF1(82), ..., SNFg, (92))
| bk—1 < #Sk_1 — k-1 — Ik
Output by, ...,bpand ty, ..., ty

Output : ¢ first Betti numbers 5y(S), ..., 5¢(S)
and / first torsion coefficients T1(S), ..., T¢(S) of S

The complexity of algorithms SIMPLICIALBETT| and SIMPLICIALHOMOLOGY depends on
how much time one needs to compute, respectively, the rank and the SNF, where we ob-
serve that we don’t need the matrices that put the boundary operator in SNF. The following
deterministic bound shows that one can bound the computation in terms of the size of the
simplicial complex.

Proposition 353 . 4. [[142; Proposition 4.6] Algorithms SIMPLICIALBETT] and SIMPLICIALHO

take O34 (# Sk)?)-time.

Proof. We will use the algorithm of Storjohann [383] for computing the SNF. Since the
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boundary operators have entries of bit-size at most 1, the algorithm takes O~ (m*~tm’'M(m"))
on amatrix A € Z™™  where O™ indicates that polylog-factors are omitted, w is the expo-
nent of matrix multiplication and M(t) the complexity of multiplying two integers of bit-size t.
We know that w < 2.8, by Strassen’s algorithm [384], and M(t) < t2, by the standard multi-
plication algorithm. We eliminate the polylog-factors by bounding then by O(m®tm’-1), O

Remark 353 .4. We note that the above deterministic complexity bound is far from being
optimal. The above complexity bound can be improved. Using the algorithms from Gies-
brecht [191], we can turn the exponent from a 5 to less than a 4 for homology, and from 5
to less than a 3 for the Betti numbers. q

Remark 353 .5. We note that persistent homology gives an alternative way to perform the
computation of homology in the cases of interests. The main idea is to update the simplicial
complex by successively adding faces to the complex and update the computed topological
invariants. In many contexts and for many purposes, this is more efficient than the algorithm
described above.

The above applies specially in our setting, since our simplicial complexes will have a
natural order of the faces given by their ocurrence as we vary the parameter of the Cech or
Mayer-Vietoris complex. However, we don’t pursue this path as it does not entail a theoret-
ical advantage in the complexity. However, in any future implementation of the algorithms
described here, one should take into account these computations of the homology, as they
are more efficient in practice. q

353-2 Cech complex and the functorial Nerve theorem

The Cech complex is the nerve of a collection of closed balls of the same size. Because
of this, it captures the homology of a cloud of points.

Definition 353.5. [167; /I.2]. Let X C R™ be a finite set of points and £ > 0. The Cech
complex of X of radius ¢ is the simplicial complex

C.(X) =N ({B(x,e) | x € X}) = {0 C X | Nyes B(x, ) # 2} (3.24)

Theorem 353 .5, [et X C R™ be a finite set of points and ¢ > 0. Then U (X, €) is homotopy
equivalent to [CE (2()}

Proof. The only issue to apply the nerve theorem (Theorem BS>_1]) directly is that its state-
ment applies to open covers. We now show that this is not an issue for the case at hand.
Note that there is a sufficiently small § > 0 such that for all t € [0, d), Cot(X) = C.(X).
This identity allows us to interpret C..¢(X) as the nerve of {B(x,e + t) | x € X} for all
t € (0,6). By making § smaller if necessary, we can guarantee thatforall t € [0,9), U(X,e) —
U{B(x,e +t) | x € X} is a homotopy equivalence, by Durfee’s theorem (Theorem 253 1))
Hence we can apply the nerve theorem (Theorem BS3 1) and finish the proof. O

A drawback of the above theorem is that it does not allow us to deal with unions of
Chech complexes. In order to do this, we need a version that is functorial, i.e., that involves
an explicit map. This is what we do below, giving two proofs. One using the nerve theorem
and one using the homological inclusion-exclusion transfer, which will play a fundamental
role later.
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Functorial nerve theorem
Let X C R™ be a finite set. We want a map

AY 5 R™

mapping [Cv)e()()] into U (X, ) and inducing an isomorphism in homology. An obvious can-

didate is
Er: AY 5 RT

Z ty[x] — Z X (3.25)

xXeX XeX

which is the unique affine map sending each vertex [x] to the corresponding point x. We
note that the rule of this map is independent of the finite set X', which is why we omit the
subscript.

The next theorem shows that &x is the map we are looking for.

Theorem 353 . 6 (Homological functorial nerve theorem). [91; Theorem 5.2]. The re-
striction &x: [C. (X)] — U(X,e) of the affine map Er induces an isomorphism in homology:

Eme: Ha ([ég(x)]) s Ho(U(X,2)).
The following lemma is needed to show that & maps [C. (X)] to U(X, e).

Lemma 353.7. [91; Lemma 5.1]. Let X C R™ be a finite set of points and ¢ > 0. If
Nxex B(x,€) # @, then conv(X) CU(X, ¢).

Proof of Lemma BS* 7. Without loss of generality, by Carathéodory’s Theorem [424;; Propo-
sition 1.15], we can assume that conv(X) is a simplex. Suppose (), B(x,e) # @. For a
nonempty o C X, take p’ € (¢, B(X,¢), and let p, be the closest point to p" in conv(c).
Then p, € Nye, B(X,€). To see this, just note that when moving from p’ to p,, the distance
to each x € o decreases.

We now consider the barycentric subdivision of conv(X) with respect to the family of
points {p, | ¢ C X'}, which is a barycentric subdivision where we take p, instead of taking
the centroid in the relative interior of each face o C X'. It is sufficient to show that conv(A) C
U(X,e) for every maximal simplex of this subdivision. Every such simplex A has the form
CONV(Px,}s Pixy xo}s -+ s Px), Where x; € X', so we have pry, . x.} € N, B(xi,e) C B(x1,¢)

for each of its vertices pyy, .. x,}- Therefore, A C B(xy,¢) C U(X, ) by convexity. O

.....

First proof of Theorem BS*_8. Let o € C.(X). Then ., B (x €) # @ and so, by Lemma

applied to o, conv(c) C U(o,e) C U(X,¢). As [ } (x )A" and

UEC
conv(o) = &r (A9), it follows that & <[Cv) (X )]) C U(X,¢e). Thus & is a continuous map

[Cg (X)} — U(X, e). It only remains to prove that it induces an isomorphism in homology.
Let {¢x}xex be a partition of unity in (X, ) subordinate to {B(x, ) }xex. That is, the

¢x are continuous maps ¢y : U(X,e) — [0,1] such that ¢ is zero outside B(x,¢e) and

> xex &x = 1. (For example, we could take ¢y := Z o, with px(p) := max{e—||p—x|,0}.)
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We define the continuous map
p:UX,e) — [CE(X)}
p— Z ox(P)[X]

XeX
and will show that ¢ o  is homotopic to the identity id (v ). To do so, consider the linear
homotopy
t— t(éﬂ' o (,0) + (]. — t)idZ/I(X,E)

between Cr o  and idy(x ). To show that this linear homotopy restricts to a homotopy of
functions U (X, e) — U(X, e), we only have to check that for every p € U(x, €), the segment
[Em(¢(p)), p] is contained in U(x, ¢).

In order to check this, put X' := {x € X' | ¢x(p) # 0} and note that

&n(e(p) = 3 dx(p)x € conV(X).
XEX
We have p € (,cx B(x,€) since ¢x(p) # 0 implies d(x,p) < e. By Lemma we
have conv(X) C U(X,e). So Cr(p(p)) € U(X,e). Hence there exists x € X such that
¢r(p(p)) € B(X,¢). Since also p € B(x,¢), we have [p, ¢n(p(p))] C B(X,e) CU(X,e).
So we have shown that &7 o ¢ is homotopic to the identity. Therefore,

mww(@4nD—wwmx@)

is an epimorphism for every £. Now, by Theorem BS3_5, H, ([CE (X)D and Hy(U(X,¢)) are
isomorphic finitely generated abelian groups. We conclude that &r induces an isomorphism
in homology, because a surjective homomorphism between isomorphic finitely generated
abelian groups is an isomorphism [336; Exercises 4.2(10)]. O

Homological inclusion-exclusion transfer

The “inclusion-exclusion” in the title above refers to the idea of inferring information on
the homology of a space X (or a map between spaces) from the homology of intersections
of subspaces, in a manner akin to the combinatorial inclusion-exclusion principle.

Let X be a topological space and C,(X) be its singular chain complex. For A, B C X we
denote by C.(A + B) the subcomplex of C,(A U B) generated by the singular simplices that
either lie inside A or inside B. We will say that a finite family {X;}ic; of subsets of X satisfies
the Mayer-Vietoris hypothesis when, for every non-empty J C land k € I\ J, the inclusion
of chain complexes

Co[ X+ X | = Co | XUl X ]
jed jed
induces an isomorphism in homology. We will say that it satisfies the inductive Mayer-Vietoris
hypothesis when, for all finite families {F;}sc; of subsets of I, the family of intersections
{Nher,Xn}ecL satisfies the Mayer-Vietoris hypothesis.
The reason to introduce this last notion is that it gives a common name to the three
main situations that we will encounter and in which this condition holds:
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1) The family {Xj}ic; is a family of open subsets of |
hypothesis holds due to [216; Proposition 2.21].

i1 Xi- The inductive Mayer-Vietoris

2) The family {X}ic; is a family of closed subcomplexes of a CW-complex. The inductive
Mayer-Vietoris hypothesis holds due to [346; Cor. 8.44].

8) The family {X;}ic/ is a family of closed semialgebraic sets in RN. The inductive Mayer-
Vietoris hypothesis holds due to the Semialgebraic Triangulation Theorem [70; Theo-
rem 9.2.1] combined with situation 2) above.

In all these three situations, the inductive Mayer-Vietoris hypothesis will allow us to use
the Mayer-Vietoris exact sequence in inductive arguments, such as the one for the following
theorem.

Theorem 353 . 8 (Homological inclusion-exclusion transfer). [91 Theorem 5.4]. Let X
and Y be topological spaces and {Xi}ici, {Yi}ie be finite families of subsets of X and Y,
respectively, satisfying the inductive Mayer-Vietoris hypothesis. We assume that X = (J;c; X
and Y = {Jc, Yi. Moreover, let f: X — Y be a continuous map such that f(X;) C Y; for all
i € I. Let k be an integer such that for all nonempty J C I with |J| < k, the morphism

He(f): He (NjeyXj) = He (NjesY))
is an isomorphism for £ < k and an epimorphism for £ = k. Then
He(f): He(X) = He(Y)
is an isomorphism for £ < k and an epimorphism for ¢ = k.
The following is an immediate consequence of Theorem BS3_8.

Corollary 353.9. [91; Corollary 5.5]. Under the assumptions of Theorem if, for all
nonempty J C I, f: Njey X; — NjeyYj induces an isomorphism in homology, then f: X — 'Y
induces an isomorphism in homology. O

Proof of Theorem BS*_8. The proof is by induction on the size of I, for arbitrary k. The as-
sertion is trivial when I'is a singleton.

Let I =1 U{ip} with ip € I'. By assumption, we have f (Uicy Xj) C Uicr Yi, f(Xiy) € Yi,
and f (Uier (Xi, N Xi)) C Uier (Yj, N Yi). By induction hypothesis, the maps

Bi + He(Xiy) = Hi(Y) and 57 : Hy (Uier Xi) = He (Uier Yi)
induced by f are isomorphisms for ¢ < k and epimorphisms for ¢ = k, and the maps
g+ Hy (Uier (Xiy N X)) € He (Vier (Yiy NY5))

are isomorphisms for £ < k —1 and epimorphisms for £ = k —1. Here we view Njcy(Xj, N X;) =
Xi, N (NjeyX;) as an intersection of |J| 4 1 subsets, for J C I' with |J| < k — 1. (Note that the
inductive Mayer-Vietoris hypothesis is necessary to apply the induction step, as it guarantees
that the families {Xj, N Xj}jes and {Yj, N Y;}jey satisfy the induction hypothesis; this is not
necessarily the case with the Mayer-Vietoris hypothesis.)



126 Josué Tonelli-Cueto

He (Uier (Xig N X)) —————— Hy (Uier (Yiy 0 Y3))

B
He(Xiy) @ He (Uier Xi) ————— Hy(Yiy) @ He (Uier Vi)

He (Xiy U (Uier Xi)) —————— Hg (Yi, U (Uier Yi))
e

He—1 (Uier (Xio N X)) — L L H (Uier (Yi, N Y)))

By
He 1 (Xiy) ® He—1 (Uier Xi) —— Ho_1(Yiy) ® Hp—1 (Uier Vi)

Figure 353 . 6: Natural map of Mayer-Vietoris sequences in the proof of Theorem BS3_8.

The map of pairs f : (Ujer Xi, Xiy) — (Uier Yi, Yi, ), and the fact that these pairs satisfy the
Mayer-Vietoris hypothesis, induce the commutative diagram of Mayer-Vietoris sequences
shown in Figure BS3_&, where oy, 5, and v, are the maps in homology induced by f.

In this figure, the induction hypothesis ensures that «y is an isomorphism for £ < k — 1,
an epimorphism for ¢ = k — 1, and that g, is an isomorphism for ¢ < k and an epimorphism
for ¢ = k. This gives us two cases to consider: £ < k — 1 and ¢ = k.

If¢ < k — 1, then ay_q1, Br—1 and By are isomorphisms and «y is an epimorphism.
Therefore, by the Five Lemma [847; Proposition 2.72(iii)], ~¢ is an isomorphism.

Otherwise, if £ = k, then 8, and «,_1 are epimorphisms, and 3,1 is an isomorphism.
Therefore, by the Four Lemma [347; Proposition 2.72(i)1, ¢ is an epimorphism.

The statement now follows by induction. O

Remark 353.6. Theorem can be considered a homological version of the Vietoris-
Begle Theorem [379; p. 344] for homology in terms of coverings. For example, one can see
that for a locally trivial fibration =: E — B with (k — 1)-connected fiber F, the homological
inclusion-exclusion transfer implies the homological Vietoris-Begle Theorem since, for every
trivializing open subset U C B, Hy(F x U) — H(U) is an isomorphism for ¢ < k and an
epimorphism for ¢ = k, q

We give now an alternative proof of the functorial nerve theorem (Theorem BS*_6) that
does not use the nerve theorem (Theorem BS*_§) but the homological inclusion-exclusion
transfer we have just proven.

Second proof of Theorem BS3_6. By Lemma BS* T, arguing as in the previous proof, the
map & : [CVDE (X)] — U(X,e) is a well-defined continuous map. Now, using the first part of
the proof of Lemma BS*3, we construct a map q: C.(X) \ {2} — [CE(X)} such that for
each o € C.(X),

q(o) € A? and &r(q(0)) € (] B(x, 2).

Xeo
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Now, let
M = {(o1,...,00) | £ > 1; foralli, #0; =i, 0; C i1 and o; € C.(X)}
be the set of maximal flags of C. (&X). We have then that
T :={conv(q(o1),...,q(a))) | (o1,...,00) € M}

and

B .= { U B(x,¢) | (o1,...,01) € M}

X€Eo|

are closed covers of, respectively, [CE (2()} and U (X, e). Note that for T this is so because
it is the set of maximal faces of the barycentric subdivision with respect to the family of points
given by {g(0) | o € C.(X)}.

Furthermore, one can see that for every (o1, ..., 01) € M,

¢r(conv(q(o1),...,q(oy))) C B(x1,¢e) C U B(x,¢)
X€Eo)
where o1 = {x; }. Hence, by the homological inclusion-exclusion transfer (Corollary BS39), it
is enough to check that on the intersections & induces an isomorphism in homology, since
both 7 and B satisfy the inductive Mayer-Vietoris hypothesis (as they can be as covers
formed by closed semialgebraic sets).

Now, every intersection of elements of T is a convex set and so contractible; and every
intersection of elements of B is a union of closed balls with non-empty intersection and so
contractible (by taking the continuous retraction onto any common point). Thus &= induces
trivially an isomorphism in homology for every intersection and we are done. O

Remark 353 .7. Let us note that the proof above is complete and accessible to every first
year algebraic topology student who has covered the basics of homology theory. Standard
references in topological data analysis (such as [[167]) don’t usually prove the nerve theorem
at all. In this way, the above proof can be a nice addition to introductory courses in topological
data analysis. q

353-3 Vietoris—Rips graph and complex

Building the Cech complex requires to check if the intersection of many Euclidean balls
is non-empty. From the viewpoint of complexity, this is not a restriction to us, since it can
be done in singly exponential time using any algorithm for deciding (such as the one
in [34; Ch. 714]). However, one may feel uncomfortable to use such a result in our numerical
approach, because, on the one hand, it feels contrary to the grid method’s philosophy to rely
on an step of high computational cost and, on the other hand, it would make any potential
implementation tedious.

Because of the above, we introduce a variation of the Cech complex where we only
have to check the pairwise distance of the points in our point clouds. We provide at the end,
an approximation theorem that guarantees us that we still get the same homology. We note
that functoriality will not be lost, as the new simplicial complex will contain the Cech complex
with the isomorphism in homology induced just by inclusion.
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Vietoris-Rips complexes and graphs

The main idea of the Vietoris-Rips complex is to get a simpler complex than the Cech
complex at the potential cost of losing some topological information, because of the added
faces.

Definition 353.6. Let X C R™ be a finite set and € > 0, the Vietoris-Rips complex of X of
radius &, VR (X), is the simplicial complex given by

VR.(X) :={o C X |forall {x,X} C o, dist(x,X) < 2¢}. (3.26)

One can easily see that C.(X) C VR.(X), since the condition for the Cech complex
requires that the intersection of all the balls to be non-empty while the one of the Vietoris-
Rips complex only requires all pairwise intersections to be non-empty. In the other direction,
one has the following proposition.

Proposition 353.10 (Jung’s Theorem). [[146; Theorem 2.5]. Let X C R™ be a finite set

and > 0. Define
2m

O = mHe[l,\/i). (3.27)

Then Ce(X) C VR.(X) C Cey, (X). O

Remark 353 . 8. We note that the constant 1, is optimal with respect to the inclusion VR (X ) C
Cone (X). To see this, we only have to consider the vertices of the standard simplex. 9

Before continuing, we should observe that all information of the Vietoris-Rips complex
is encoded in its graph. This motivates the definition of the Vietoris-Rips graph.

Definition 353.7. Let X C R be a finite set and ¢ > 0, the Vietoris-Rips graph of X of
radius e, GY®(X), is the graph with vertex set X whose edge set is given by

E(GYR(X)) == {xy | dist(x, x) < 2¢}. (3.28)

Then the following proposition is straightforward. Recall that a clique of a graph is a
subset of vertices such that the induced graph is complete, i.e., there is an edge between
every two vertices.

Proposition 353 .11. Let X C R™beafinite setand e > 0. Thenforallc C X, o € VR.(X)
iff o is a clique of GY'® (X). O

One can formalize the above by saying that the Vietoris-Rips complex is the clique
complex of the Vietoris-Rips graph. The importance of the Vietoris-Rips graph is that it can
be manipulated at a lower cost than the Cech complex and doing so gives improvements
both in practice and in theory [425].

Attali-Lieutier-Salinas approximation theorem

In principle, one might consider that the Mayer-Vietoris complex will lose always topolog-
ical information. However, just by strengthtening a little the conditions of the Niyogi-Smale-
Weinberger approximation theorem, one can still guarantee that no topological information
is lost as shown by Attali, Lieutier and Salinas [14, 15].
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Theorem 353 .12 (Attali-Lieutier-Salinas approximation theorem). Let X C R™ be a
compact set such that 7(X) > 0 and X C R™ a finite set. Then for all ¢ > 0 such that

Tdistpy(X, X) <e < %T(X), (3.29)

X is a deformation retract of U(X,e) and the inclusion ¢ : C-(X) < VR.(X) is an ho-
motopy equivalence. In particular, X and VR.(X) have isomorphic homology groups (via
Lo (Em) V).

Proof. Let 7 := 7(X) and d := disty(X, X'). Then combining [15; Lemma 5], [15; The-
orem 7] and [15; Lemma 12], with ;1 = 1, we see that the inclusion C.(X) — VR.(X)
induces an homotopy equivalence whenever ¥ + 6 < t and

t— /12— (Ume +6)2 < (2 —Opm)e — 26

for some t < 7(X) and § > d. Taking ¢ to d and t to 7, the condition simply becomes
Ime +d < 7 and

T — /72 — (Ume + d)2 < (2 — Ip)e — 2d.
Divide now everything by d and rename x :=¢/dand o = 7/d, so that we get ¥mx + 1 < «
and

a—/a2 = (Omx +1)2 < (2—Im)x — 2. (3.30)
We will show that this condition holds whenever
(6%
7 —
<X < 5

from where the above claim follows, because in this case it also holds 3 < x < «/2
which is the condition (3—1m) of the Niyogi-Smale-Weinberger approximation theorem (The-
orem BST_8). The last claim is just applying Theorem BS3_4.
Consider the left hand side asamap f : (Imx + 1,00) — Rs of a. Then
a B —f(a)
V2 = (Omx+1)2 /a2 = (Omx +1)2
and so f decreases with «. This means that for a« > 5x, we have

a— /a2 — (Omx +1)2 < 5x — \/25x2 — (Umx + 1)2,

flla)=1-— <0

and so, for a > 5x, (32230) is implied by

5X — 1/25x2 — (Umx + 1)2 < (2 — Opm)Xx — 2
which, as ¥, € [1,v/2], is implied by

5X — \/25x2 ~(V2x+1)2 < (2-V2)x — 2.
Eliminating squares, this expression becomes

6(vV2—2)x2+6(2+V2)x+5<0

which holds for x > 7. The proof is concluded. O

Remark 353 . 9. The above result cannot be found in any of the papers using the grid method
to compute homology groups [142, 88, 91|, 92]. This will allow this thesis to have a consider-
able improvement over the results there, since our algorithms would only require evaluation
of distances to construct the simplicial complexes with the same homology. q
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Further comments

Most of the exposition in this chapter regarding the Niyogi-Smale-Weinberger approxi-
mation theorem (Theorem BS*_8) and the lower bounds of the reach follows the lines of [88].
However, we have given full proofs of all the statements, since there is no single reference
were all details were together. The last section follows mainly the guidelines from [91]], from
where many statements and proofs (concretely those of the functorial nerve theorem (Theo-
rem and the inclusion-exclusion transfer (Theorem and Corollary BS3_9)) were
taken with minor modifications.

The major addition of this chapter is the inclusion of the Vietoris-Rips complex and
the Attali-Lieutier-Salinas approximation theorem (Theorem BS3_12) which could lead to
an efficient implementation of the algorithms exposed in this thesis and avoid the use of
expensive subroutines to construct the simplicial complexes our algorithms rely on.
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WMaARRE EEFH— WG g, B, RRIVEEL KA LATH
/N, BRI AL A (— LN 4B AL H)

Numerical algorithms
for the homology of semialgebraic sets

After the Three Years of Great Famine (=4F K1J13%), consequence of the failures of the
Great Leap Forward (K ki) of Mao Zedong (& 4), the Chinese Communist Party had
to undertake a serious reform of Chinese agriculture and economy to avoid an even greater
disaster [Q5]. Liu Shaoqi (x]/>#) and Deng Xiaoping (X[5/\F) took this challenge and led a
sequence of necessary reforms inside China [Q5].

While they were justifying their reform, Deng Xiaoping would pronounce his famous
citation of the Sichuan proverb “Yellow cat, black cat; as long as it catches the old rat,
good cat” (¥ . A, HEHEEE R Z L) during his speech “Restore Agricultural
Production” (JE#EVK I &\ A= 77) on the 7th of July of 1962 [Q3] (cf. [Q4]). Showcasing
his future heterodox approach to economy, although not to politics, he would claim in this
speech that “[o]ur sole aim is to win by taking advantage of given conditions” and that “we
should not stick to a fixed mode of relations of productions but adopt whatever mode that
can help mobilize the masses’ initiative” [Q3].

Leaving aside Chinese history and politics and coming back to the rhetoric of this thesis,
we will just made these words ours in the context of computational semialgebraic geometry
and say:

Tavk, BEE s, R R R R R b v O

And paraphrasing Deng Xiaoping, we say that our sole aim is to solve the problem taking

The introduction of this chapter is unorthodox, but, after several chapters, it is important to recover the
focus. For this, we are using this historical metaphor built around the famous Sichuan proverb of the cat. In this
way, we hope that the underlying philosophy of this thesis is transmitted better by these catchy phrases. The
reader who does not like this rhetorical style should not worry, because the mathematical exposition will be in
the same rigorous metaphor-free style as it has been.

'Symbolic algorithm, numerical algorithm; as long as it can solve the unsolved problem, good algorithm.
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advantage of given conditions and that we should not stick to a fixed mode of computation
but adopt whatever mode that can help mobilize the answers.

This philosophy means that we should not limit ourselves to the symbolic mode, but
embrace any mode that allows us to progress, such as the numerical one. In this chapter,
we show the numerical algorithms that improve the current state-of-the-art in the path to-
wards [I5] and [[B]. This chapter is the climax of this thesis. Chapters m, 2 and B were just
leading us here.

First, we show the recipe for constructing simplicial approximations ; second, we show
how the condition numbers & and %, can be estimated fast; third, we show a numerical
algorithm solving [I5] and [] that runs in singly exponential time with high probability; and
fourth and last, we prove that this algorithm is stable, i.e., that it can run in finite precision
and produce correct results.

451 Simplicial approximation of semialgebraic sets

We begin by showing the basic recipe by which one can obtain a simplicial approxi-
mation of a well-posed semialgebraic set. In the next section, we will turn this recipe into
effective algorithms. The basic ingredient of our recipe will be spherical r-nets G C S”, from
which the simplicial approximations are constructed.

Definition 45 . 1. Let r > 0. A spherical r-net is a finite set G C S" such that for all x € S",
dists(x,G) < r.

Remark 45* . 1. We note that a spherical r-net is an r-net of S”, but the opposite is not true
since the Euclidean distance does not coincide with the geodesic distance on the sphere.
However, every r-net of S™ is a spherical & -net. q

We divide our recipe in three steps. First, we show how a spherical r-net allows one
to produce clouds of points approximating the desired closed semialgebraic sets in the
Hausdorff distance; second, we show how to construct a homologically equivalent simplicial
complex out of a family of clouds that approximates the atoms and whose intersections
approximate the corresponding intersections of atoms; and third and last, we show how
to approximate a general semialgebraic set by a closed one using the Gabrielov-Vorobjov
approximation. Of course, all this will require the fundamental assumption 7(f) < oc.

451—-1 Sampling of spherical semialgebraic sets

The following is the fundamental construction to approximate semialgebraic sets. The
idea is to take those points in the spherical r-net G that are near the semialgebraic set that
we want to approximate, where ‘near’ means that they satisfy approximately the defining
formula of the semialgebraic set.

Definition 451 . 2. [91; (6.6)]. Let G C S" be a spherical r-net, f € Hqlq], t € (T, T)® and
® a lax formula over (f, t). The approximating cloud of G-points for (f, t) is the set

X(f, t,@,g) = SDl/Zr(f, t,(I))ﬂg, (4.1)

where Sp1/2,(f, t, @) is the algebraic neighborhood of S(f, t, ®) defined in (2=H).
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In the special case that ¢ is an atomic formula of the form (fi oc t||fi|jw), we write
X (f,1,G) for the corresponding cloud of points.

The following theorem justifies the term ‘approximating’ as it gives the conditions under
which the approximating cloud is near the corresponding semialgebraic set with respect to
the Hausdorff distance.

Theorem 45 .1 (Sampling theorem). [91; Theorem 6.5] and [92; Theorem 4.7]. Let f €
Halqgl, t € (=T, T)®and T,r > 0 be such that v2D:%(f)(r + T) < 1 and III(t) > 2Dxr.
Then for every spherical r-net G C S" and lax formula ® over (f,t),

disty (X (f, 1, ®,G),S(f, t,®)) < V2 DY?%(f)r.

Proof. By Proposition RS2, we can assume, without loss of generality, that @ is in disjunc-
tive normal form. Furthermore, we can assume that @ is purely conjunctive, since

diStH(U,tzlA;, U,tle,') < max diSTH(Ai, B,‘)
i

for any compact sets Ay, ..., A;, By, ..., B C R™1,
By the construction of X (f, t, ®, G) and Proposition ST 3,

X(f,1,®,G) C Spuya,(F,1,®) C Us (S(f, t,®), \/inl/%(f)r) cu (S(f, t,®), \@Dl/QE(f)r) .

By assumption on G, for all x € S(f, ®), there is some gx € G such that dists(x, gx) < r.
Thus gx € Us(S(f,t,®),r) C Spi/2,(f, t,®), by Proposition BST_3, and so gy € X(f,t,®,G).
Hence

S(f, 1, ®) C Us(X(f,t,®,G),r) CUX(FL,®,G),r) CU (X(f, t®,G), \@Dl/Qﬁ(f)r) ,

as D > 1 and %(f) > 1. The inequality on the Hausdorff distance follows from the two
inclusions above by Proposition BST 11, O

45*—2 Simplicial approximation of closed S(f, t, ®)

The sampling method above allows us to obtain approximations of semialgebraic sets
as near as we want with respect to the Hausdorff distance. One interesting property of the
method of sampling that we are using is the following identity:

X(f,t,8,G) = & (X,j(f, 6G), X2 (f,1,G), X5 (F,1,6) i€ lalje [e]) . (4.2)

Further, note that X5 (f,1,G) = X7 (f,1,G) N X5 (f,,G). This means that once we are able
to approximate the atomic semialgebraic sets of the form S(f, t, fi > tj||fi|jw) and S(f, t,f; <
til|fillw), we can approximate all the possible lax semialgebraic sets that can be constructed
from (f, t).

This motivates the assumption on the following theorem, which gives us a way of ap-
proximating the homology of a semialgebraic set via a simplicial complex with the same
homology.
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Theorem 45! . 2 (Cech homology witness theorem). [91; Theorem 2.4] and [92; Theo-
rem 4.6]. Let f € Hqlq) and T > 0 be such that QE(f)T <l,ande > 0. Lette (—T,T)°.
Moreover, for i € [q] and j € [e], let X7, X7 7 X C S" be closed subsets such that for all
ihj Xj = /’\,’5 N /’\,ﬁ and for all purely con/unct/ve formula ¢ over (f,t), we have

3disty ((p ()(,],)(,J,X— lielq],je [e]) ,S(f, t, ¢>)) < & < min {48D3}2;{(f)’ ?21[()2 }

Then, for all lax formulas ® over (f, t), the set S(f, t, ®) and the simplicial complex
@ (C-(%7),C-(%7),C-(x5) | i € [q]. j € [e])
have the same homology.

Theorem 45! . 3 (Vietoris-Rips homology witness theorem). Let f € Hq[g) and T > 0
be such that 2R(f)T < 1,and e > 0. Let t € (—T, T)®. Moreover, for i € [q] and j € [e], let
X X7 7 = C S" be closed subsets such that for all i, j, Xj = X,? N Xf and for all purely
conjuncz‘/ve formula ¢ over (f,t), we have

7disty (gb(X,j,X,/,X— lielq],je [e]),S(f,t,qb)) <e< min{ ! Hl(t)}.

120D3/2%(f)’ 30D3%
Then, for all lax formulas ® over (f,t), the set S(f,t, ®) and the simplicial complex

@ (VR (%), VR(X7), VR (%5) | i € [d]. ] € [e])
have the same homology
Proof of Theorem 45t _2. Let

¢ =0 (C.(X7),C.(%7),C-(%5) i€ [dl. j € [e]) -

Let p > 0 be such that

1) V2E(f)(p + T) < 1, 2) TIL(t) > 2p, and 3) 6Dz < p.

Note that such p > 0 can only exist if

1 . 1 ()
6Dz2¢e < mm{\/iﬁ(f) — T,2}.

The assumption on e implies that

6D%5 < min{

Now we note that

since
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which in turn is guaranteed by the assumption 2£(f)T < 1 and D > 1. This guarantees the
existence of the positive number p satisfying the desired inequalities.

We can assume, without loss of generality, that ® is of the form

o= \/ be
€e=
where ¢ is a purely conjunctive lax formula over (f, t) in normal form, since, by Proposi-
tion and its proof, this does not change any of the sets involved.

We will use the Inclusion-Exclusion Transfer (Corollary BS*_9) to show that both S(f, t, @)
and ¢ have the same homology as the algebraic neighborhood S,(f,t, ®) for the p chosen
above. By properties 1) and 2) of p, we can use the quantitative Durfee’s theorem (Theo-
rem 53 2) to deduce that, for all I C Z, the inclusion

[)S(f.t,6¢) = S(f. 1, Acerte) € Sp(f.t, Ajeudy) = [)Sp(f. 1. 8))
gel el
induces an isomorphism in homology. In addition, we have
L S(f.t.0¢) =S(f.1,®) and | S,(f.t, ¢e) = S,(f,1, ),
e= £e=
so we can apply the Inclusion-Exclusion Transfer to the families {S(f, t, ¢¢) }eez and {S,(f, t, ¢¢) }ee=
to deduce that the inclusion
S(f, t,®) — S,(f, t,®) (4.3)
induces an isomorphism in homology.

We now need to show that € and S,(f, t, ) have the same homology. To do so, let us
denote

XV = (X7, X5, X5 i € (g, ) € [e]) (4.4)
where 1 is a purely conjunctive formula over (f, t).

We first prove that for all z in the Euclidean neighborhood U(X¥, <), we have that for

any purely conjunctive formula v over (f, t),

dists <| 2" S(f, t, w)> < 6e. (4.5)
Indeed, for all yg, y; € S”,

dists(yo, y1) < gdiSt(}’Oy}’l) < dist(yo, y1)-

Consequently,

N

I “”)

iy Z> +2d(z, _)(7#) + ZdiSTH(Xw, S(f,t,9))

dists (’ 2T’ S(f, t, qp)) < 2dist

< 2dist

N|IN N

< 2dist ,z> +2d(z, X¥) + 2¢

V4
12|

N ~— N~ N~

= 2dist(z,S") + 2d(z, X¥) + 2¢
< 4dist(z, XY) + 2¢
< e,
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where the second line follows from the triangular inequality for the Hausdorﬁ distance, the
third one from disty (X%, S(f, t,1)) < £/3, the fourth one from the fact that H i is the nearest
point to z in S, the fifth one from X% C S" and the sixth and last one from z € U(Xw, £).
Hence we have shown [@=5). As the set U(X'Y, ¢) is not included in the sphere S, it will be
convenient to consider, for any set S C S" the cone

S:={\|A>0,x¢e8}

over the spherical set S. Note that the inclusion

S— S (4.6)
is a homotopy equivalence since the map

0,1]xS— 8
(t,x) —

X
(1=1) +tlx]l2

induces a continuous retraction of S onto S. These two spaces thus have the same homol-
ogy. We will write U and S to denote the cones over the corresponding neighborhoods. As
a consequence of (@5) we deduce that for any purely conjunctive formula ¢ over (f, t),

UX?,e) CUs(S(F,1,1),62) C Sy(f,1,9),

the last by Proposition and property 3) of p. We therefore have the inclusions

S(f,t,9)) — U(XY,¢)

\ £ (4.7)

So(f, t,1)

the horizontal arrow by hypothesis and the diagonal by composition.

We now note that S(f,t,1) < U(X?, ) induces an isomorphism of homology by the
Niyogi-Smale-Weinberger approximation theorem (Theorem BSI_8) and Theorem
and that so does S(f,t,%) < §p(f, t,7), now by Theorem RS3_2, properties 1) and 2) of
p and ([@—8). This implies that the inclusion U (X?, ) — §p(f, t, ), vertical arrow in (@—1),
induces an isomorphism in homology. Thus, the map

Cm: ég(Xw) — UXYe)
defined in (3—Z5) composed with the vertical arrow in (@7) yields a map
g : C.(XY) — So(f 1, 9)

that induces an isomorphism in homology, by the homological functorial Nerve’s theorem
(Theorem BS*_6). Summing up, we have shown that for every purely conjunctive formula v,
the map

& : C.(XY) — So(f 1, 9)
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is well-defined and induces an isomorphism in homology.
We come back to the general case. Since

€= JCo(x%) and S,(f,1,®) = | J Su(ft, ),
€€E €€=
the map
&r: € = S,(f,1,®),

defined by the formula in (3—25), is well-defined, as we can guarantee that the image is
contained in the codomain by the previous paragraph. This map induces an isomorphism
in homology, by the Inclusion-Exclusion Transfer (Corollary BS*_9) applied to the families
{C-(X?)}¢ez and {S,(F,t, d¢)}ec=. This is sO because, as we have just seen, the map
¢r induces an isomorphism in homology for purely conjunctive formulas, together with the
equalities

(N C-(a%) = C.(x"ee%e) and (") Su(f.t, d) = S,(f.t, Aceudde)

ged ¢ed
forall J C 2. Using (@8—8) again we conclude that € and S, (f, t, ) have the same homology.

We can conclude as we have shown that both S(f, t, ®) and ¢ have the same homology
as S,(f, t, ®) for the chosen p. O

Proof of Theorem la51_3. Since the assumptions of Theorem are stronger than the
ones of Theorem B5X_2, we can apply the latter theorem. As in the proof of this latter theo-
rem, we can assume, without loss of generality, that @ is of the form

¢e=
where ¢¢ is a purely conjunctive lax formula over (f, t) in normal form, by Proposition

and its proof. Recall also the notation X% of the proof, given in ([@—4), that we will use here.
For each purely conjuntive lax formula ¢ over (f, t), we have the inclusion

C.(X%) CVR.(XY)

where X% is as in the proof of Theorem BST_2. We have that ¢ > 0 satisfies the hypothesis
of Attali-Lieutier-Salinas approximation theorem (Theorem BS2_12)) for the set S(f, t, ) by
Theorem and our assumption. Therefore the above inclusion is an isomorphism in
homology.
We can now apply the Inclusion-Exclusion Transfer (Corollary BS*_9) to the families

{C.(X%) }eez and {VR. (X %) }eez since

[ Ce (%) = C.(x"ees%) and | VR (X%) = VR, (X" %)

ged ¢ed
for all J C E. This finishes the proof. O

Remark 45! .2. Inthe above two proofs, we have use that both the Cech and Vietoris-Rips
complexes behave nicely with respect to intersections. Let us note that in general

Ce (Ap) UC. (X)) € Co(Xp U A1) and VR (&p) UVR.(Xp) € VR (XU X))

are strict inequalities. q
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Remark 45t . 3. Note that we cannot apply directly neither the Niyogi-Smale-Weinberger ap-
proximation theorem (Theorem BS_8) nor the Attali-Lieutier-Salinas approximation theorem
(Theorem BS*_12)) since, by Example B5%2_1], we have that not all closed semialgebraic sets
have positive reach, even when they are well-posed. q

The following proposition combines the homology witness theorems with the sampling
theorem. We can now put together the homology withess theorems and the sampling the-
orem.

Proposition 45 . 4. Letf € Hqlq], t € (=T, T)% e > 0, and r > 0 be such that2D%E(f)(r+
T) < 1land

_ , 1 I11(t)
2D 2R(f : 4.
V2 R(f)r <e < min { 120D%25(F)" 30D } (4.8)

Then, for every spherical r-net G C S" and for all lax formulas ® over (f,t), the spherical
semialgebraic set S(f, t, ®) C S", the simplicial complex

o (ég(x,i(f, t,G)),Ce (X5 (1,1,G)),C- (X5 (F,1,6)) | i€ [ql, j € [q]) , (4.9)
and the simplicial complex
@ (VR (X (1,1,9)), VR-(X5 (1,1,6)), VR- (X5 (1,1.9)) | i € [a). j€ [a]),  (4.10)
have the same homology.

Proof. This is a straighforward combination of the sampling theorem (Theorem B5* 1)), the
Cech homology witness theorem (Theorem 451 _2)) and the Vietoris-Rips homology witness
theorem (Theorem 45%_3). We only use the first theorem to bound the Hausdorff distance
appearing in the latter two theorems. O

45'-3 Simplicial approximation of arbitrary S(f, ®)

We now adapt the proposition above to the case of an arbitrary semialgebraic set
S(f, ®). We note that this semialgebraic set might not be closed anymore, this is why we
will use the Grabielov-Vorobjov approximation theorem (Theorem RS2_1) to pass from the
arbitrary case to the closed case. We should observe that when we apply the latter the-
orem, the obtained Gabrielov-Vorobjov approximations are not any more described by lax
formulas over f, but by lax formulas over (f, t). This is the main reason why the previous the-
ory was developed for this extended family of polynomials, instead of just for homogenous
polynomials.

Let f € Hqg[qg] and 4, > 0. To a monotone formula ®, we associate the lax formula
dBse over (f, (-0, —¢,¢,6)) given by

O((fi < ellfillw) v (i > —¢llfillw), (fi > d|lfillw) V (fi < =d]|fillw),
(fi = 6llfillw), (i = o[lfillw) V (i < ellfillw) V (i = —¢|lfillw),
(fi < =6[lfillw), (fi < —=o[lfillw) vV (f < ellfillw) vV (i = —¢llfillw) | i € [q]), (4.11)
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obtained by the substituting the indicated formulas in the places of the corresponding atoms.
Looking at Definition B$* 11, we note that this is the formula describing a Gabrielov-Vorobjov
block, i.e.,

IBs.(f,®) =S (f, (=5, —¢,¢,6), ' Boc) .
Now, let 8, & € (0,00)™. To a monotone formula ®, we associate the lax formula ®IBse over
(f, (—=0ms —€my ooy —01, —€1,€1, 01, --- s €m, Om) ) Qiven by

m
\/ P B, (4.12)
i=1

As above, looking at Definition 25% 1, we note that this is the formula describing a Gabrielov-
Vorobjov approximation. More explicitly,

IB&,E(fs @) = S (f! (_5m, —E€my s _513 —€1,€1, 513 s Emy 5m), (DFBJ’E)

In this context, we introduce the following vectors of numbers depending on a parameter
6> 0:

x(0):=60(-2(n+2),-2(n+2)+1,...,—1,0,1,...,2(n+2) — 1,2(n+ 2)) (4.13)
2(0) :=0(1,3,...,2n+1,2n + 3) (4.14)
n(f):=0(2,4,..,2(n+1),2(n+2)). (4.15)

The following proposition gives a condition on @ for being able to construct a homologically
equivalent simplicial approximation of S(f, ®) using the Gabrielov-Vorobjov approximation

IB(6),»(6) (F, P).
Proposition 451 .5. Let f € Hqglq], > 0, ¢ > 0, and r > 0 be such that

1 0
< ——— and TV2DY?R(fir<e < ——. 4.16
S(n T 2)DR(7) ) 300} (@.1€)

Then, for every spherical r-net G C S" and for all monotone formulas ® over f, the spherical
semialgebraic set S(f, ) C S", the simplicial complex

BIBa)5®) (Cs(X,j?(f,m(H),g)) Ixe {=,>,<},iclq,je [4n+9]) , (4.17)
and the simplicial complex

OIBa00@ (VR (X (F,5(0),0)) |xe {=,>,<}, i€ [ql, j€ [4n+9)), (4.18)
have the same homology.

Remark 45 . 4. We note that this proposition is just Proposition with the inequalities
adapted for this setting. q

Proof. This proposition follows from Proposition 4514, We only have to check the condi-
tions there. Note that in this case, III(:x(#)) = # and that we can take T to be (2n + 5)6.
Combining the two inequalities in (@—TH&), we obtain that

1

1/2—
7V2DY?R(f)r < e < 210(n + 2)DRI)
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This implies that 2D27(f)r < 1/240, and so
2D2R(f)(r+ T) < 1,

since 2D%E(f)T = QD%E(f)(2n+5)9 < 3/4, by (@8_18). This shows the first needed inequality.
Now,

. 1 0 0
min 3 , T = T
120D27(f) 30Dz | 30Dz

due to (@—I8). Therefore (@_IH) follows and Proposition applies. O

452 Algorithms and their complexity

In the previous section, one can glimpse how our algorithms will be. We now provide
specific descriptions of our algorithms together with condition-based and probabilistic com-
plexity analyses. We note that all algorithms here work only with high probability. This is the
so-called weak complexity framework which was introduced by Amelunxen and Lotz [6].

First, we give efficient constructions of spherical r-nets; second we give an algorithm
to estimate the condition number; and third and last, we give our algorithm to compute the
homology of a semialgebraic set.

452-1 Constructing spherical nets

Unfortunately, the construction in the proof of Lemma is hard to be made effi-
cient. Here we present three constructive spherical nets: the uniform grid, the random grid
and the recursive grid. The first one is based on projecting the uniform grid from the cube
onto the sphere, the second one on sampling points uniformly on the sphere, and the third
one on pasting smaller copies of a initial spherical 1/3-net to obtain iterative refinements.

Remark 452 . 1. To avoid being repetitious we will employ the uniform i-grid in the presen-
tation of the algorithms. However, one can easily exchange this grid by the recursive #-grid
R and obtain a similar bound. Additionally, one can employ the random -grid O (s), but,
since this is a grid has the desired properties only with high probability, we omit giving the
exact complexity as it would require an unnecessarily lengthier exposition taking into account
this particularity. q

Uniform grid

The uniform grid is as old as the grid method. We introduced anothe variant of this grid,
different from the one used in [143, 144, 139, 142] and the one used in [88, 91|, 92]. This
variant is constructed so that it is completely adapted to floating-point arithmetic.

Definition 452 . 1. Let 1 € N. The uniform #-grid, Gy, is the finite set

Gy := msn ({x c ol-i—[zlogn]|7n+1 | for some i € {0,...,n}, x; € {—1, +1}}) cs”
(4.19)
obtained by taking all points whose coordinates are integer multiples of g-1-ii—[3logn]— i
the boundary of the cube [—1, 1]"! and projecting them onto the sphere with the nearest
point retraction wgn : x — x/||x||.
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It is clear that the uniform -grid can be efficiently implemented in a computer. The main
trick is to use the identity
f(x) = f(msn (x))]|x]|
that holds for a homogeneous polynomial of degree d. This allows us to take full advantage
from the fact that x can be written exactly in floating-point arithmetic.
The following proposition shows that this grid has the expected properties.

Proposition 452.1. Let i1 € N. Then the uniform w-grid Gy is a spherical 2~"-net and

satisfies that
#G, < Q%nlog n+2n+log n+2-+nit < (9(2"'09 n+nﬁ)_

Proof. Note that the map mgn : x — x/||x|| restricts to a bijective map
10 : 9[-1,1)"! — §" (4.20)

which is 1-Lipschitz on each one of the facets of 9[—1, 1]"*! with respect to, respectively,
the Euclidean and geodesic distances.

Let x € S" be an arbitrary point. Then ﬁfl(x) lies in some facet F of 9[—1,1]"+! and
there is y € 2!~ [2109n]zn+1 o F sych that dist(x, y) < /a2 #2997 < o-it By the
Lipschitz property, we have then that

dists(x, TO(y)) < dist(TO " (x), y) < 27

Thus dists(x, Gy) < 27" and Gy is a spherical 27" -net.
For the second claim, we note that

o n
4Gy =2(n+ 1) (2“”5 logn] | 1) .
The claim follows after some trivial estimates. O

Let us note that the uniform grid grows faster than the grid in Lemma B52_20. While the
latter’s growth is exponential in n, the uniform grid’s growth is exponential in nlog n. This
difference shows the loss that one has when covering the sphere by covering efficiently the
boundary of a cube.

We will come back to an adaptive version of the uniform grid in Chapter @ when dis-
cussing Han’s covering algorithm.

Random grids

We begin with a random spherical net on the sphere which can be constructed in a very
fast way by uniformly sampling points in the sphere. This is a very simple case of the random
sampling procedure of Niyogi, Smale and Weinberger [300].

Theorem 452 2. [B00; Proposition 3.2] Let r € (0,1), s > 1 and m € N be such that

4\" 4
m22(r> <n|nr+lnﬂ>. (4.21)

6”’7 = {;l! 7?”7}

where x1, ..., tm are i.i.d. random vectors uniformly distributed on the sphere S" is a spherical
r-net with probability > 1 — 1/s.

Then the random set
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Proof. Let N := N, /5 be the spherical r/2-net of Lemma 52 20. We will show that with
probability > 1 — 1/a, for each x € N/, there is i such that dists(x,r;) < r/2. Since N is
a spherical r/2-net, the triangle inequality implies that &, is a spherical r-net finishing the
proof.

Because of the above, we have that

P(&n, is not a spherical r-net) < P(3x € N | Vi, dists(x, ;) > r/2) (Implication bound)
< #N'P(Vi, dists(ep, ti) > r/2) (Union bound)
= #N P(dists(eo, ri) > r/2)" (i.i.d.)
= #N (1 — P(dists (e, 1) < r/2))"

Now, we observe that

P(dists(en, ) < r/2) < BT L LY

vol,Sn 4

where the last inequality follows from the argument in the proof of Lemma B32_20. By the
same lemma, we also have the same bound for #A/. Let o~ = 2 (%)". We only have to
show that

l(l _ a)%(ln a~14in ﬂ) < 1/H.
(0%
But 1 — a < e™® and so the above inequality holds. O

Remark 452 .2. The proof is just an adaptation of the proof of [800; Lemma 5.1]. We note
that this method is a kind of probabilistic pigeonhole principle: if n(Inn + Ins) pigeons go
at random to n pigeonholes, then none of the pigeonholes is empty with probability at least
1 — 1/s. Note that the number of pigeons is quasi-linear in the number of pigeonholes.

Corollary 452 .3. Letn € N, 1 > 1 and m € N be such that
mﬁ(ﬂ) _ "2n(ﬁ+2)+log n(1+2)+1 (1 + |nﬂ)—‘ . (4 .22)

Then the random set
Oy () = {x1, s Emy ()

where the r; are i.i.d. random vectors uniformly distributed on the sphere S" is a spherical
2~ "-net with probability > 1 —1/s. O

We will call the random set Oy (s) in S” the random i-grid with failure probability s~
This random construction is very efficient and we can see that its size grows exponentially
in n, but not exponentially in nlog n as the uniform -grid. An additional nice property is that
we can increase the probability of success exponentially, by just doubling the number of
sampled points.

Recursive grids

Assume that we start with a spherical 1/3-net R;: we will use this original grid to con-
struct finer and finer grids as needed. Such a initial grid can be constructed using the follow-
ing proposition, which we only need to apply once for each dimension.
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Proposition 452 . 4. [et n > 2. Then
{wilie[16™1]}

where the r; are i.i.d. random vectors uniformly distributed on the sphere S" is a spherical
1/3-net with probability at least 0.999.

Proof. This is a particular case of Theorem 4522, O

Remark 452 . 3. We insist on the fact that we only need to apply the probabilistic construction
above once. Once we have the initial spherical 1/3-net of S”, there is no need of recomputing
it. Because of this and for the sake of simplicity, we will ignore this probabilistic step in
our complexity analysis. However, we leave as an open problem to construct this grid in
deterministic singly exponential time.

Open problem E. Is there a deterministic algorithm running in 2°("-time that outputs a spher-
ical 1/3-net of S"?

We note that the uniform grid has quasi-exponential complexity 2°0("1°9 ") 5o either one
solves the problem or relaxes it to a probabilistic regime as we have done above. q

We take this initial spherical net R and we project it onto the ball B(0,1) C R" via the
projection

Xo
X1

X1
X = ) — .
Xn

Xn

This procedure gives an 1/3-net R of B(0, 1). To avoid having too many points, we substitute
R by a maximal subset A satisfying the property that for all x,y € N, dist(x, y) > 23/156.
We note that that A can be constructed efficiently from R, by enumerating the points of R
and eliminating points that are too near to the previously listed points. We note that A" would
be then a 25/52-net of B(0, 1), since 1/3 + 23/156 = 25/52.

The following proposition shows the fundamental step in our construction, we only need
to assume for it that AV is a 25/52-net.

Proposition 452 .5. Let r € (0,1/3] and consider the map 1O : R" — S" defined in (C—29).
Then TO ((tanr)N) is a r/2-net of Bg(ey, r) with respect to the geodesic distance of S".

Proof. The map IO : B(0,tan 1/3) — Bs(ey, 1/3) is 1-Lipschitz with respect to, respectively,
the Euclidean and geodesic distances. Now, (tanr)\ is a 228" -net of B(0,tanr), and so,
by the previous statement, 1O ((tanr)) is a 2282 -net of Bg(eo, r) = B(0,tanr). Since

26
tanr < —r,
25

for r € (0,1/3], and 22 - 23 = 1/2,the claim follows. O
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Now, we put a copy of FO ((tan r)N) at each point of this net. For x € S", define

T, if x = €
hy = (4.23)

[_o % , Otherwise,

so that hy is an orthogonal transformation mapping x to gy and eg to x.

Definition 452 .2. Let R, be a spherical 1/3-net of S” and A a 25/52-net of B(0,1) C R".
The recursive u-grid Ry with seeds R, and A is the finite set given recursively by

Ri = {hX}O ((tan 22—ﬁ/3)N) I x € RH} (4.24)
form > 2.

In other words, to obtain Ry from Ry _1, we cover each geodesic ball Eg(x, 21—ﬁ) with
X € Ry_1 with geodesic balls Bs(y,2~") with y coming from a projection of (tan 27N
around x. Note that there is a certain fractal appeal to this net, since, at each iteration, we
are just adding smaller and smaller “copies” of the same net around each point. The following
proposition shows the properties of the recursive grid.

Proposition 452 . 6. Let 1 € N. Then any recursive n-grid Ry is a spherical 21~ /3-net and
satisfies that

#Ry < #R (HN)L

In particular, if R1 was constructed using Proposition and N by projecting R4, then
#Ry < 161D,

Proof. The proof works by induction. The statements are obvious for R1. Assume that the
statement is true for . Let x € S, then there is z € Ry such that dists(x, z) < 2174/3.
Therefore, by Proposition @525, there is 2’ € h,FO(tan(22- 1) /3)N) C Ry, such that
dists(x, Z’) < 27%/3, Thus Ry is a spherical 2~ /3-net. By the induction principle, we are
done.

The bound on the size is obvious from the construction. O

Remark 452 . 4. We note that for n large, concretely, n > 16, the recursive #-grid R; has
a smaller size than the uniform i-grid. However, the uniform grid grows at a smaller rate in
terms of i than the recursive grid. This situation can change if one finds a different construc-
tion of V. 9

4522 Estimation of the intersection condition number

Our first algorithm estimates of the intersection condition number . The main idea is
to use the 2nd Lipschitz property (Proposition B33 _3) which allows us to see the condition
number as the inverse of a Lipschitz function on the sphere.

Remark 452 .5. All the algorithms in this section will be given working with &. However,
everything here can be easily translated in terms of x and of & . q

The following lemma and its proof is very similar to the proof of Theorem A5%2.19.
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Lemma 452 .7. [91; Corollary 6.2]. Let f € Hq[q], r > 0 and G be a spherical r-net. Define
Rrg(f) := max{&(f,x) | x € G}.
Then kg (f) < R(f). Moreover, if Drg(f)r < 1, then

_ Fg(f)

< ——2—.
A0 < T Drgthr
Proof. The first claimed inequality is trivial. To prove the second we apply the 2nd Lipschitz
property of % (Proposition B33_3). Let x, € S" be such that %(f) = &(f, x,). Since G is a
spherical r-net, there exists x € G; such that dists(x, x.) < rz. Therefore, using the 2nd
Lipschitz property, it follows that

1 1 1 1
_Dr< _Dr< -
ma O S REx) S R(x) &)
The desired inequality follows. O

Based on Lemma B5Z_7, we propose algorithm whose correctness is pro-
vided by the lemma itself.

Algorithm 3: R-ESTIMATE

Input 1 f € Halq]
pe(0,1)
B € (0, ]
n<+0
repeat
n+<—u+1

K« (1—p) "max{s(ft,x)|x € Gy, L € [q]="'}
until DK27% < p(1 +p)or B<K

if B < K then
| return fail

else
L return K

Output :failor K € (0, 00)
Postcondition: If fail, then B < K < &(f);
otherwise &(f) < K < (1 — p)~1&(f)

Theorem 452 .8. [91; Proposition 6.3]. Algorithm is correct. Its run-time on
input (f, p, B) is bounded by

@ (q"+22"'°9 mkap2n (min{B,E(f)}p_l)n) = (gnDmin{B, 7 (f)}p)"".

Proof. The correctness follows from Lemma and the stopping criterion, noting that
at each iteration we have K = &g, (f) < &(f).
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To prove the cost bound assume that, after 11 iterations, we have
# > log, (2D.%# p™ 1), (4.25)

where ¢ := min{B,K}. Then 2% < o7 If B > Kthen 2" = K and the algorithm halts. If
B < K, then the algorithm halts as well. Thus we have shown that the algorithms halts after
at most

log, (Dmin{B, (f)}p ")

iterations.
At any intermediate nth iteration, the number of points in G is bounded by

o (2"'09"+"ﬁ) <0 (2"'09” (D min{B,z(f)}pfl)”> , (4.26)

by Proposition @521, For each point x € G; we compute the value of x(f, x) for

min{q,n+1} q n+1 1
< n+1 il o n+1 .
k; <k> <q k; L =(e—1)q (4.27)

many subsets L. Each of these computations can be done in O(N + n?) operations by [272;
Lemma 25]. We note that the latter result is for computing approximation x(f, x) up to a
constant factor, which would only alter slightly the algorithm and its complexity. For con-
venience, we ignore this as it only would make things unnecessarily technical. Finally, note
that

N§q<nﬁD> saH(Hf) <q(2D)", (4.28)
k=1

from where it follows that each (f-, x) is computed with cost O(q(2D)"+n?) < O(q(2D)").
Putting all the previous bounds together we obtain the desired complexity bound. [

Remark 452 . 6. Algorithm estimates %(f) up to a precision p in finite time, pro-
vided this condition number is not too large (not much bigger than B). When B = ~o is
given as input, it estimates &(f) up to this precision but its running time is not bounded. In
particular, if £(f) = oo, then the algorithm loops forever. 9

Corollary 452 . 9. [91; Proposition 2.2]. Algorithm on input (f,0.01, 0o) returns
a number K such that

r(f) < K < 1.02%(f)

if®(f) < oo, or loops forever otherwise. The run-time is bounded by (anE(f))O(”). O

452-3 Computing the homology of semialgebraic sets

We describe now the algorithm that computes the homology of semialgebraic sets.
First, we present the algorithm for spherical semialgebraic sets; second, we show how it
is adapted to the affine setting; and third and last, we provide the probabilistic complexity
analysis, explaining the philosophy of the weak complexity.
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Remark 452 .7. We note that the algorithms here can be modified to produce the algorithm
for counting zeros of [139, 140, 141]], and for computing the homology of real projective
smooth sets [142], basic semialgebraic sets [88] and closed semialgebraic sets [91]. For
the sake of brevity, we only give the algorithms for computing the homology of spherical
and affine semialgebraic sets, but the interested reader can reconstruct the remaining algo-
rithms easily combining the Sampling Theorem (Theorem 45X_1l) and the homology witness
theorems (Theorems 43~ 2 and 45~ 3. q

Spherical semialgebraic sets

Proposition is the basis of Algorithm SPHERICALHOMOLOGY. However, let us note
that Proposition is a combination of the Gabrielov-Vorobjov approximation theorem
(Theorem B5*_2), the Sampling Theorem (Theorem 45t 1), and the homology witness the-
orems (Theorems 43~ 2/ and 43~_3)). Since we can construct spherical nets, this transforms
Proposition into Algorithm SPHERICALHOMOLOGY. We note that the choice of the pa-
rameters € and 6 is arbitrary, but the particular values are not important as long as they satisfy
the needed inequalities.

We also give Algorithm SPHERICALLAXHOMOLOGY that computes the homology of semi-
algebraic sets given by lax formulas, as it is of interest of its own and it has better constants.
We will not discuss it further, as the same estimates that apply to Algorithm
apply to Algorithm BPHERICALLAXHOMOLOGY|.

The main theorem concerning algorithm SPHERICALHOMOLOGY is the following one.

Theorem 452 .10. [91, 92; Theorem 1.1(j)]. Algorithm SPHERICALHOMOLOGY is correct. Its
run-time on input (f, ®) is bounded by

O (qgsize(®) (131nD7(1))' ") = gsize(®)(nDR(F) ™).

Remark 452 .8. Using Remark BS*_ 4, we can improve the complexity of the algorithm at
the cost of allowing an error probability. If we do so, 10n(n + 1) in the exponent becomes
8n(n+1). Moreover, if we are only interested in the Betti numbers, it can be further reduced
to 6n(n+1). q
Remark 452.9. An alternative formulation of Algorithm runs with an arbitrary
upper bound K of %(f). However, for this version, run-time depends on K instead than on
%(f), unless one imposes that K is a sufficiently good approximation of %(f). q

Proof. The correctness of the algorithm is guaranteed by Corollary and Proposi-
tion @3T8, We perform the complexity analysis now. The most expensive parts are: 1) call
to Algorithm [E-ESTIMATE, 2) Construction of the A7, 8) construction of the simplicial com-
plexes S5, 4) Construction of S, and 5) call to Algorithm SimpLICIALHOMOLOGY. We go one
by one.

1) The bound in Corollary applies here.

2) Each construction requires the evaluation of points coming from G; and the corre-
sponding comparison. Evaluating fi, ..., f; at a point x € S" takes O(N) arithmetic opera-

tions. This means that we perform

O(N#gﬁ) S (/) (Nznlog n+m?1> S (/) <q22nlog n+13nD3nK2n>
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Algorithm 4: SPHERICALHOMOLOGY
Input : f € Halq]
Boolean formula ® over f
Precondition :%(f) < oo

eliminate negations in ¢
K < [F-ESTIMATH(f,0.01, oc)
0 < 1/(9(n+ 2)DK)
fori=1,...,n+ 2 parallely do
+— (2i—1)0

I < 2i0

Hoj—1 € 9j, iKaj < Lj

o (jiynt+2)—1 < —9i0 Ka(iyny2) < — L
i1+ [log2700(n + 2) D*K?]
e 1) (277(n + 2)D%K)
fori=1,. ..,qandj—O (n+2)do
X7 fi(x )Z( — D227%)|[ffjw}
S.Z — VR (X; ) with faces up to dimension n + 1
fi(x) < (5 + D227%)|[f|w}
S.S- — VR (X; ) with faces up to dimension n + 1
ST+ S- ;N S-—-

S<—<I>FBM(S 5,55 i€ ld, i {0....40n+2)))

ij*<ij
(Boys woes Br; T1seees Th) < BIMPLICIALHOMOLOGYI(I“I,S)
return 5, ..., 00, T1,..., Tn

Output : Betti numbers fy, ..., 5n of S(f, @)
and torsion coefficients T+, ..., T of S(f, ®)

arithmetic operations, where the latter bound follows from Proposition 45211, the choice of
un and ([@—2R). These computations are then followed by

2g(n +2) 4Gy < O (qnznlog n+m51) <0 (q2nlog n+log nDZnKzn)

comparisons, where the inequalities follow from Proposition and the choice of iz again.
3) In order to construct the faces of VR, (2() up to dimension £+ 1 for a cloud of points
X C S", we construct the graph GY® (X') and then we find the cliques of size at most ¢ + 1

of this graph. The first step requires
#X
2
o(*(%))

operations and comparisons to be able to compute and compare with 2¢ the distances
between any two points of X. The second step requires to explore all possible subsets of
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Algorithm 5: SPHERICALLAXHOMOLOGY
Input : f € Halq]
lax formula ® over f
Precondition :%(f) < oo

K < [E-ESTIMATH(f,0.01, o0)

i1 < [log 1300D?K?]

e 1/ (125D%K)

fori=1,...,qgdo

A7 e {x € Ga [ fi(x) > D327 f]lw)

S7 < VR.(X7) with faces up to dimension n + 1
A7 (X € Ga | (0 < D227 [l w}

S7 < VR.(X}5) with faces up to dimension n + 1
ST+ S5NS

S+ @ (S,Z,S,Z,SF lie [q])
(B0s e Bn; T1y ey Th) < SIMPLICIALHOMOLOGY(N, S)
return 51, ...,6n, T1,..., Th

Output : Betti numbers Sy, ..., B, of S(f, @)
and torsion coefficients T, ..., T Of S(f, @)

size at most k, this means checking

042

> (#,f( ) < (e~ 1)(#A)+?

i=1

subsets of X', where the inequality is analogous to that in (@—1). Applying this to our setting
gives us

O (an(#G;)"*?) < O (q(128nDK)*""*))

operations in our algorithm. The bound is obtained again using Proposition and the
choice of .

4) We construct S from the 57 using formula ®!Ba», This formula has size (n+1)size(®).
We only have to apply this Boolean formula to each possible face of S checking if it is there
or not. This adds the extra factor nsize(®) to the complexity.

5) By Proposition BS3 4, Algorithm SIMPLICIALHOMOLOGY has run-time bounded by

n+1
O (Z(#s,-)5>

i=0

where S; is the set of i-dimensional faces of S;. Arguing as in 3), we can bound this by
o ((128nDK)10”(”+2)> .

Combining all this estimates with K < 1.01%(f) finishes the proof. O
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We will now further discuss on some properties of the algorithm above, so that it can
be appreciated better. We will discuss two topics: the computation of the first £ homology
groups, and the computation of the Betti numbers.

Computation of the first / homology groups It may be the case that we are not
interested in computing all the homology groups, but only the first ¢. This can easily be
attained by only constructing the simplicial complexes in Algorithm SPHERICALHOMOLOGY up
to the faces of dimension ¢+ 1 and applying Algorithm SIMPLICIALHOMOLOGY with the needed
input change. This will improve the complexity of the algorithm.

Theorem 452 .11. One can modify Algorithm SPHERICALHOMOLOGY to compute only the
first £ homology groups. The run-time of this modified version on input (f, ®, ¢) is bounded
by

O (qgsize(®) (128nD7(1))' " **)) = size(®)(nDr()) ™",

Proof. The complexity analysis is just as that of the proof of Theorem 452_14. The only
difference is in point 3) where we only have to construct the face of dimension at most ¢ + 1
which transform the (n + 2) in the exponent into (¢ + 2). O

Computation of the Betti numbers If we substitute Algorithm SIMPLICIALHOMOLOGY|
by Algorithm SIMPLICIALBETTI, we can focus on just computing the Betti numbers. Unfortu-
nately, the rank of an integer matrix cannot be deterministically computed significantly faster
than the Smith Normal Form. The main issue is that the size of the integers can grow during
the computation, which the fast Monte Carlo algorithms [165, 191, 161] avoid by reducing
modulo some prime. However, this growth does not happen if we are interested in the mod
p Betti numbers for some prime p.

The kth mod p Betti number of X is the integer given by

BP(X) := dimp, Hi(X) @ Fp = B(X) + #{i € [sk(X)] | p divides Tyi(X)}  (4.29)

where Fp, = Z/pZ is the prime field of size p. Note that we can obtain this number by
constructing the chain complex with formal combinations over Fy, instead that over Z. These
can be computed faster.

Theorem 452 .12, One can modify Algorithm SPHERICALHOMOLOGY to compute only the
first ¢ mod p Betti numbers. The run-time of this modified version on input (f, ®,¢,p) is
bounded by

O (q log(p) size(®) (128nDE(f))“"<f+2>) = qlog(p) size(®)(nDr(f))°"0).

Proof. One can show an analogue of Theorem in which 3¢ (X) is obtained from the
Fp-ranks of the boundary operators in the same way that Sk (X) is obtained from the Q-
ranks. This reduces the problem to a rank computation over a finite field. We can use then
Gaussian elimination. O

Remark 452 . 10. The probabilistic algorithms for computing rank (oy Dumas and Villard [162]
and Cheung, Kwok and Lau [119]) can be used to turn the exponent 6n(¢+2) into 2wn(¢+2),
where w is the matrix multiplication exponent. q
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Affine semialgebraic sets
The algorithm for affine semialgebraic sets is nothing more than a homogeneization, as
described in Section L3, followed by the Algorithm SPHERICALHOMOLOGY.

Algorithm 6: AFFINEHOMOLOGY
Input :p € Pqlq]
Boolean formula ¥ over p
Precondition :%,¢(p) < oo

f < H(p)

P+ uh

(05 - » Bn; T1s -5 Th) < SPHERICALHOMOLOGY|(f, @)
return 51,...,5n, T1,..., Th

Output : Betti numbers py, ..., Bn of W(p, ¥)
and torsion coefficients T4, ..., T of W(p, ¥)

To this algorithm, the same statements as those to Algorithm SPHERICALHOMOLOGY
apply. In particular, we have the following theorem.

Theorem 452 .13, [91, 92; Theorem 1.1(j)]. Algorithm AFFINEHOMOLOGY is correct. Its run-
time on input (f, ®) is bounded by

O (gsize(®) (128nDryi(p)) ")) = qsize(®)(nDFai(p)) ™.

Proof. By definition, %,¢(f) = ®(H(f)). We apply Theorem 45214, O

The same comments that applied to Algorithm SPHERICALHOMOLOGY| apply also to Al-
gorithm AFFINEHOMOLOGY.

Weak exponential complexity of the algorithms

The main motivation for the weak complexity framework of Amelunxen and Lotz [8] is
that there are algorithms that are efficient in practice, but whose expected time is infinite.
This gap is explained by the existence of algorithms that have good complexity with high
probability, but whose expected complexity is infinite. An example of such an algorithm is
the power iteration method for computing a leading eigenvector of a Hermitian matrix [6].

This phenomenon is a reverse of the St. Petersburg paradox of Bernoulli [50]. In this
paradox, a player is guessing the output of a coin. The player wins double what E bet, if Eir
guess is correct, and loses Eir bet, otherwise. Although the expected gain of the game is
infinite, the actual probability of winning an exponentially large quantity of money decreases
exponentially. This means that in practice is hard to actually get an extremely large amount
of money playing the game. Even more, it is very likely that one loses all one’s money playing
the game.

In probabilistic complexity, the bet is exactly the other way around. We want the run-
time to be small for a random input. The expected run-time can be large, even infinity, but this
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can be the consequence of a set of inputs that happens with exponentially small probability.
These inputs are really rare, which is why they are called black swans. In practice, black
swans are extremely rare, and because of this, it is very likely that the run-time is small.
We will call this phenomenon the Leningrad paradox, since it is dual to the St. Petersburg
paradox.

The following two theorems show that both Algorithm SPHERICALHOMOLOGY and Algo-
rithm AFFINEHOMOLOGY run in weak singly exponential time.

Theorem 452 .14, [eta > 1.

(A) Let§ € Hqlq] be a random KSS polynomial tuple and ® a Boolean formula over §. Then
the run-time of Algorithm SPHERICALHOMOLOGY on input (f, ®) is at most

Size((p)(qD)O(n3)ﬂ10n(n+1)
with probability at least 1 — 1/s.

(S) Leto >0, f € Hqlq), f» € Halq] be a random polynomial tuple uniformly distributed in
Bw(f,o) and ® a Boolean formula over §. Then the run-time of Algorithm

on input (§, ®) is at most
H) 10n(n+1)

i o) (%
size(®)(gD) (U
with probability at least 1 — 1/s.
The constants inside the O-symbols are universal.

Theorem 452 | 15. [et s > 1.

(A) Let p € Pqlq] be a random KSS polynomial tuple and ® a Boolean formula over p.
Then the run-time of Algorithm AFFINEHOMOLOGY on input (p, ®) is at most

size((I))(qD)O(n3)ﬂ10n(n+l)
with probability at least 1 — 1/s.

(S) Let o > 0, p € Pqlq), ps € Palq] be a random polynomial tuple uniformly distributed
in Bw(p, o) and ® a Boolean formula over p. Then the run-time of Algorithm

on input (p, ®) is at most

f 10n(n+1)
size(@)(qD)O(”s) (E) "

g

with probability at least 1 — 1/s.
The constants inside the O-symbols are universal.

Proof of Theorem 185214, This is a combination of the probability tail bound of Proposi-
tion and the run-time bound of Theorem 452140, O

Proof of Theorem 45218, This is a combination of the tail bound of Corollary and
the run-time bound of Theorem 45213, O
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By choosing a concrete probability measure, we get the following estimate that justifies
the claim that Algorithms SPHERICALHOMOLOGY and AFFINEHOMOLOGY run in weak singly
exponential time. We note here that we are using this notion in a different way than the
creators (see Remark below). The advantage of the following corollaries is that it
puts a probability that goes to zero with (2gD)", which can be seen as the “symbolic size”
of the input.

Corollary 452 .16. [91, 92; Theorem 1.1(ij)].

(A) Let§ € Hqlq] be a random KSS polynomial tuple and ® a Boolean formula over §. Then
the run-time of Algorithm SPHERICALHOMOLOGY on input (f, ®) is at most

size(®)(gD)°")
with probability at least 1 — (2qD)~".

(S) Leto >0, f € Hqlq), f» € Halq] be a random polynomial tuple uniformly distributed in
Bw(f,o) and ® a Boolean formula over §. Then the run-time of Algorithm

on input (§, ®) is at most
Size(q))(qD)O(HS)O_—lOn(n-H)

with probability at least 1 — (2gD)~".

In other words, Algorithm SPHERICALHOMOLOGY runs in weak singly exponential time with
respect to n and in weak singly polynomial time with respect q and D. O

Corollary 452 .17. [91, 92; Theorem 1.1(ii)].

(A) Let p € Pqlq] be a random KSS polynomial tuple and ® a Boolean formula over p.
Then the run-time of Algorithm AFFINEHOMOLOGY on input (p, ®) is at most

size(®)(gD)°")
with probability at least 1 — (2qD)~".

(S) Let o > 0, p € Pqlq], ps € Palq] be a random polynomial tuple uniformly distributed
in Bw(p, o) and ® a Boolean formula over §. Then the run-time of Algorithm

on input (p, ®) is at most
size(®) (qD)O(ng)U—lon(n+1)

with probability at least 1 — (2gD)~".

In other words, Algorithm AFFINEHOMOLOGY runs in weak singly exponential time with respect
to n and in weak polynomial time with respect q and D. O

Remark 452 .11. We note that the interpretation that we do here of the weak complex-
ity of Amelunxen and Lotz [B] is a more liberal interpretation of [6; Definition 1.7]. In our
interpretation, we are saying that an algorithm has weak f(k)-time (with respect the input
size-controlling parameter k) when it takes f(k)-time with probability at least 1 — 1/f (k®M),
where O(1) may not be constant with respect other parameters. We note that this does not
always means weak in the sense of Amelunxen and Lotz, although it has the same underlying

philosophy. q
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453 Parallelization and numerical stability

We discuss two advantages of our algorithms for computing homology: parallelization
and stability. The former allows us to cut down the running time of the algorithm by distribut-
ing the algorithm’s work among many processors. This is a typical advantage of the grid
method. The latter allows us to run our algorithms in finite precision floating-point, which turns
all the above condition-based and probabilistic complexity estimates into bit-complexity es-
timates. This is a common property of good numerical algorithms.

Since Algorithm AFFINEHOMOLOGY is just a call to Algorithm SPHERICALHOMOLOGY after
homogenization, we only have to analyze this for the latter algorithm.

453-1 Parallelization

First, we recall the notion of a parallel algorithm; second, we show that
can be done in parallel weak polynomial time; third, we show that this is the case also for
the construction of the simplicial complex of SPHERICALHOMOLOGY; and fourth and last, we
discuss which topological invariants can be computed in parallel polynomial time.

Remark 453 .1. We will give the probabilistic bounds only in the average setting and not in
the smoothed setting, since the latter can be obtained from the former by multiplying by an
appropiate power of o. Moreover, we will give only this bound in its simplest form. q

What is a parallel algorithm?

Leaving formalities aside, a parallel algorithm is an algorithm in which several compu-
tational processes can run simultaneously. There are issues regarding the communication
between processors executing the parallel computational process, but we will assume that
there is no issue in this regard as it is standard practice in theoretical analysis [67]. Because
of this, we are assuming that processors share a common working space that all of them can
access. This might be an issue when implementing the algorithm, but one can get around it.

To describe a parallel algorithm, we will incorporate into our pseudocode a parallel loop
in which we indicate what each processor does. When a parallel loop is executed, our con-
vention is 1) that each processor has read from the memory whatever values it need to
operate with and 2) that each position of the memory can be modified by at most one pro-
Cessor.

Example 453 .1. Let’s consider the example of the Algorithm PARMULTIPLICATION that multi-
plies n numbers in parallel. In the second parallel loop, even though x; might be modified by
SOme processor, every processor needing its value has read it before the parallel loop has
started. The reader should consider the practical challenges that this feature of our parallel
computational model implies. A

To measure the run-time of a parallel algorithm, we will take as the run-time of a parallel
loop the run-time of the longest computation in it. However, together with this parallel run-
time, we will indicate the minimum number of processors needed. Note that the sequential
run-time is the parallel run-time times the number of processors.

Remark 453 .2. Assuming that multiplications are constant-cost, Algorithm
runs in parallel O(log(n))-time with O(n) processor. Note that the parallel run-time
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Algorithm 7: PARMULTIPLICATION

Input X1, ..., Xp €R

¢ < [logn]

fori=n+1,...,2¢ parallely do
t Xj+— 1

fori=1,...,/do
L fori=1,..,2" ' parallely do

t Xj <= X2j—1X2j

return x;

Output o

is logarithmic in n while the usual run-time is linear in n under this assumption. Note that
the assumption that multiplications are constant-cost is reasonable when we operate with
floating-point arithmetic.

However, we should be careful when multiplications are not constant-cost. Assume
that xq, ..., X, are integers of bit-size at most b which we multiply with standard multiplica-
tion. Then Algorithm PARMULTIPLICATION runs in parallel O(n?b?)-time with O(n) processor
which equals the sequential run-time O(n?b?). The reason for this is that the size of the
numbers is growing and so does the time that each parallel loop requires. Nevertheless, we
note that if we use a parallel algorithm for multiplying integers, such as that of Bunimov and
Schimmler [B1], that takes whose parallel time is bounded by O(log b), then Algorithm
MuLtipLicATION will run in parallel O(log?(n) log(b))-time. q

Parallel [z-ESTIMATE

To parallelize Algorithm E-ESTIMATH, we only have to pay attention to how we parallelize
the computation of

max{x(f",x) | x € Gy, #L < n+1}

This can be easily done following a trick similar to that of Algorithm PARMULTIPLICATION. Let
PARMAX be the parallel algorithm obtained from Algorithm PARMULTIPLICATION after substi-
tuting the initial 1 assignment by a —oo assignment and the multiplication x»;_1xo; by the
maximum max{xqj_1, X2; }. Note that computing the maximum of two numbers can be as-
sumed to have a constant run-time along the full algorithm. With the help of PARMAX, we can

paralellize Algorithm to obtain Algorithm f-PARESTIMATE.

Arguing as in Theorem 8528, the following theorem is immediate.

Theorem 453 . 1. Algorithm is correct. Its parallel run-time on input (f, p, B)
is bounded by

O(n’ + N + nlog (gnD min{B,%(f)}p™'))

and its number of processors is bounded by O (q (gnD min{B, E(f)}p—l)”>. O
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Algorithm 8: %-PARESTIMATE

Input :f € Halq]
pe(0,1)
B € (0, ]
n<« 0
repeat
n—un+1

for x € Gy, L € [q]="*! parallely do
L K(x,L) + s(f-, x)
K < (1 —p)~'PARMAX(K(x,L) | x € Gz, L € [q]="1)

until DK27% < p(1+4 p) or B <K

if B < K then
| return fail

else
L return K

Output :fail orK € (0,00)
Postcondition: If fail, then B < K < &(f);
otherwise &(f) < K < (1 — p)~1&(f)

Using the probabilistic bounds, we can see that the expected parallel run-time is finite
and that with high probability the number of processors in singly exponential. This still holds
when the input is H(p), with p € P4lq].

Corollary 453.2. Let f € Hq[q] be a random KSS polynomial tuple, p € (0,1) and B > 0.
Then, on input (f, p, B), the parallel run-time and number of processors required by Algo-

rithm are, respectively, at most
O(n* + N+ nlog (min {B, (qD)O(”)} ,zfl)) and O (q (an min{B, (qD)O(”)}p”)n) ,
with probability at least 1 — (2qD)~".

Proof. This is Theorem combined with Proposition £33 5. O

Parallel construction of the simplicial complex of SPHERICALHOMOLOGY

When we construct the simplicial complex in SPHERICALHOMOLOGY, there are three
steps that have to be parallelized: 1) the construction of the cloud of points X,Oj‘ 2) the con-
struction of the Vietoris-Rips graph, and 3) the construction of the final simplicial complex.
All of these parts of the algorithm can be easily made parallel.

We show in Algorithm PARHOMOLOGYWITNESS how the parallelization can be done ex-
plicitly. Instead of encoding the sets as sets, we encode them as appropiate indicator func-
tions. In this way, in Algorithm PARHOMOLOGYWITNESS, the XY are represented by maps
S Gz — {0,1}9¢(4n+9) the edges of the Vietoris-Rips graph by amap E : (%) — {0,1}
and the final simplicial complex as a map S : [Gx]=""* — {0,1}.

The following theorem is proven in the exact way as Theorem 45210




Condition and Homology in Semialgebraic Geometry 157

Algorithm 9: PARHOMOLOGYWITNESS
Input 1 f € Halq]
Boolean formula ¢ over p
K e [0,00)
Precondition : %(f) < K < 1.02%(f)

eliminate negations in ®
0 < 1/(9(n+ 2)DK)
Eo 0
fori=1,...,n+ 2 parallely do
D < (2i — 1)9, HOj < 2i9, Koj—1 < Dj, Ko < ,ZL,',}KQ(,-JF,,JFQ),l — —9j,
L K (i4n42) < i
i1 < [log2700(n + 2)D?K?]
e 1) (277(n + 2)D%K>
Initialize $=, 8= : [Gx]=""? — {0,1}9%(4n+9)
forxe Gy i=1,..,gand j=0,...,4(n + 2) parallely do
if f(x) — (s + D227)||f||w > 0 then
| S5{x)) L S5(x}) <0
else if f;(x) — (s — D2271)|/fi|w < 0 then
| S5 {x)) 0. 85({x}) « 1
else
| S« L, S5(x)) 1

Initialize E : (%) — {0,1}
for {x,y} € (%) parallely do
if dist(x, y) < 2¢ then

| E({x.y}) « 1
else

| E({xy}) <0

for A € [Gs]="™ i=1,..,gand j=0,...,4(n + 2) parallely do

S7(A) < PARMIN (S,?j({x}), E(fx,yt | xe A, {xy} e (2))>

S(A)  PaRMIN (S5({x}). E({x.y} [ x € A, {x,y} € (3)))
| Sij(A) < min{S5(A),S5(A)}

Initialize S : [Gz]=""* — {0,1}

for A € G="" parallely do

L S(A) « @Bao (sg(A),s,.?j(A),s,%j(A) lielg),je{0,...4n+ 2)})

return S

Output : Indicator function S of (n + 1)-dimensional simplicial complex
homologically equivalent to S(f, ®)
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Theorem 453, 3. Algorithm PARHOMOLOGYWITNESS /s correct. Its parallel run-time on input
(f, @) is bounded by

O (size(®) + N)

and its number of processors by O (q (131nDE(f))2”(”+2)). -

Remark 453 . 3. The main reason we have omitted the call to Algorithm in
Algorithm PARHOMOLOGYWITNESS is to emphasize that the parallel run-time is independent
of the condition number. However, one should notice that the number of processors does
depend on the condition number. q

Remark 453 . 4. Assume that ® is already negation free. One can optimize the algorithm in
this parallel setting, by evaluation ® in a parallel way. This would substitute the size of ®
by its depth, which is the maximum number of concatenated parentheses that appear in
®. Further, even if the depth is not small, by Brent’s theorem [82; (27.35)], one can always
rewrite ® in a way that its depth is the logarithm of its size up to a constant factor. q

Remark 483 .5. If we are interested only in the first £ homology groups, there is no need to
construct the full (n + 1)-dimensional simplicial complex. This brings down the number of
processors to O (q (131nDE(f))2”(€+2)>, but leaves the parallel run-time unchanged.  q

As above, Theorem with Proposition give the following corollary.
Corollary 453 . 4. Let f € Hq|q] be a random KSS polynomial tuple and ® a Boolean formula

over §. Then, on input (f, ®), the parallel run-time and number of processors required by
Algorithm PARHOMOLOGYWITNESS are, respectively, at most

O (size(®) + N) and (qD)°™),
with probability at least 1 — (2gD)~". O

Parallel computation of the homology

The parallel computation of the homology or Betti numbers of a simplicial complex can
easily be reduced to a parallel computation of, respectively, the SNFs and ranks of the bound-
ary operators. This reduces the problem to the parallel computation of the SNF or rank of an
integer matrix. We note that although one can obtain improvements by taking into account
the simplicial complex structure, Edelsbrunner and Parsa [169] showed that this would lead
to improvements in computations involving sparse matrices.

Despite the numerous successes for these problems for polynomials rings (see [400]),
there is not a satisfactory parallel logarithmic time algorithm for the SNF of integer matrices.
This phenomenon can be seen as a consequence of the current lack of parallel logarithmic
time algorithms for computing the greatest common divisor [361]. Because of this, we will
focus on the rank and comment the problem for the SNF.

Betti numbers In an algebraic model of computation, one can parallelize very eas-
ily the computation of the coefficients of the characteristic polynomial using the results of
Berkowitz’s algorithm [49]. With this algorithm, we can easily compute the rank of a matrix.
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Theorem 453 .5 (Berkowitz’s theorem). Let F be a field. There is a parallel algorithm
BERKOWITZSAMUELSON that computes the coefficients of the characteristic polynomial of a
matrix A € F™™ in parallel run-time O(log* m) with O(m*) processors, in the algebraic
computational model. O

Corollary 453 . 6. Let IF be a field. There is a parallel algorithm PARRANK that computes the
rank of a matrix A € F™™ in parallel run-time O(log* max{m, m'}) with O(max{m, m'}*)
processors, in the algebraic computational model.

Proof. We compute AA* in parallel O(log max{m, m'})-time with O(nm)) processors. This
matrix has the same rank as A. Now, the rank of AA* is equal to degree of the character-
istic polynomial minus the order of X in it. The latter can be compute by a binary search.
Theorem and Algorithm BERKOWITZSAMUELSON finish the proof. O

We have now two ways to proceed, as we did with Algorithm PARMULTIPLICATION. On
the one hand, the above algorithm allows immediately for the computation of the mod p Betti
numbers in parallel time. The key point is that this over a finite field the algebraic model esti-
mates appropriately the run-time with respect the bit-size. On the other hand, using parallel
integer arithmetic for addition [286] and multiplication [81]], we can translate the algorithm
PARRANK into a parallel polynomial-time algorithm.

For the computation of the mod p Betti numbers in parallel time, we obtaine the following
result.

Theorem 453 . 7. There is an algorithm PARSPHERICALPRIMEBETTI, obtained from combining
Algotihms 8, 9 and PARRANK, to compute only the first £ mod p Betti numbers. The parallel
run-time of this algorithm on input (f, ®, ¢, p) is bounded by

O (size(®) + n® + N + nlog (qnD%(f)) log p)

and its number of processors by O (q (131nDE(f))8”(5+2)).

Proof. The first part is Theorems @5*_ 1] and @533 and Corollary 45*_4. O

We note that if we allow a probability of error, we can produce a Monte Carlo algo-
rithm for the rank reducing modulo a random prime as in [191; Lemma 4.1], but calling
Algorithm PARRANK instead. This has the advantage that it is more realistic in practice.

Theorem 453 . 8. There is an algorithm PARSPHERICALBETTI, obtained from combining Algo-
tihms B, @ and PARRANK, to compute only the first ¢ Betti numbers. On input (f, ®, ¢, ), the
algorithm is correct with a probability of ¢, its parallel run-time is bounded by

O(size(®) + n® + N + n*log? (qnDFE(f)))
and its number of processors by O (q (131nD&(f))*"“2) jog(1 /5)). O

Corollary 453 .9. Let f € Hq|q] is @ random KSS polynomial tuple and ® a Boolean formula
over f. Then, on input (f, ®, ¢, ), the parallel run-time and number of processors required by
Algorithm PARSPHERICALBETTI is, respectively, at most

O(size(®) + N + n*log? (D)) and (gD)°""“ log(1/5),
with probability at least 1 — (2qD)~". O
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If we use parallel integer arithmetic, we obtain analogous results to above, but without
a probability of error. However, this certainty will come at a cost, since it will increase the
constants in the exponents appearing in the two results above by a factor of two.

All the above results can be translated to the affine case easily with analogous state-
ments.

Homology In the last years, there have been discovered some parallelizable algo-
rithms for computing the SNF of an integer matrix by Dumas, Saunders and Villard [161],
by Jager [233], and Jager and Wagner [234]. Further, Dumas, Heckenbach, Saunders and
Welker [160] have paid special attention to the computation of the SNF for computing ho-
mology groups. However, none of these algorithms has a complexity analysis giving parallel
logarithmic run-time. Actually, none of the algorithm has a satisfactory complexity analysis
giving an estimation on the parallel run-time, although all of the algorithms can be seen to
work very well in practice.

The above pose us to consider the following question, on which the parallelization of
the computation of homology relies.

Open problem G. /s there a parallel algorithm with parallel logarithmic run-time computing
the SNF of a (possibly sparse) integer matrix? In particular, is there a parallel algorithm with
parallel logarithmic run-time computing the greatest common divisor of n integers 7B

Remark 453 . 6. We note that the claims in [88, 91, 92] about the easy parallelization of the
Algorithms SPHERICALHOMOLOGY and AFFINEHOMOLOGY, regarding the torsion coefficients,
are false. This should serve as a cautionary tale regarding assuming easy parallelizations
without references.B q

453-2 Numerical stability

We now perform an error analysis to show that Algorithms SPHERICALHOMOLOGY and
can output correct answers when run with finite precision. Doing this error
analysis is essential to transform our run-time bounds, where we count arithmetic operations
with real numbers at unit cost, into effective bounds that allow the algorithm to work in prac-
tice. In other words, we don’t do this tedious technical task because we like it, but because
we must do it to show that the algorithm is numerically stable. We will follow mainly the lines
of Cucker, Krick, Malajovich and Wschebor [139] for their algorithm for counting zeros.

First, we introduce the floating-point framework of numerical computation; second, we
provide some error bounds for the computation of some basic objects (scalar products,
evaluations of polynomials and their derivatives); third, we perform an error analysis of Al-
gorithms SPHERICALHOMOLOGY; and fourth and last, we state the error analysis for Algo-
rithm AFFINEHOMOLOGY.

2\We note that this particular case of computing the SNF is still open. As of today, the best parallel algorithm
for computing the GCD is by Sedjelmaci [861] and it runs in sublinear, but not logarithmic, parallel time.

3Let us remark that computing the SNF efficiently is a highly non-trivial problem. The first polynomial-time
algorithm is from 1979 by Kannan and Bachem [242] andit is still unknown whether any algorithm proposed
before that year is polynomial-time (see [415; Ch. 5] for an overview of the history of polynomial-time algorithms
for computing the SNF of integer matrices).
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Floating-point framework of numerical computation and error analysis

The floating-point framework of numerical computation is the bread and butter of the
numerical analyst. With it, one can perform an error analysis of numerical algorithms where
one sees how the errors grow as we perform the algorithm.

First, we introduce the floating-point number system, which is the approximation system
for numbers, second, the floating point model of computation, which is the set of assump-
tions on precision of basic operations that we assume; and third, error analysis, where we
state some results regarding the error assumptions of scalar products and matrix multipli-
cations.

Floating-point number system In a fixed precision number system, the point does
not move. However, this can be annoying for writing numbers such as 0.00000283. This
motivates scientific notation in which the former number is written as 0.283-10~5. The floating-
point number system is the formalization of this system of encoding numbers. All of this has
to be seen as an abstraction of the IEEE floating-point standard, which happens in real
computers. For more details, we refer the reader to [221); Ch. 2].

Definition 453 . 1. [221; §2.1] A floating-point number system in base b, with precision t
and exponent range [ey, e1] is the subset of R given by

Foo® :={£m-b*" | e € [eg,e1]NZ, m e [0,b'—1]NN} C [b*~1,b*(1-b~")]. (4.30)

The range of FZ%® is the interval [b®~!, b® (1 — b™")] and the round-off unit of FZ is
o 1lpl-t
UD,t = §b .

We note that every number in F as above can be written in the form
+0.d1ds ... d; - b®

with 0.d;ds> ... d; @a number written in base b, where each d; is an integer between 0 and b—1,
and e € [ep, e1] N Z. These numbers tend to accumulate around zero and become more
disperse when we go far from zero.

Together with F%°*, we consider the rounding map

flpt: R = Fp 7o := {mb® ' |eeZ me[l-b'b' —1]NZ} (4.31)

that maps each x € R to a nearest point in Fp ;. The main property of this map is that it gives
good relative error approximations.

Theorem 453 .10. [221; Theorem 2.2]. Let b,t € N. Then for all x € R,
flpt(x) = x(1+9)
for some 6 € (—Upt, Upt). In particular, |flp(x) — x| < up t|x|. O

We note that it might be the case that flp ;(x) is too big or too small to lie inside F§3’61.
In this case, if [flp¢(x)| > max{ly| | y € Fg5*'}, we will say that x overflows with respect
to Fg%®, and if 0 < [flp(x)| < max{ly| | y € Fg% \ {0}}, we will say that x underflows
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with respect to Fg?t’el. This might be problematic, as the rounding becomes +oco when x
overflows and +0 when it underflows.

To avoid tedious notation, we will omit all subindices and superindices from now on. We
will focus mainly on the round-off error unit u, which will be the quantity of major concern.

Arithmetic in floating point \We note that given x, y € F, we want to compute fast
a good approximation of x op y, where op € {+, —, -, /}, and we also want that this approx-
imation stays in F. The main idea is that we want our approximate operation op to behave
like fl(x op y). This motivates the following assumption:

Standard model of arithmetic. For each op € {+, —, -, /}, there is an ap-
proximate operation op : F x F — F such that for all x, y € F,

xopy = (xopy)(1+9) (4.32)
for some ¢ € (—u, u).

This means that we can assume that xopy = fl(xopy) in some sense. We will further
assume that the above holds also for the square root operation.

It is important to observe that for the floating point number system Fgf’t’el, one can
perform the above operations in run-time bounded by

O((tlog b)? + max{log |ey|,log|e1|}) = O(log® u=! + max{log |ey],log |e1|}),

using standard arithmetic. This means that run-time of the numerical algorithm can be bounded
by the algebraic run-time times the above quantity, once we have a bound on how small the
round-off unit has to be and how big is the exponent range.

Error analysis Let F(x,..., Xn) be some quantity or vector that we want to compute
from xi, ..., X, Using the operations +, —, -, / and V- We will refer to the value computed
by some round-off algorithm as fI*(F(xi, ..., x»)), which is a floating point approximation
obtained by computing F from the values fl(x1), ..., fl(xn) using the approximate operations

T, =%/ and /- Note that f%(F(xy, ..., x5)) and how good it approximates F(xi, .., Xn)
depends not only on the parameters of the floating point system, but also on the round-off
algorithm.

Note that fl*(x opy) = fi(x) opfl(y). So we should not confuse fi#(x op y) and xopy.
The former gives the floating point approximation of the operation between two arbitrary real
numbers, while the latter assumes that these numbers are already written in floating point.
Our objective is to obtain round-off algorithms such that in the inequality

|F (X1 ey Xn) — B(F (X1, ey, Xn))|| < GE(X1, .., Xp)U

the value of Gr(x1, ..., Xn) is small without worsening much the run-time. A usual parameter
that appears in error bounds is

3(k) 1= —<Y (4.33)

T 1_ku'
which is defined only if ku < 1.
The following proposition is the basic approximation operation.
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Proposition 453.11. (&) [fB(x £y)— (x £ y)| < (|x] + |y])3(2).
() I1f(x - y) = (x - y)| < [xy[3(3).

(/) Iff(x/y) = (x/y)l < |x/y]3(3).

() 1T(VX) = (VX)| < [VX[3(1). O
Remark 453 .7. We note that sums are unstable when x + y is much smaller than |x| + |y,
i.e., when cancellation occurs. 9

Instead of writing (1 + p) where p € [—3(k),3(k)], we will just write (1 + [k])). The
following proposition gives the major properties of this new symbol.

Proposition 453 .12, [221; Lemma 3.1 and 3.3]. Let k, | € N, the following holds

A+ kDA +I) = A+ [k +1)
A+[KDA D™ =@+ [k +1], ifl<k
1+ [KDA D~ = (1 + [k + 21, ifl>k
3(k)3(l) < 3(min{k, I}), if max{k,lju < 1/2
ka(l) < 3(kl), if kiu < 1
3(k) +u<sk+1), ifk+1lu<1
3(k) + 3(1) + 3(k)3(l) < 3(k + 1), if (k+Hu < 1.
In particular, let p € {—1,+1}", then
[T+ 0D =@+ [nD O

i=1

Using the above propositions, one can easily prove the followings proposition that will be
very useful for us. We will focus on the computation of inner products, norms and products
of matrices. Since the error bounds presented here are standard, we omit the proofs.

Theorem 453 .13, [221; §3.1]. There is a round-off algorithm computing the inner product
(x,y) for x,y € R@ such that

f*((x,y)) = (x.y) + [[log a] + 3](|x[, ly])

where |z| := <\Z1\ - |Za|> ", The algorithm has run-time bounded by O(a).
Moreover, let x,y € F, be such that for all i € [n],

Xi= (1+[k])xi and y;= (1+ )y

then
f2((x,¥)) = (x,y) + [[loga] + 1 + k + 1]{|x], [y])-

Sketch of proof. Adding from left to right, we can easily see that
P((x,y)) = (x,y) + [a+ k + I].

The desired result follows from putting the sum into a tree. Note that the original result is the
result for the case k =1 = 1. O
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Corollary 453 .14. There is a round-off algorithm computing the norm ||x|| for x € R? such
that

f(lxll = lIxII(1 + [4 + log a]).

The algorithm has run-time bounded by O(a). O
The most important consequence of this result are the following two propositions.

Proposition 453 . 15. There is a round-off algorithm computing f(x)/|/f||w for f € Hq[q] and
x € S" such that

1) /N fllw) = Fx)/[Ifllwll < [D + 4[log(N)T + 15]
The algorithm has run-time bounded by O(N).

Proof. For evaluation, we use the usual algorithm. Consider the monomial vector (x“), then
fi(x) = {((fia), (x¥)). Note that for each «, f#(x*) = x*(1 + [D]). Therefore, by Theo-
rem 45313, we get

fe(fi(x)) = fi(x) + [[fillw[D + [log(N;)T + 3],

where we used Corollary to bound ((|fi«|), f2((x%))). By Corollary 45314, we have
that

I Clw) = [IFlwll < [Iflwl[log(N)T + 4],
and so that
GO /Ifllw) = )/ fllw + Ifillw/ I flw[D + 4[log(N)T + 15].
Combining these relations, we get
IFECFC)/Ifllw) — F(x) /I fllwll < [D + 4[log(N)] + 15],
as desired. ]
Proposition 45%.16. There is a round-off algorithm computing Ag'Dxf/||f||lw such that
I2(Ag D/ lIfllw) — Ag'Dxf/fllwll < [D + 4[log(N)] + 20].
The algorithm has run-time bounded by O(nN).

Sketch of proof. The proof is analogous to the previous one for computing Aglﬁxf. The
extra constant comes from the multiplication with the orthogonal projection. O

Error analysis of Algorithm SPHERICALHOMOLOGY

We note that in Algorithm SPHERICALHOMOLOGY, the numerical errors can only occur at
three points: 1) Call to the Algorithm [E-ESTIMATE, 2) Construction of the clouds of points A7,
and 3) Construction of the Vietoris-Rips graphs. The remaining operations are symbolic and,
hence, don’t have numerical errors. The main result we will obtain is the following theorem.
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Theorem 453 .17. There is a round-off version of Algorithm SPHERICALHOMOLOGY with the
same asymptotic complexity as Algorithm SPHERICALHOMOLOGY| which is guaranteed to work
correctly when the round-off error unit satisfies

1
"= O(anDR (1)

The above theorem wiill follow from performing an error analysis on the parts of Algo-
rithm SPHERICALHOMOLOGY mentioned above.

Computation of %(f,x) and %(f) The main issue with Algorithm is the
computation of x(ft, x) for f € Hqlq], x € S" and L € [q)="*!. This will be the main result
here.

Lemma 453 .18. There is a round-off algorithm computing k(f, x) for f € Hgq[q] and x € S"
such that

f2(k(f, x)) = k(f, x)(1 + [O(n*(D + log(N)))])

The algorithm takes O(n® + nN) operations.

Proof. Using Propositions @5*_15 and @514, we can evaluate f(x)/||f|lw and Ay Dyf/[|f] w-
We use now a backward stable version of the QR algorithm, as described in [221; Ch. 191,
for which we have then

f1%(0q(Ag ' Dxf/|Ifllw)) = oq(Ag Duf/[[fllw)(1 + [O(n*(D + log(N)))])

since || Ay 'Dxf/||f[lwl| < 1, by Corollary 5.
We finish computing the norm of (l2(f(x) /|||l w), 2 (oq(Ag ' Dxf/||fllw))) and inverting
it. O

Theorem 453 .19. There is a round-off version of Algorithm with the same
asymptotic complexity as Algorithm which is guaranteed to work correctly when

the round-off unit satisfies
1

U= 50D+ 1og(N)))"

Proof. We only need to strengthen the inequality 2DK < 1 in Algorithm to 3DK <
1. Now, by Lemma 45318,

fl2(7(f, x)) = &(f, x)(1 + [O(n*(D + log(N))])-
Taking u as chosen with a sufficiently large constant guarantees that
fl2(%(f, x)) = ®(f, x)(1 £ 0.01)

and so the correctness of the upper bound K. O
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Construction of the cloud of points We will now assume that we are working in
base 2 for the sake of simplicity. To avoid numerical errors, we will substitute certain choices
in Algorithm SPHERICALHOMOLOGY by choices that can be represented exactly. So we have
the following new choices:

0 2—[Iog(9(n+2)DK)
it < [log(9(n + 2)DK) + [log(30D2)] + [log(v2K)] + [log D= ] + 8

With these choices, we have that all the :x; have an exact representation in the floating-point
system.
Now, instead of checking

F(X)/1fll > w5 — D227 and fi(x)/||f| < 5+ D227,
we will check
() /N1fil]) > s — 2770 and R (£(x) /| ll) < 5 + 277,

where 1y = [log(9(n+2)DK)| + ﬂog(SOD%ﬂ + [log(v/2K)] + 7. The sum/difference on the
right-hand side has an exact floating-point representation as long as

Y= OnDR()

since x; = +k;2-110909(+2)DK) for some non-negative integer k; of size O(n). With these
substitutions, we obtain sets fI*(X;), and for ¥ a lax formula over (f,), sets fi*(X(¥))
constructed from the fla(é\?,j-‘) using the formula @.

We now prove a floating-point version of the sampling theorem (Theorem @5 1)), taking
advantage of the fact that the inequalities in it were asymmetric.

Proposition 453 .20 (Floating sampling). Assume that [D + 4[log N] + 15] < 270~ In
the above setting,

dIStH(ﬂa(X(\I’)), S(f, , \I/)) < 27[Iog(9(n+2)DK)]7|'|Og(3OD%)-|76.

Proof. The proof is as that of the sampling theorem , so we reduce to the purely conjunctive

case without loss of generality. If x € Xﬁ then

B0/ < g+ (275 + [D + 4log N + 15T6(x)/ 1]
by Proposition @83 18. By Corollary B3, |fi(x)/||fi|||] < 1, and so, by our assumption,
()1 < oy — 21770

Analogously, if x € /’\,’5

() /IIfl] = g — 270

By Proposition ST 3, this implies that

o 1
fR(X (W) CUS(f,x, B), V2R(F)21750) C U(S(F,x, ¥), 27 [109O(+2)DK)]=[log(30D )] -6
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Now, for all x € S(f,x, ®), there is some gy € Gy such that dists(x, gx) < 27%. Therefore,
by Proposition BST_3, g, € So%rﬂ (f,s%, ¥). Now, arguing as above, this means that

gx € (X (W)

since the absolute error for evaluating fI2(f(gx) /|| fi|lw) is at most 27#0—1 as proven above,
and D227 < 9701 Hence

S(f, ", \I’) C US(ﬂa(X(\If), 2—ﬁ) C Z/{(ﬂa(.)((\l’), 2—|'Iog(9(n+2)DK)'\—ﬂog(SOD%ﬂ —6)’
as desired. ]

Construction of the Vietoris-Rips graphs

We have constructed the clouds of points. We next construct the Vietoris-Rips graphs
of these clouds. We will assume that we work with the uniform grid for simplicity. For a
general grid, one has to add a long argument about the floating-point approximation of the
points in the grid.

For this, let us note, that by the Vietoris-Rips homology witness theorem (Theorem 45T _3)
it is enough to choice £ > 0 such that

o [10g(9(n+2)DK)]~[10g(30D2)] -3 _ . _ 9~[Iog(9(n+2)DK)]~[log(30D%)] (4.34)

Therefore we make the choice

- « 9-Tog(9(n+2)DK)]~[log(30D2 )] -1

The points in ﬂa(X,‘j-‘) are not in floating-point form. However, they are points of the form
%/||X|| with x € 2'-=[3109n]zn+1 ¢ Fr+1 Moreover, all the points can be expressed in
floating-point form with the same exponent. Because of this, we can translate

.

=7 — = 2e
(RS
IXIP[71%(1 = 26%)* < (%, ) and (X, §) > 0.

into the condition

The latter can be checked exactly as long as

__

O(nDF%(f))

This shows that the Vietoris-Rips complex can be constructed under the finite-precision
assumption.

u <

Error analysis of Algorithm AFFINEHOMOLOGY,

Since Algorithm AFFINEHOMOLOGY applies Algorithm @ after homogeneization. The latter
needs the computation of ||f||w, but this can be done with the help of Corollary 45> 14
Because of this, we get the following theorem.

Theorem 453 . 21. There s a round-off version of Algorithm AFFINEHOMOLOGY with the same
asymptotic complexity as Algorithm AFFINEHOMOLOGY which is guaranteed to work correctly
when the round-off unit satisfies

1
U< ——— .
N O(anEaff(f))
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Using the probabilistic results of Chapter m, in particular, Corollary 15%_6, we obtain the
following easy corollary.

Corollary 453 .22, Let§ € Pq4[q] be a KSS random polynomial tuple. The expected precision
of the round-off version of Algorithm AFFINEHOMOLOGY| on input (f, ®) is at most

log(N) + nlog(gD). O

Similar results can be obtained for the smoothed version using also Corollary 5% 4.
This shows that on average the precision needed by Algorithm AFFINEHOMOLOGY to com-
pute homology is linear in the number of variables and logarithmic in the remainder of the
parameters.

Remark 453 .8. We could use Corollary to obtain a run-time bound for integer poly-
nomial tuples. We only note that for these, we can bound the precision needed to be linear
in the bit-size of the coefficients and log(N), polynomial in D and exponential in n. q

Further comments

Most of the content in this chapter can be found in [92]. However, there are some ex-
ceptions: the Vietoris-Rips homology witness theorem (Theorem @5t 3), the random and
recursive grids, which were adapted, respectively, from [300] and [214, 213], and the de-
tailed parallelization and stability analyses.

Regarding the parallelization, it is clear that the claims in [88, 91, 92] regarding the
existence of parallel polynomial-time algorithm for computing the SNF of an integer matrix
are false. However, the parallelization can be obtained for the Betti numbers.

Regarding the stability of the algorithm, we observe that there are certain issues not
appearing in [139] that come from the change in how we construct the approximating clouds
of points and the need to not miss any edge in the Vietoris-Rips graph. However, one can
manage the analysis by the use of similar techniques to those in [139]. Nevertheless, one
should note that the avoidance of the use of Smale’s a-theory provides an improvement in
the amount of needed precision.
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Statt des térichten Ignorabimus heisse im Gegenteil unsere Losung:
Wir missen wissen,
Wir werden wissen.

David Hilbert, Naturerkennen und Logik (8. September 1930)

A look into the future

As a human activity, mathematics is something that is done. No matter how much
understanding one collects, there will be open questions that one is unable to answer. The
health of a mathematical area is, therefore, judged by the vitality of its ongoing research and
not by its achievements alone. When a mathematical area runs out of impetus, it can die.
In the best cases, the area dies of success—the old achievements tear apart the area into
many new directions that cannot be anymore under the same roof. In the worst cases, the
progress seems impossible—the absence of new ideas makes the area sterile and hard to
inhabit.

The objective of this chapter is to show that the study of grid methods in numerical real
algebraic geometry is in good health. We do this by showing results that point out to the
fact that there are still major developments to come. We accompany this exposition by a
research program, which we call natnneTtka, that points out to many future possible lines of
research that the author intends to work in.

First, we show that is possible to obtain probability tail bounds for the condition num-
ber of random polynomials that do not follow the KSS random model; second, we show
that there can be algorithms in numerical real algebraic geometry for which the expected
run-time is finite; third, expanding on the latter point, by showing that one can estimate the
condition number in average exponential time and in average parallel polynomial time (with
average exponential number of processors); fourth and last, we give the natuneTka program
pointing to the possibility of a numerical algorithm for computing the homology of semialge-
braic sets in average singly exponential time and studying the classification of real algebraic
and semialgebraic sets from a computational approach.

551 Beyond normal distributions: robust tail bounds

We will show bounds for the condition number of random hypersurfaces. These bounds
are based in the techniques developed by Ergur, Rojas and Paouris [175, 176], but they were
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given in the form presented here mainly by Cucker, Erglr and the author [137]. We now fulffill
the promise that we made in the probabilistic analysis via geometric functional analysis of
Section A¥3.

First, we introduce the random model we will be working with, dobro random polyno-
mials, and discuss some of their properties; second, we give the tail bounds for the local
and global condition number; and third, we discuss the optimality of the bound for the local
condition number by computing tight estimates in the Gaussian case.

551—1 Dobro random polynomials

The main range of random variables that we will deal with are random variables that
behave like Gaussian random variables.

Definition 55 . 1. Let ¢ € R be a random variable. Then we say that:
(P1) ris centered if Ex = 0.

(P2) ¢ is called subgaussian if there exist a K such that for all 1 > 1,

The smallest such K is called the ¥5-norm of .

(P3) r satisfies the anti-concentration property with constant p if, for all € > 0,

max{P(r—u| <e)|ueR} < pe.

Remark 55 . 1. The subgaussian property (P2) has many equivalent definitions. We refer the
interested reader to [399; §2.5]. q

These properties generalize properties that a Gaussian variable has.

Proposition 551 .1. Let r € R be a random variable. If ¢ ~ N(0, o), then ¢ is a centered,
subgaussian random variable that satisfies the anti-concentration inequality with W4-norm o

i 1
and concentration constant NeTPS O

The above motivates the following definition, which gives the class of polynomials that
our probabilistic analysis will apply to.

Definition 55 . 2. [[137; Definition 3.1]. A dobro random polynomial § € Hg with parame-
ters K and p is a random polynomial

1

fi= Z (Z)QCQX"‘ (5.1)

|a|=d

such that the ¢, are independent centered subgaussian random variables with ¥5-norm
< K and anti-concentration property with constant p. A dobro random polynomial f € Py is
a polynomial f such that its homogenization " is so.

Remark 551 . 2. The term ‘dobro’ (‘0o6p0’) is a Russian word which means good. q
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One important feature of this class is that it allows many random polynomials, including
the KSS random polynomials.

Example 551 . 1 (KSS random polynomials). Any KSS random polynomial is a dobro random
polynomial with parameters k = 1 and p = 1/+/27 since each ¢, in (8—1) is Gaussian with
unit standard deviation. A

Example 55t .2 (Weyl random polynomial). [137]. A Wey! random polynomial is a random
polynomial § such the ¢, in (5T) are i.i.d. random variables with uniform distribution in [—1, 1].
Every Weyl random polynomial is a dobro random polynomial with parameters K = 1 and
p=1/2.

We observe that this probabilistic model can be seen as the limit of the sequence of
random polynomials (f(b)) where the céb) are independent random variables uniformly dis-
tributed in [—2°,2P]. This last model is discrete and it would be interesting to extend the

techniques to such random models. A

Example 55t . 3 (¢-exponential random polynomial). [137]. An ¢-exponential random poly-
nomial is a random polynomial § such the ¢, in (6T) are i.i.d. random variables with density
function given by

T(1+3) e, ift>0

IULERY >

0, otherwise.
For £ > 2, an ¢-exponential random polynomial is a dobro random polynomial with parameter
K=1andp=26/5. A

Dobro random polynomials form a robust class under a wider class of transformations.

Proposition 551 . 2. [etf = Zm\:d faX* € Hq be a dobro random polynomial with param-
eters K and p. Then:

(1) Forall A € R\ 0, \f is a dobro random polynomial with parameters AK and A~ p.

(2) Let (A\a)ja|—=a be @ sequence of non-zero real numbers. Then

D AafaX”

|a|=d
is a dobro random polynomial with parameters (max |A,|) K and (min [Aa]) " p.

Proof. The effect on K follows from the fact that the expectation is linear. The effect on p
follows from the fact that for all A = 0,

max{P ([A\r —u[ <¢e) |[ue R} =max{P (jr—ul < X7 'e) |ue R}. O

Remark 558 . 3. The parameter our analysis will depend on is the product Kp. Note that this
parameter is invariant under scaling and does not vary much if we scale the coefficients of
the dobro random polynomial in a way that the coefficients are not far from a uniform scaling.
The latter shows a certain robustness of the parameter.

For this parameter, it is easy to see that we have Kp > i [175; (1)]. q
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551-2 Tail bounds for the condition of a dobro random polynomial

The main theorem here looks very similar to Theorem E52_17, both in its statement and
in its proof. The main difference is that now we are dealing with just one polynomial and that
this polynomial is more generally a dobro random polynomial and not just a KSS random
polynomial.

Theorem 55t . 3, [137; Theorem 7.1 and 7.10].

(A) Let § € Hq[l] be a dobro random polynomial with parameters K and p, and x € S".
Then for t > e,

n+1 1 n+1
= [Inz
Ps(i,0) 2 ) < 20080 (57 (”t t) .

(S) Let f € Hy[l], o > 0, §, := f + ol|f]|wf be a random polynomial such that § € Hq[1] is
a dobro random polynomial with parameters K and p, and x € S". Then fort > e,

P(k(5,,x) > 1) < 2(30Kp)"HL (N) & <'”; t) " <1 + i)m .

n+1 t

The proof of Theorem relies on two basic results from geometric functional anal-
ysis. The first one controls the tail bound of the norm, just as Proposition did, and
the second one the concentration of a projection, just as Proposition did.

Theorem 55 . 4. Let ¢ € RN be a random vector whose components t; are independent
centered sub-Gaussian random variables with 1s-norm < K. Then for all t > 5K VN,

2

R
P(e] > t) < e G2, (5.2)

Proof of Theorem BST_4. Note that ||r|| > t is equivalent to e5°IHI” > 5°* Therefore, by
Markov’s inequality [164],
P(lel > 1) < e~ Ee” ",

Now, by independence,

N
Ees”FI® = T Res's.
i=1

For each i,

o 2.2l 00 212l I 00

sy s“K='(21

Eesm}:? = E i x’ S g ”() S E (2eK23I)I
=0 ’ =1 ’ =0

where the first inequality follows from the definition of subgaussian and the second one from
Stirling’s approximation 1! > (I/e)'.
Let s? = 1/(4eK?). Then, substituting above, we get

P(||r]| > t) = 2Ne~1*/(4ek?),
Now, we can see that for t > /8eIn(2)K+/'N, we have
P (x| > t) = e /(K.

Hence the proposition holds for the constant in the statement. O
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Definition 55 . 3. The concentration function of a random vector ¢ € R¥ is the function

Le(e) :=maxP (|l —ul| <e). (5.3)
UERK
Theorem 55! .5 (Rudelson-Vershynin concentration theorem). [351; Corollary 1.4]
and [280; Theorem 1.1]. Let + € RN be a random vector whose components t; are in-
dependent random variables with the anti-concentration property with constant < p. Then
for all k € [n), all orthogonal projections P : RN — Rk and every ¢ > 0,

Loele) < (6”6>k .

vk
Proof. The constant comes from [280]. There the authors showed that it is enough to take
2y/me. We bounded this number by the nearest integer. O

Remark 551 . 4. The above explicit values for the constants were missing in the statements
in [137]. We give explicit constants, so that one can get explicit probability estimates. In
order to find the explicit values, we rework the usual arguments in [399] for Theorem
and we used the constant in [280] for Theorem BS*_5. q

Proof of Theorem E5*_3. (A) Note that in the case of a single polynomial, we have that
k(f,x) = |Ifllw/|IRxfll, where SRy is the orthogonal projection of Proposition and
934§ the Euclidean norm of 9R,f € R"*1. Therefore for all t > 0 and u > 5KV/N,

P(x(F, x) = t) = P([[fllw/ 1Rl = 1)

<P(||fllw > uor |R«()|| <u/t) (Implication bound)

< P([flw = u) + P (R (F)I| < u/t) (Union bound)

< efﬁ + P (R < u/t) (Theorem B5*_4)
o2 n+1

<e GKZ 4 (\/r?pTult> (Theorem B5T_5).

Substituting 5KvNInt > 5K+/N in the place of u, we obtain

ntl 1 n+1
P(x(f,x) > t) < t7N 4 (30Kp)"+? < N ) 2 (Inz t) .

n+1 t

The bound t=N < t~("+1) finishes the proof.

(S) The smoothed case follows a similar pattern. We only need to substitute Theo-
rems 53~ _4 and 55~ 8 by versions for f,. These are easy to obtain. By the triangle inequality
and Theorem B5T_4, we have that

(=12

P(lfollw = tflw) < P(Iflw = (t = 1)o™") < e GK7

fort > 1+ 5Kov/N. Theorem applies directly to f,.
The rest of the proof is as above, but substituting uby 1+50KvVNInt < (1o)56 KV NInt
now. ]
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Once we have the bound for the local condition number, we can give the bound for the
global one as we did in Theorem B52_149.

Theorem 551 . 6. (A) Let f € Hy[l] be a dobro random polynomial with parameters K
and p. Then for t > g,

n+1 n+1

P(k(f) > t) < (120Kp)"*! (N> T

t
n+1 t

(S) Let f € Hyll], 0 > 0, f, := f + o||f|lwg be a random polynomial such that g € Hq[1] is
a dobro random polynomial with parameters K and p. Then fort > e,

n+1 n+1
t

o 5 n+1
Ple(in) > 0 < 2ok (2) 7 on L (14 1)

Proof. We let G be N (py of Lemma B52.20. Following the proof of Theorem B52.19, we
conclude that
P(x() > 1) < #gG maxP(x(f,x) > 1/2).
S

Now, we just use that #G < (2Dt)" by Lemma and the bound from Theorem BEST_3,
OJ

5513 Tail bounds for the local condition of a KSS random polynomial

Note that we can write the local condition number of a single polynomial f € Hq4[1] as

B AYGE
e N TN GIE

where R, is the orthogonal projection from Proposition and Qy : Hq[l] — RN-""1is
the orthogonal projection complementary to SRy. This implies the following proposition.

Proposition 551 .7. Let f € Hy[1] be a KSS random polynomial and x € S". Then k(f, x)
has the same probability distribution as

N -1
\/1+<n+1—1> §

where § € [0, 00) is a random variable with the Fisher-Snedecor distribution with N — n — 1
and n + 1 degrees of freedom. O

Recall that the Fisher-Snedecor distribution Fy; with k and | degrees of freedom ap-
pears when we take random variables of the form ,i—f) with ¢ and y independent random
variables with a y2-distribution with, respectively, k and I degrees of freedom. It is known

that its density function is given by

e () (e 5)

for t > 0. We can give now an explicit formula for the density of the local condition number
of a KSS random polynomial.
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Theorem 55! .8. Let f € Hy be a KSS random polynomial of degree d > 1 and x € S".
Then the density function of k(f, x), d,jx) (1), Is given by

o1 (A) ) (N—n— 1)””1

T (B \

fort > 1.

Remark 55 . 5. The assumption on the degree is equivalent to N > n + 1. Note that if this
does not hold, i.e., N = n+ 1, the condition number is always one. q

Proof. We just apply the change of variables theorem from integration to the density function
of the Fischer-Schnedecor distribution. O

We do some estimation of this formula, so that it can be digested in an easier way.

Corollary 551 .9. Let f € Hq be a KSS random polynomial of degree d > 1 and x € S".
Then for all t > /2,

1
1 < N > 2 ( n -+ 1 >n+ t_(n+2)
el2/r(n+1) \n+1 N-—n+1

< 5/@(f,x) (t) <

ntl n+1
12 1 2eN 2 n+1 t_(”+2)_
S5/my/n+1\n+1 N—n+1

Proof. First, using Stirling’s approximation (I—Z1), we have that

N—1 N N—1
N N> < r(3) <6 N
VIN=n -1 ()i T D) T () T VAN - 1) (1)

Second, we have the equality
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and

vz

1
= 2
(1-%) (%)

vz

N
n -2 N(n+1)?
<|tv —— ]| < <e2(~?11>2> o etni? <el?,
(N7n71>
n+1

where the last inequality follows from N/(N—n—-1) =1+ (n+1)/(N—n—-1) < 3 and
(n+1)/(N—n—1) <2/n,since N > ("$?) under our assumptions.

To obtain the inequalities in the statement, apply the above three estimates together

D=

with

N 2

N N_g_Q 1 727 N—n—2 n41 n+1
1< m = 1_|_m <eN-n-12 <gz2,

n+1
This finishes the proof. O

The above translates immediately into the following estimates of the tail bound.

Corollary 551 .10. Let § € Hq be a KSS random polynomial of degree d > 1 and x € S".
Then for all t > /2,

1 < N >2< n+1 )”“t(nﬂ)
e2 /m(n+1) \n+1 N-—n+1

Proof. We integrate the density function on [t, o). O

When we compare these bounds with the bound in Theorem ESX_3, we can see that
the main difference between the two bounds is, on the one hand, the ocurrence of In% t,
and, on the other hand, the above factor

n+1 n+1
(N—n+1) '
), shows that

nat n+1 9\ M+1
- < Z
(N—n—i—l) - (n) ’

which means that as n goes to infinity, the upper bound goes to zero. Note that this does
not happen with the bound in Theorem BST 3. This motivates the following question.

An easy estimation, using N > (”‘52

Open problem H. Can one tighten the bound in Theorem to match the bound in
Corollary BT 107 Or there are differences arising from the differences between the class of
dobro random polynomials and KSS random polynomials?
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552 1st adaptive case: Plantinga-Vegter algorithm

The Plantinga-Vegter algorithm [315] is a subdivision based algorithm which computes
an isotopic piece-wise linear approximation of an implicit curve in the plane or an implicit
surface in 3-dimensional space. Among many other algorithms for this purpose (see [71]),
the Plantinga-Vegter algorithm is interesting because it guarantees a global isotopy without
guaranteeing the isotopy locally.

In this section, we give a condition-based complexity analysis of the subdivision pro-
cedure of the Plantinga-Vegter algorithm, which was proposed by Burr, Gao and Tsigari-
das [98]. A consequence of this analysis is that it will give a bound for the expected com-
plexity of the algorithm for dobro random polynomials. This analysis was given for the first
time by Cucker, Erglr and the author [137]. Its importance is two-fold. On the one hand,
this is the first case of an algorithm in numerical real algebraic geometry with finite expected
time. On the other hand, it provided an explanation of why the Plantinga-Vegter algorithm
was efficient in practice.

First, we introduce the Plantinga-Vegter algorithm (PV Algorithm from now on) and its
subdivision procedure; second, we introduce the specific; and third and last, we give the
complexity analysis, both condition-based and probabilistic.

552—1 The PV Algorithm

We are interested in the problem of computing an isotopic piece-wise linear approxi-
mation to a real smooth hypersurface in R" described implicitly by a map f : R" — R and a
region [—a, a]". We will further assume that the zero set Z(f) intersects transversely all the
boundary pieces of [—a, a]".

To evaluate f, we will assume that we can use interval arithmetic to compute the map
and its gradient vector. For X C R™, let OJ[X] be the set of full-dimensional cubes [, [aj, bj]
included in X. Recall that an interval approximation of a function F : R™ — R™ is a map

O[F] : OR™ — OR™ (5.4)

such that for all J € OR™, F(J) C O[F](J).Intuitively, we should think that J gives error
bounds for the midpoint m(J) and O[F](J) error bounds for F(m(J)). See [321] for more
details and [422] and [421]; §4] for further discussion on how realistic the interval arithmetic
model is.

Explicitly, let h, b’ : R" — (0, 00) be positive maps, we will assume that we have interval
approximations C[hf] : O[—a, a]” — R and O[h’'V{] : O[—a, a]” — R" of, respectively, hf,
the function f scaled with h; and the gradient of f scaled with h’, h’Vf. The PV Algorithm on
[—a, a]" will subdivide this region into smaller and smaller n-cubes until the condition

Ct(J): either 0 ¢ OI[hf](1) or 0 ¢ (D[R’ VF](J), T[A'VI](J)) (5.5)

is satisfied in each of the n-cubes J of the obtained subdivision of [—a, a]", where Vf is the
gradient vector of f and (-, -) the Euclidean inner product. Later, we will be precise on the
exact interval approximations and positive functions h, h’ that we will consider in our analysis.

Let us deepen in the meaning of C¢(J). The first half of C¢(J) tells that f has no zeros in
J. This allows us to discard boxes far away from Z(f). The second half tells that no pair of



178 Josué Tonelli-Cueto

gradient vectors of f are orthogonal in J. This second condition is where the key point lies.
On the one hand, it implies that every zero of f in J is smooth, if there is any; on the other
hand, and more importantly, it implies that there is a vector v such that f is increasing along
any straight path t — p + tvin J.

Below, we introduce Algorithm . The subroutine STANDARDSUBDIVISION

subdivides a n-cube J into 2" n-cubes whose edge-length is half of that of the original cube.
However, one can use other subdivisions without altering the correctness or effectiveness
of the algorithm.

Algorithm 10: PVSUBDIVISION
Input : f: R” — R with interval approximations C[hf] and O[h' V]
ac (0,00)
Precondition : Z(f) is smooth inside [—a, a]"
Z(f) intersects transversely all boundary pieces of [—a, a]”

S« {[~a.a"
S+ o
repeat
Take Bin S
S+ S\ {B}
if Ct(B) true then
| S+ su{B}
else
L S + S U STANDARDSUBDIVISION(B)

until S = &
return S

Output : Subdivision § C O[—a, a]" of [—a, a]"
Postcondition: For all B € S, C¢(B) is true

Algorithm gives only a subdivision. This subdivision should be postpro-

cessed in order to produce the piece-wise linear isotopic approximation of the hypersurface.
This postprocessing is only available for n < 3, see [315] for the details. It is still an open
problem for n > 4.

Open problem I. Generalize the postprocessing algorithm of Plantinga and Vegter for Al-

gorithm to higher dimensions.

Remark 552 . 1. Although Algorithm FVSUBDIVISIOI\‘ is not the whole PV Algorithm, its com-
plexity captures the complexity of the full PV Algorithm. Because of this, our complexity
analysis will focus on Algorithm PVSU BDIVISIONl. q




Condition and Homology in Semialgebraic Geometry 179

N

Step O of |PVSUBD|V|$|0|\J Step 1 of |PVSUBD|V|$|0|\J
Step 2 of |PVSUBDIVISIOI\‘ Step 4 of |PVSUBDIVISIOI\‘
N

Postprocessing

Green: Z(f) Red: Subdivision Blue: PL approximation of Z(f)

Figure 552 .1: PV Algorithm applied to the polynomial f = X4 — 6X3 4+ 2X2Y2 — 6X2Y —
34X% — 6XY? — 320XY + 376X + Y+ —6Y3 — 34Y?2 4+ 376Y + 3128 in [-10, 102
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552-2 Specifications for the PV algorithm

We now specify a particular interval approximation to which our complexity analysis of
the PV algorithm will apply. We additionally provide a reformulation of condition Cr¢(J) into
condition C{(J), which will be easier to deal with for the produced interval approximation and
our complexity analysis.

Interval approximation construction

Our interval approximation will be based on finding h and h’ such that both hf and
h’'Vf are Lipschitz. This will allow us to construct the interval approximation by combining
an evaluation in the midpoint of the box plus an error box. Recall that for J € OR", w(J) is
the width of J and m(J) the midpoint of J.

Theorem 552 .1, [137; §4.2]. Let
1 1

100 = wa  xp@ 07 @7 700 = G e
Then L1
J = (hf)(m(J)) + (1 +Vd)vVnw(J) [—2, 2} (5.6)
and ;
J = (WVH(mJ)) + (1+Vd—1)Vnw(J) [—;;] (5.7)

are respectively interval approximations C[hf](J) and O[h'Vf](J) of hf and h'Vf, respectively,
such that for all J € OR",

disty ((hf)(m(J),O[hf](J))) < %(1 +Vd)vnw(J) (5.8)
and
disty ((W'V)(m(J)), DH'VA(J)) < %(1 VA T)nw(J). (5.9)

Remark 552 .2. The interval approximations in [98] are based on Taylor expansion at the
midpoint, so they are different from ours. However, our complexity analysis also applies to
the interval approximations considered in [98]. q

Recall the map 1O : R" — §'] from (I—29) that gives a diffeomorphism between R"
and the upper half of §", Sl . We note that

IDXIO]| = 1/+4/1 + ||x||2. (5.10)

By direct computation, we easily see that for f € Py and x € R”,

M(0(0) = F()/ (L + [xI2)2, 5.11)
and _

Dxf df(x)x*
D D10 = X _ . 5.12
e D e e o1

Let us write

-~ f(x) = Vi(x)
f = d Vf:= . 5.13
0 = e+ xpenez " AW + [P (5.13)

The following proposition and its corollary are the key pieces of the proof.
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Proposition 552 . 2. [[137; Proposition 4.1]. Let f € Pyy[k] be a polynomial map. Then the

map
f(x)
F:x—
[flw (1 + [|x|[?)(d=1)/2

F(x)|| < 1+ (x|~

Proof. For the Lipschitz property, it is enough to bound the norm of the derivative of the map
by 1 + v/d. Due to (5—TT),

is (1 + +/d)-Lipschitz and, for all x,

FOx) = VT P P00,

[1fllw
Thus, by Corollary B8t 7, we conclude the inequallity.
By direct computation, the derivative of F equals
' (FO(x xT Dio o f"
( ( )) + 1+ ”XH2 10 (x) DXI'O.
Ifllw /14 X2 [Ifllw

Now, ||f"(3O(x))||/|Ifllw < 1 and Dyo " < Vd|f|lw, by Corollary I5TT. Thus, by (5—I0),
we conclude that F is (1 + v/d)-Lipschitz after taking norms. O

Corollary 552 . 3. [137; Corollary 4.2]. Let f € Py. Then fand Vf are Lipschitz with Lip-
schitz constants (1 + v/d) and (1 + v/d — 1), respectively, and for all x, F(x) , ‘ ﬁf(x)” <

VIT X2
Proof. The claims about f are immediate from Proposition 5522, For the claims about %\f,

observe that Vf € Pg_1ya[n] and [|VF|| < d||f||w. Thus Proposition completes the
proof. ]

Proof of Theorem 88211, By Corollary and our choice of h and ', hf = f and W'V f =
Vi are Lipschitz. The rest is straightforward from the bound on the Lipschitz constants. O

A weaker C;(J)

We show that if an interval approximation satisfies (5=8) and (5=9), as the one con-
structed in Theorem B5Z_1], we can substitute condition Cs(J) by a weaker, but easier to
check, condition C;(J).

Theorem 552 . 4. [[137; Theorem 4.3]. Let J € OR" and assume that our interval approxi-
mations O[hf] and O[h'Vf] of hf and h'f satisfy (58) and (&89). If

or ||h'((m(J)))VEm())|| > vV2(1 + Vd —T)nw(J)
(5.14)

ci) - {either Ih(m(I))(m(J))| > (1 + v/d)v/Aw(J)

holds, then so does C¢(J).

Lemma 552.5. Let x € R" and s € [0,1/v/2]. Then for all v,w € B(x, s|x|), we have
(vow) > [V][wl(1 — 2?) > 0.
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Proof of Theorem B52_4. When the condition on h(m(J))f(m(J)) is satisfied, (5—8) guar-
antees that 0 ¢ O[hf](J). Whenever the condition on h’((m(J)))Vf(m(J)) is satisfied, (5=9)
and Lemma BS2_5, with s = 1/v/2, guarantee that 0 ¢ (O[h'Df](J), O[h'Df](J)). Hence
C;(J) implies C¢(J) under the given assumptions. O

Proof of Lemma BSZ_8. Let s = cos 6, so that 6 € [0,7/4], ¢ = V1 —c2and K, := {u €
R™ | (x,u) > ||x||||ullc} the convex cone of those vectors u whose angle with x, x u, is at
most 6.
Given v, w € K., we have, by the triangle inequality, that vw < vx +xw < 20 < /2.
Thus
COs VW > cos (VX + xw) > cos 20 = 1 —2s* > 0.

And s0, it is enough to show that By (x) € K or, equivalently, that d(x, 9K;) < c||x||.
Now, d(x, 0K:) = min{||x —ul| | (x, u) = ||x||||ul|c} where the latter equals the distance
of x to a line having an angle # with x, which is ||x||s. O

552-3 Complexity analysis

We note that the complexity of Algorithm FVSU BDIVISIONl reduces to bounding the num-
ber of n-cubes of the output subdivision. This is so, because the run-time is bounded by

(Cost of testing C¢(J)) - #(output subdivision).

Further, by subdividing cubes in parallel, we can parallelize Algorithm |PVSUBD|V|S|0|\J ob-
taining a parallel algorithm whose parallel run-time is bounded by

(Cost of testing Cr(J)) - log #(output subdivision).

and its number of processors by O(#(output subdivision)).

For performing this complexity analysis, we will begin with a review of the so-called local
size bound framework, employed by Burr, Gao and Tsigaridas [98, 99], and on which our
condition-based and probabilistic complexity analyses will rely. After this, we introduce the
condition number adapted to this setting and we perform the complexity analyses.

Local size bound framework
The local size bound framework is based on the following fundamental notion introduced
by Burr [97].

Definition 552 . 1. [98; Definition 3.1] A local size bound for f is a function by : R" — [0, 00)
such that for all x € R",

bt(x) < inf{vol(J) | x € J € OR" and C¢(J) false} .

The intuition behind the local size bound is that it gives a bound on how small should
a box be before it satisfies the condition Cr¢(J). More explicitly, if x € J € OR" and vol(J) <
bt(x), then C¢(J) holds. Note that the precondition on the input of Algorithm
forces that by(x) is always positive. This idea provides the following easy upper bound.
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Proposition 552 . 6. [98; Proposition 4.1] The number of n-cubes of the final subdivision of
Algorithm FVSUBDIVISIOI\‘ on input (f, a), regardless of how the subdivision step is done, is
at most

(2a)"/inf{bs(x) | x € [—a, a]"}. O

The bound above is worst-case, it considers the worst bs(x) over the x € [—a, a]".
Continuous amortization, developed by Burr [97] and Burr, Krahmer and Yap [100], provides
the following refined complexity estimate which is adaptive.

Theorem 552 .7. [98; Proposition 5.2][100, 97, 98] The number of n-cubes of the final
subdivision of Algorithm |PVSUBD|V|S|0|\J on input (f,a) is at most

2n
max 1,/ dx p.
[—a,a]" bf(x)

Moreover, the bound is finite if and only if the algorithm terminates. O

Remark 552 . 3. Although we don’t give a proof, the complexity analysis in the next section
shares many similarities with the complexity analisys that leads to Theorem E5Z_1. q

To effectively use either Proposition or Theorem we need explicit estimates
for the local size bound.

Condition number and constructions of local size bounds

We introduce the condition number and give two constructions of the local size bound,
under different hypothesis of the construction of the interval approximation. The first con-
struction is the one by Burr, Gao and Tsigaridas [98] and the second one the one by Cucker,
ErgUr and the author [137]. We show how both of them are bounded by the condition num-
ber.

Condition number Relying on Definition B32_1], we introduce now the condition num-
ber adapted to our setting.

Definition 552 . 2. [137; Definition 5.1]. Given f € Py, the local affine condition number of f
at x € R is raie(f, X) := w(f", FO(X)).

The following result is a version of the regularity inequality with the functions introduced
in (E13).
Proposition 552 . 8. [137; Proposition 5.5]. Let f € Py and x € R". Then either
0] > et or [T >
2v/2d kast(f, X) 2v/2d Kags(f, X)

Proof. Without loss of generality assume that ||f||w = 1. Let y := FO(x), F := f" and assume
that the first inequality does not hold. Then, by (&=TT), |F(y)| < 1/ (wzd K(F,y)\/1+ qu2> .
By (512), (5—10)and the regularity inequality (Proposition £3%2_3), we get

(-4).

1 < H Vxf B df(x)x
V2r(Fy) — A+ [IxI2)92 (14 [Ix||2)9/2H




184 Josué Tonelli-Cueto

We divide by v/d and use the triangle inequality to obtain
1 < [Vaf| n [f(x)] Xl
V2dk(F,y) — d(L+ X)) (14 [|x]]2) @072 /T4 [x]2
Using (&—1m) and our initial assumption on the second term in the sum, which we sub-
tract, we get the desired inequality since ||x|| < /1 + ||x]|?. O

We note that the geometric interpretation of k.(f, x) was already discussed in detail in
Section ¥4, Because of that, we don’t repeat it.

Construction of Burr, Gao and Tsigaridas The construction of Burr, Gao and Tsi-
garidas is given by the following function:

o 2n71d/|n (1 +2272n) 4 \/ﬁ/2 22n(d— 1)/|n (1 _‘_2274n) + \/W
C(f, X) = mlﬂ{ diST(X, Z(C(f)) ’ diSt((X, X),Z(C(gf))

where gy is the polynomial (V£(X), V(Y)).

Theorem 552 .9, [98; Corollaries 3.6 and 3.7] Assume that the interval approximation is as
in [98; Remark 2.2]. Then
x = 1/C(f,x)"

is a local size bound function for f. O

The main intuition behind C(f, x) is that its inverse tell us how near is the point x of being
a singular point of the complex zero set Z€(f) of f. By the local condition number theorem
(Theorem A5%2_9), the inverse of k¢ Measures how near is f of having a singular zero at x,
which seems like a Copernican inversion of the situation for C.

The following result allows us to control C by the means of k4.

Theorem 552 .10. [137; Theorem 6.5]. Let d > 1 and f € Py4. Then, for all x € R",
C(f, x) < 23"dPk5(f, X).

Proof. Note that Corollary holds over the complex numbers as well. Due to this and
the fact that Z€(f) = 2€ (?) we have that

’?(x)’ < (1+ V/d)dist (x, ZC(f)> _

Now, if v2(1 + vd — 1) dist((y1, y2), (x, X)) < H?f(x)H, then v2(1 + vd —1)|lyi
x| < Hﬂ(x)H. Thus, by Corollary 523, \/iH@\f(y,-) —@\f(x)H < ||€f(x)|| and so, by
Lemma BSZ_F, 0 # (Vi(y1), Vi(ys)). Hence

Hﬂ(x)” < V2(1 + Vd — 1) dist(x, Ve(gr)).

The bound now follows from Proposition BS2_8, together with 23("~1d + \/n < 23724 and

. 2n-1d vn  22(d-1) \ﬁ 3 Vvn
- Z 4Ny U < 93n—4 y-
m'”{m(HzHH)+ 2 (22 m * 2}—2 d+ 5

for which we use that 1/In (1 +2272") < 223 and 1/In (1 4 2274") < 2413, O
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Let us observe that one of the reasons to prefer k,e over C is that the former is easier
to compute and it has better variation properties, as shown by the 1st and 2nd Lipschitz
properties (see Propositions .54, 4 and 134 7).

Remark 552 . 4. The most remarkable fact is to show that the original quantity introduced by
Burr, Gao and Tsigaridas can be controlled by r4¢. q

Construction of Cucker, Ergiir and Tonelli-Cueto \We show now that one can
construct a local size bound directly from the condition number itself.

Theorem 552 . 11. [137; Theorem 6.6] Assume that the interval approximation is as in The-
orem B5%_11. Then
2 n
X1/ (25/ dne ¢ (1, x))

is a local size bound for f.

Proof. Let x € R". As, by Theorem B¥2_4|, C;(J) implies C¢(J), it is enough to compute the
minimum volume of J € Z, containing x such that C{(J) is false. This will still give a local size
function for f.

Since x € J, [[x — m(J)|| < vnw(J)/2. Hence, by Corollary and Proposi-
tion 528 either

~ 1
f(m())| = g~ L YAVAWW)2
or 1
‘Vf(m(J))‘ > i (1+vVd—Dvnw(J)/2.

This means that C;(J) is true if either
2v/2d (1 4+ Vd)v/N kage(f, x)w(J) < 1 or 2v/2d (1 4+ Vd — 1) nkag(f, x)w(J) < 1.

Hence we get that C;(J) is true when both conditions are satisfied and the inequality 1++/d <
2+/d finishes the proof. O

Worst-case complexity

If we assume our input to be integer polynomials, one can obtain the following worst-
case complexity bound. This result was the original bound by Burr, Gao and Tsigaridas that
is unable to explain the efficiency of the Plantinga-Vegter algorithm in practice.

Theorem 552 .12. [98; Theorem 4.3] The number of n-cubes in the final subdivision of
Algorithm PVSUBDIVISIOI\J on input (f, a), with f an integer polynomial with coefficients of bit
size at most T and a € N, is at most

2(’)(nd”+1 (nT+ndlog (nd)+9n+d) log a)

if the interval approximation is as in [98; Remark 2.2]. O

Remark 552.5. The current techniques are able to only bound SUPxe[—a,a) C(f, X) for f an
integer polynomial, which is large whenever C(f, x) is large for some x. These techniques
cannot take advantage of quantities of the form f[7 a,a]" C(f, x)"dx with f an integer polyno-
mial and a € N, which to be large need C(f, x) to be large for many x. q
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Condition-based complexity

The following result is the first result in numerical real algebraic geometry where the
complexity bound depends on the average of the condition number. This is interesting as
this can be seen as a real analogue to the well-known Shub’s estimation on the number
of iterations for complex adaptive homotopy continuation [365]. In this way, the continu-
ous amortization of Burr, Krahmer and Yap [100, 97], from where the result below comes,
should be seen as not only as an important complexity analysis technique in the theory of
subdivisions methods, but as a fundamental technique for future algorithms in numerical real
algebraic geometry.

Theorem 552 .13. [137; Theorem 6.7]. The number of n-cubes in the final subdivision of

Algorithm on input (f, a) is at most
o" max{1,a"} 2" MR, o (re(f, %))
if the interval approximation is as in Theorem B5Z_1, and at most
d*" max{1, a"} 23" T By o oo (Kae(F, X))

if the interval approximation is as in [98, Remark 2.2].

Proof. This is just Theorems B5Z_7, 55210 and 55?211 combined with the fact that the
integral f[fa,a]” Kaff(f, x)™ dx is just (2a)" Exc[_g a0 (Kafe(f, X)7). O

Probabilistic complexity

The next two theorems fulffill the promise of the finite expected run-time of the PV Al-
gorithm. Theorem gives a bound in the average setting and Theorem in the
smoothed setting, introduced by Spielman and Teng [380]. We note that for fixed n, all the
bounds are polynomial in the degree d which explains the efficiency of the PV Algorithm in
practice. Also, the randomness model is that of dobro random polynomials, and so more
robust that the traditional setting with KSS random polynomials.

Theorem 552 . 14. [137; Theorem 3.1]. Let §f € Py be a dobro random polynomial with
parameters K and p. The expected number of n-cubes in the final subdivision of Algo-
rithm FVSUBDIVISIOI\‘ on input (f, a) is at most

n2+3n n2+16nlog(n) 1

d 2 max{l,a"}2 2 (Kp)"tt

if the interval approximation is as in Theorem and

2450

dz max{1, a"}2

7n%+9n log(n) 1
2

(Kp)™!
if the interval approximation is as in [98, Remark 2.2].

Theorem 552 .15. [137; Theorem 3.2]. Let f € Py, o > 0, and § € P4 a dobro random
polynomial with parameters K and p . Then the expected number of n-cubes of the final
subdivision of Algorithm PVSUBDIVISION for input (fo, @) where §, := f + o||f||wf is at most

n243n n? nlog(n) 1 n+1
d" " max{1,a" 2 7 L (Kp)mH <1+>
o
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the interval approximation is as in Theorem and

5n

n? n%+9nlo (n) 1 nt+1
d" 5" max{1,am2 5 L (K )t <1+>
g

if the interval approximation is as in [98, Remark 2.2].

The proof of the two theorems above is just an easy consequence of Theorem
combined with the following theorem.

Theorem 552 .16. (A) Letf € Hq be a dobro random polynomial with parameters K and
p. Then

n%+n n2+5n+3 log(n)+12

EiExe[—a,a)n (Kafe(f, x)") < d 272 2 (Kp)n+1-

(S) Letf e Hg, 0 >0, f, := f+ o||f||wg be a random polynomial such that g € Hq[1] is a
dobro random polynomial with parameters K and p. Then for t > e,

n n2+n  n%+5n+3log(n)+12 Nl 1 n+1
Es, Exel-a,a) (Kaff(fo, X)") < d 272 2 (Kp) L+ s .
Proof. (A) By the Fubini-Tonelli theorem,

EExe(—aap (Raff(F, X)") = Exe[—a,apnEf (ar(f, X)")

S0 it is enough to have a uniform bound for

Er (are(], X)") = / P (rare(f, )" > 1) dlt
1
Now, by Theorem BST_3(A), this is bounded by
n+1

n+1 oo
e,,+2< 30KpVN ) / nm™
1

n(n+ 1) t1+1/n

After the change of variables t = e the integral becomes

o© n n n+3
n/ (ns)?e_sds:n;3F< —; )
0

where T is Euler's Gamma function. Using the Stirling estimates for it, we obtain

nt2 nt2
2 2
F(n—;3><m<n+3> <4<n13>

2e

and N < (2d)". Combining all these inequalities, we obtain the desired upper bound.
(S) As (A), but applying Theorem BT _3(S) instead. O

Remark 552 .6. We note again that an important improvement over [137] is that we give
explicit constants and no undetermined universal constants. q
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553 2nd adaptive case: Han’s covering algorithm

Around the same time that Cucker, Erglr and the author used the continuous amortiza-
tion of Burr, Krahmer and Yap [100, 97] to show that the complexity of an adaptive algorithm
in numerical real algebraic geometry could be controlled by Eycsnx(f, x)", Han (under the su-
pervision of Lairez) [213, 214]ﬁ] made a similar discovery. His motivation came from a search
for an adaptive version of the algorithms presented in Chapter @. However, Han didn’t con-
sidered the question of the probabilistic algorithm and his proposed covering algorithm for
homology computation had complexity proportional to Eycsnr(f, x)2" which does not have
finite expectationE.

Han’s clear insight was to point out a fundamental property that we want a non-uniform
cover to have in adaptive grid/subdivision methods.

Definition 553.1. Let (X, d) be a metric space, f : X — (0, 1] a Lipschitz function, C > 0
and B := {B(x,rx) | x € G} a cover of X by closed balls. We say that B has the Han’s
(f, C)-property if for all x € G,

re < CH(x). (5.15)

This property is very desirable, since it guarantees nice properties of the resulting adap-
tive subdivision/grid. This makes having a general algorithm to produce these covers an
important step towards general adaptive subdivision/grid methods.

We present here the main ideas of Han’s covering algorithm for the cube and the sphere.
As an application, we will show that these can be used for estimating the condition number
®(f) in expected single exponential time and expected parallel polynomial time with expected
single exponential number of processors.

First, we introduce Han’s covering algorithm in the cube; second, we apply it to the
sphere using a variation of the uniform grid; third and last, we use this to create an algorithm
to estimate & with finite expectation.

Han’s covering algorithm for the cube

Han’s covering algorithm in the cube follows a similar pattern to Algorithm
pivisioN. Based on this, we write Algorithm CuBICALHANCOVERING below. We focus our
complexity analysis on the size of the output subdivision.

Theorem 553 . 1. Algorithm CUBICALHANCOVERING is correct. The number of n-cubes of the
final subdivision of Algorithm CuBICALHANCOVERING on input (f, a, C) is at most

max {a"(2C + 3L)" Eye[_aapf(x)™", 1} .

Moreover, if C > L, the number of n-cubes of any subdivision satisfying the postcondition
of Algorithm CuBICALHANCOVERING /s at /east

an(c - L)n IE:xe[fa,a]”f(x)in'

"We warn the reader about the numerous mistakes of these references. This means that any statement can
be false beyond trivial corrections. See the footnote in Remark for an example of such a case.

2Despite it is claimed that the algorithm runs in time bounded by Exesnk(f, x)", [213, 214] contains an error
in the proof and the given bound is the correct one. Also, we note that, due to the footnote at Remark B¥Z_32,
the correctness of the algotithm is not yet proven.
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Algorithm 11: CuBICALHANCOVERING
Input :f:]—a,al” — (0,1]
a,C € (0,00)
Precondition : f is L-Lipschitz with respect to the co-norm

S {[-aal"}
S+—o
repeat
Take BinS
S« S\ {B}
if w(B) < 2C~f(m(B)) then
| S« su{B)
else
L S + S U STANDARDSUBDIVISION(B)

until S = o
return S

Output : Subdivision S of [—a, a]
Postcondition: For every B € S, w(B) < 2C~f(m(B)),
i.e., S has Han’s (f, C)-property with respect the oco-norm

For proving this theorem, we will use the following technical lemma which can be viewed
as the main tool of the continuous amortization of Burr, Krahmer and Yap [100].

Lemma 553.2. Let (X, d) be a metric space, f : X — (0,1] an L-Lipschitz map, C > 0,
x € X and ry > 0. Assume that (x,ry) satisfies inequality (5=15) and that there is some
¥x € B(x,2ry) such that

2re > CH(yy). (5.16)

Then for all z € B(x, ry),
et < (2C+3L)f(z)" (5.17)

Proof of Theorem BS3 1l Note that the correctness is trivial, because f attains a global min-
imum in the compact set [—a, a]". Let B, denote the ball of the co-norm and S the subdi-
vision obtained by Algorithm [CuBICALHANCOVERING. Assume also that S # {[—a, a]"}.

By construction, for all B (x, rx) € S, we have that r, < C~1(x), since w(Buso (X, 1x)) =
2ry and x = m(Bso (X, 1y)). Now, let B (yx, 2rx) be the parent box of By (x, rx), i.e.,

Boo(X, Iy) € STANDARDSUBDIVISION(B o (Vx, 2rx))

with Boo (yx, 21« ) appearing before in the execution of Algorithm [CUBICALHANCOVERING. Since
Boo(yx, 2rx) ¢ S, this means that the condition

W(Boo (X, 1x)) < 2f(M(Bso(¥x, 21x)))

did not hold. Thus 2r, > f(yx).
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By the above, we are in the situation of Lemma for each Boo(x, rx) € S. Hence
for all Boo(x, 1¢) € S, we have that

1= / (2ry)~"dz < 27"(2C + 3L)”/ f(z)~"dz
Boo (%,1x)) Boo (X,12))

by the inequality (5—I7) of Lemma E53_2. Therefore
#S= Y 1= > / (2r)~"
Boo (x,1x)ES Boo(x,x)ES oo (X:1x))
~"(2C +3L)" Z / f(z)""dz=2""(2C + 3L)”/ f(z)~"dz,
Buo(xom)es ” Boe(6)) [~a.a)"

as desired.

For the universal lower bound, note that for z € B (x, ry) with r, < C~1f(x), we have
that

> (C—L)f(2)7!

due to Cry < f(x) < f(z) + Lrx. Then one proves the claim analogously. O

Proof of Lemma B2 2. By the triangle inequality, for all z € B(x, ry),
201 > f(yx) > 1(2) — Ld(yx.2) > 1(2) — L(d(z,x) + d(x, %)) > f(2) — 3Lrs.
From here the claim follows. O

Remark 553 .1. Let us note that we could obtain in the upper bound 2(C + L) instead of
(2C+3L). However, we proceed as we do to show the underlying general principle illustrated
by Lemma B2, 9

The following corollary is immediate.
Corollary 55°.3. Let f : [—a, a]" — (0, 1] have evaluation cost cost(f). Assume the oper-

ations with real numbers are constant cost. Then Algorithm CUBICALHANCOVERING on input
(f,a, C) has run-time bounded by

O (cost(f)max {a"(2C + 3L)" Exe[_aapnf(x) 7", 1}) .

Moreover, there is a parallel version of Algorithm |CUBICALHANCOVERING, PARCUBICALHAN-
COVERING, whose parallel run-time is at most

O (cost(f)max {nlog(a(2C + 3L)) + log Exe[_a,apf(x)~",0})
= O (cost(f) max {nlog(a(2C + 3L)) + nEyc[_a 4 log(1/f(x)),0})

and whose required number of processors is at most
O (max{a"(2C + 3L)" Exe—aanf(x) ", 1}). O

Remark 553 . 2. We note that it would be possible to employ interval arithmetic, floating-point,
etc. to evaluate approximately f and obtain a round-off version of Algorithm CuBiCALHANCO

VERING, 1
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Han’s covering algorithm for the sphere

The original Han’s covering algorithm was for the sphere. However, the version pro-
posed by Han [214], 213] is non-constructive as it relies on the same construction employed
in the proof of Lemma E52_20. We now give a constructive version, in which the grid can
be constructed efficiently (in practice). We note that this is non-trivial, since we cannot cover
the sphere with balls whose pairwise intersections have measure zero. However, we avoid
this issue at the cost of some optimality, by constructing Algorithm SPHERICALHANCOVERING
relying on Algorithm CuBICALHANCOVERING.

Recall the bijective map TO : 9[—1,1]" — S", from @—21), given by x — x/||x|.

Algorithm 12: SPHERICALHANCOVERING
Input :f:S"— (0,1]
C € (0,00)
Precondition : f is L-Lipschitz with respect to the geodesic distance distg

A+ TO ((22*[%'09”1 + 1) nal-1, 1]"+1) x {1}
A+ o
repeat
Take (x, ry) in A
A A\ {(x, )}
if r, < C~1f(x) then
| A AU{(x. )}
else
i+ argmax{|xi| | i € {0,...,n}}
X < x/|xi|
Ac AuTO ({(3+ Spuas2T3o0mle, &) | oy{-1,1}})

until A = o
return A

Output :ACS"x(0,1/3]
Postcondition: {B(x, rx) | (x,rx) € A} has Han’s (f, C)-property

We note that Algorithm SPHERICALHANCOVERING is just like applying Algorithm

in the boundary of the cube 9]—1, 1)"*! and then projecting it onto the sphere.
Recall also that for each facet F of 9[—1, 1]"*1, the map @“: is 1-Lipschitz. With all this in
mind, we prove the following theorem.

Theorem 553 . 4. Algorithm SPHERICALHANCOVERING is correct. The number of n-cubes of
the final subdivision of Algorithm SPHERICALHANCOVERING on input (f, C) is at most

max {21+”n1+5, 2n'*2 (4C + 3L)" Eyep_1p0f (@(x))_"} :

Proof. We note that fo FO is y/nL-Lipschitz with respect to the co-norm in each facet. Since
we are starting not with 9[—1,1]" or its facets, but with 2!+7n'+2 initial cubes, we should
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account for this, which is done in the first term of the maximum. For the other term, we apply
Theorem to each of these initial n-cubes and then we apply the additive property of
integrals. Just note that instead of (C, L), we should substitute (2[% log ] C, ﬁL). For the

correctness, note that
B (e ) cB ()
[l [l

implies that the final subdivision gives the desired covering. O

We now translate the above theorem into a proper statement over the sphere.

Theorem 553 . 5. Algorithm SPHERICALHANCOVERING is correct. The number of n-cubes of
the final subdivision of Algorithm SPHERICALHANCOVERING on input (f, C) is at most

max {21+”n1+%, 2(n + 1)™1(4C + 3L)" Exegnf(x)*"} ,

Moreover, if C > L, the number of balls of any covering satisfying the postcondition of
Algorithm SPHERICALHANCOVERING /s at least

2V/A(C — L) Eyesnf(x) ",

Remark 553.3. We note that an upper bound for the size of the covering produced by
Algorithm SPHERICALHANCOVERING is exponential in @ (nlog n), while the lower bound for a
covering satisfying the same property is exponential in O(n). The reason for this is the same
as for why this happens with the uniform grid. There is a loss at covering the sphere by
covering the cube. q

We recall the following easy consequence of [87; 2.37], which gives an estimation of
the volume of a n-ball.

Lemma 553.6. Let r € [0,1/2] and x € S". Then
0.9wn r" < wpsin™r < volp(Bs(x,r)) <wnr" (5.18)
where wp is the volume of the n-dimensional ball B(0, 1). O

Proof of Theorem E53 8. For the upper bound, we only need to apply the change of vari-
ables theorem on each facet F of 9[—1, 1]™*1. Without loss of generality, let F = 1 x [-1,1]".
Now, by a straightforward computation, for x € {1} x R" and v € 0 x S"1,

i
DOV =7t () (x—eo) |
Ix]I \ v — T

and therefore

x|

2 _ 2 _ 2
.10 = V=0 [ VIxX=al 1+ 1 ]
I ]

This implies that

/NPT —al . 1
[det D:I0] = == m— 2 [
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and so that

/ (0 (x)) " dx < / oy
xeF y€IO(F)

Hence the upper bound follows.

The proof of the universal lower bound is analogous to the proof of the lower bound in
Theorem B33 1. We only need to use the estimation in Lemma to lower bound 1 by
wpt |, Bs(xr, [x | @nd some inequalities between volumes of Euclidean balls. O

10 (y)

"dy < / fy)""(n+1)% dy.
y€rO(F)

Corollary 553.7. Let f: [—a,a]" — (0, 1] have evaluation cost cost(f). Assume the opera-
tions with real numbers are constant cost. Then Algorithm SPHERICALHANCOVERING on input
(f, C) has run-time bounded by

o (cost(f) max {21+”n1+%, 2(n+1)"14C + 3L)"ExeSﬂf(X)_n}> :

Moreover, there is a parallel version of Algorithm SPHERICALHANCOVERING, PARSPHERICAL-
HANCOVERING, whose parallel run-time is at most

O (cost(f)ymax {nlog((n+ 1)(4C + 3L)) + log Excsaf(x) ", nlog n})
= O (cost(f) max{nlog((n+1)(4C + 3L)) + nExesn log(1/f(x)), nlog n})

and whose required number of processors is at most

o (max {21+"n1+%, 2(n+1)™1(4C + 3L)" Exegnf(x)_”}) . O

Remark 553 . 4. As with Algorithm CuBICALHANCOVERING, the same notions regarding round-
off versions applies to Algorithm SPHERICALHANCOVERING. q

Fast estimation of () and %.«(f)

One important application of the coverings obtained by Han’s covering algorithms is
that they allow us to compute very fast the minimum of a Lipschitz function f : X — (0, 1],
which was one of the main motivations of Han’s work [213, 214]. Now, by the 2nd Lipschitz
property (Proposition I3*_3), the map

S" 5 x = ®(f,x)"1 €[0,1]
is D-Lipschitz with respect to the geodesic distance dists.
Lemma 553.8. [213]. Let (X, d) be a metric space, f : X — (0,1] an L-Lipschitz map,

C > 0and B = {B(x,rx) | x € G} acover of X. If B has Han’s (f, C)-property, then

L . . ,
— < < .
(1-5) mig 00 < o) < e

Proof. Since fis L-Lipschitz, for all x € G and all z € B(x, ry),

f(z) > f(x) — Lre > f(x) — LC f(x) = (1 - é) f(x),

by inequality (8=1). The claim is now obvious. O
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In view of the above, we propose Algorithm [g-FASTESTIMATH that is a variation of Algo-
rithm using Han’s covering algorithm. We note that one can modify Algorithm &4
to allow the algorithm to stop when the condition number is bigger than a
certain threshold B > 0.

Theorem 553 . 9. Algorithm [g-FASTESTIMATH s correct. Its run-time on input (f, p) is bounded
by

@ ((N + n%) max {2"n1+%, (n+ 1)™Y(7D + 1)" ExesrR(f, x)”}) .

Further, this algorithm admits a parallel version, ®-FASTPARESTIMATE, whose parallel run-time
is bounded by parallel run-time is at most

O ((N + n*ymax {nlog((n + 1)(7D + 1)) + log Exesn7(f, x)", nlog n})
and whose required number of processors is at most
0 <max {21+”n1+%, 2(n+ 1)™1(7D + 1)" Exesnri(f, x)“}) .

Proof. Correctness follows from Lemma BS3_8. For the complexity estimates, use Theo-
rem B53_8, Corollary B>, for the size complexity of Algorithm SPHERICALHANCOVERING,
and [272; Lemma 25], for the complexity of evaluation of &(f, x) as we did in the proof of
Theorem 4528, O

The following is the most important result.

Theorem 553.10. Let f € Hqlq] be a KSS random polynomial tuple. Then the expected
run-time of Algorithm [-FASTESTIMATH on input f is bounded by

O ((N+n*)n*q™ (7D + 1)"(119nN) "+ ) = (gnDN)°®,

and the expected parallel run-time and number of processors of Algorithm £-FASTPARESTIMATE
are bounded, respectively, by
O (n(N + n*)log(gnDN))
and by
@ (an"H(m + 1)"(119nN)%1) — (qnDN)°™.

For §, := f + ol|f||wf, the same bounds hold with an additional factor (1 + %)"H.

Algorithm 13: K-FASTESTIMATE
Input 1 f € Halq]

p€e(0,1)

A +SPHERICALHANCOVERING(%(f, x) 1, Dp~1)
K (1 —p)tmax{s(ft,x)| (x,rx) € A, L € [q]="'}

Output :K e (0,00)
Postcondition: %(f) < K < (1 — p)~'&(f)
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Proof. The proof is as that of Theorem BE5%2_16, a simple application of the Fubini-Tonell
theorem. For this, we have to use the tail bounds from Proposition L53_4. O

Making a variation of the above, we can apply the same strategy to %,¢. The idea is to
bound, on the one hand, %(p"), and, on the other hand, F2%(p), see (C3A).

Theorem 553 .11. Thereis an algorithm, R.s-FASTESTIMATE, which admits a parallel version,
Rafr-FASTPARESTIMATE, that for p € Pqlq] and p € (0,1), computes a positive number such
that K < Ra(p) < (1 — p) K. For these algorithms, the following hold. Let | € Hq[q] be a
KSS random polynomial tuple. Then the expected run-time of Algorithm K,s-FASTESTIMATE
on input § is bounded by

O ((N+n*)n*q" (7D +1)"(119nN) "% ) = (gnDN)°'",

and the expected parallel run-time and number of processors of Algorithm & ,s~FASTPARESTIMATE
are bounded, respectively, by

O (n(N + n*)log(gnDN))

and by
O (n2qn+1(7D + 1)n(119nN)%1> — (qnDN)°O).

For §, := f + o||f||wf, the same bounds holds with an additional factor (1 + %)”H.
Proof. We use Algorithm &-FASTESTIMATE to bound % (") and %2%(p). For the first, the bound
is as above; for the latter, we should use the tail bound of Corollary B3* 7. O

An interesting consequence of these two results is the following one, which we state
without details.

Theorem 553 .12. There is an algorithm that computes a positive lower bound of the reach
of a spherical smooth algebraic set in finite average time that is singly exponential time in the
number of variables and polynomial in the degree and number of polynomials.

Proof. We have to use the bound of Theorem together with the higher derivative
estimate (Theorem B5Z2_12. O

584 A natunetkal for the future

We now present our ambitious research program nsatunetka. The program will be di-
vided in five parts. The main focus of this program is the development of an algorithm com-
puting homology of semialgebraic sets in average singly exponential time and its application
to a computational approach to classification problems in real algebraic geometry.

3Five-year plan.
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554-1 MatmneTka |: Homology in average singly exponential time

With the development of the main results of this thesis in Chapter @, the old non-adaptive
grid method achieved a milestone. In this setting, there are problems related to quantified for-
mulas that the author currently works in. However, the development of the condition-based
complexity analysis of the PV Algorithm together with a finite bound for the expectation
in [137] (Section E53) was a completely unexpected result.

This result suggests the following major problem of the program.

Pyatiletka problem 1.A. Find a numerical algorithm computing the homology groups of
semialgebraic sets that, for a KSS random polynomial tuple p € Pq|q] and a Boolean formula
® of size s, runs in expected s(an)”Om—z‘/me.

Pyatiletka problem I.B. Find a numerical parallel algorithm computing the homology groups
of semialgebraic sets that, for a KSS random polynomial tuple p € Pg[q] and a Boolean
formula ® of size s, runs in expected s(qnD)°D with s(qgnD)"""” expected number of pro-
Cessors.

We note that as of today the above two problems remain unsolved even in the case of
counting zeros. This forces us to pose the following problem.

Pyatiletka problem I1I.A. Find a numerical algorithm computing counting the zeros of an
algebraic set that, for a KSS random polynomial tuple p € Pqln], runs in expected (nD)”o(l) -
time.

Pyatiletka problem 11.B. Find a numerical parallel algorithm counting the zeros of an al-
gebraic set that, for a KSS random polynomial tuple p € Pq[n], runs in expected parallel
(nD)°W-time with (nD)"*" expected number of processors.

In any of the above problems, Algorithms EVSUBDlVlSloﬂ and SPHERICALHANCOVERING
can provide subdivisions with very good properties. Unfortunately, it is not clear how to use
such properties in order to obtain a topological reconstruction, which is similar to the situation
with the PV Algorithm, see Open problem m in Section 554.

554-2 MamuneTka lI: A condition number for adaptive algorithms

In adaptive subdivisions methods, a new condition-based quantity appears:
Exesnti(f, x)". (5.19)

The main difference with the usual maximum-based quantity x(f) is that this quantity has
finite expectation, by Theorem E3Z_17. However, let us note that for a KSS random polyno-
mial f € Hq[1],

Exesnk(f, x)© (5.20)

is finite if and only if o < n + 1, due to Corollary BSX_10. We note that this is the main
difficulty towards the solution of Pyatiletka problems m and @, since following the usual
recipe (assuming everything works) gives an algorithm whose complexity is controlled by

Exesnri(f, x)2" (5.21)
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which we expect to be infinite.
We note that the condition-based quantity (5=139) is still to be understood, and it will
play a fundamental role in the understanding of subdivisions.

Pyatiletka problem 11I. Develop a condition-based complexity theory for adaptive sub-
division/grid methods. More concretely, analyze as many adaptive subdivisions methods as
possible using condition-based quantities of the form (E13).

This will lead to many probabilistic analysis of existing algorithm and will explain the suc-
cess of adaptive subdivision problems in solving problems, like it did with the PV Algorithm.
Among the possible candidates for this are the algorithms of Xu and Yap [420]@], and Jin
and Cheng [237, 238]. It is clear that these analysis might not only help to solve the Py-
atiletka problem @, but also the Pyatiletka problems m and 1 as they will probably allow
the exploration of new ideas of how to exploit good subdivisions.

Also, let us note that (5—19) is infinite if and only if x(f) is so. However, we can take
the derivative of (52139) with respect to f, since expectations and derivatives commute. The
latter suggest a purely metric approach to classifying isotopy types in the complement of the
discriminant.

Pyatiletka problem 1v. Compute the derivative of (5819) with respect to f. Can this be
used to develop homotopy preprocessing algorithms in numerical real algebraic geometry?
And for studying the number of rigid isotopy types of a smooth algebraic set?

Since x(f, x) is a metrical quantity in nature, the above would lead to the creation of a
metric algebraic geometry, where the properties of algebraic sets are studied through the
study of the distance and other metric properties.

5543 MammneTka lll: Robust probabilistic framework

Another important development in [137] (Section E83), following the work of Ergdr,
Paouris and Rojas [175, 176], was the development of bounds for the more general class of
dobro random polynomials. Unfortunately, the bounds are not for dobro polynomial tuples.
This motivates the following question.

Pyatiletka problem V. Let § € Hqlq| be a dobro random polynomial tuple and x € S".
Obtain tail bounds for k(f, x) like those in Theorem 5217

There are other possible ways to proceed. It is clear that the techniques from geometric
functional analysis are more versatile. This means that they work with more norms than just
norms coming from an Euclidean product. In this respect, we propose the following problem.

Pyatiletka problem vI. Explore how replacing the Weyl norm of Hq4[q] (and Pa(q)) by a
different norm affects the complexity of numerical algorithms.

One can see that as long as a norm allows us to control evaluations and derivatives,
one should be able to obtain a version of the exclusion lemma, the 1st and 2nd Lipschitz
properties and the higher derivative estimate for the corresponding condition number. In this

4The author is currently working in this analysis [391].
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aspect, there are two kinds of norms that one consider: functional norms in the space that
the algorithm works in and p-norms of the coefficients of the polynomials.

For functional norms, there are some early results in work of Cucker, Ergtr and the
author [[136] that shows that one gets significant improvements in the exponents that appear
in the complexity analysisE. For p-norms of coefficients of polynomials, the author [390] has
preliminary results showing that it is possible to eliminate the scaling of the coefficients in the
random model.

An additional problem, which is completely unexplored, is the following one.

Pyatiletka problem VII. Let f € Hq[q] be a random polynomial tuple distributed according
to some discrete probability law and x € S". Can we say something in general about the tail
bounds for k(f, x)?

The above problem could lead to a development to hybrid symbolic-numerical algo-
rithms that run in average singly exponential time and worst-case doubly exponential for a
random integer polynomial tuple. We pose this as a problem.

Pyatiletka problem VIII. Find a hybrid symbolic-numerical algorithm computing the ho-
mology of semialgebraic sets that, for p € Pg[q| with random integer coefficients i.i.d. on
[—2P,2P] and a Boolean formula ® of size s, runs in expected s(an)”O(1>20(b)-tIme and
worst s(qnD)2°" 20®)_time,

554—4 MatuneTka IV: Real algorithms

In one of his famous criticisms to non-constructive mathematics, Bishop [Q2] claimed
that “classical mathematics concerns itself with operations that can be carried out by God”
while constructive mathematics concerns itself with “operations that can be carried out by
finite beings, man’s mathematics for short”. As of today, the status of Bishop’s “man’s math-
ematics” can be seen that is properly realized in the numerous constructive algorithms of
real algebraic geometry, which are beautifully described by Basu, Pollack and Roy in their
book [34].

However, in the current computational world, we cannot conform ourselves with algo-
rithms that are good in theory, but that no one has seen them work. Making fun of Bishop’s
discourse [Q2], who cares about the operations that finite beings that live thousands of years
can do? As life is short, the following problem is very important.

Pyatiletka problem IX. /f existing, can the algorithm of the Pyatiletka problems m, Tm
and &ETT be implement in practice so that they can be run in a computer?

One might expect that numerical algorithms have a better chance of being efficient in
practice, but the author has a certain bias. A project of interet is the following one.

Pyatiletka problem x. Can any of the Algorithms f-ESTIMATE, SPHERICALHOMOLOGY,
FINEHOMOLOGY, CuBICALHANCOVERING and their variants across this thesis be implement in
practice so that it can be run in a computer?

An important tool for this last Pyatiletka problem could be the C++ code Ripser by
Bauer [44], which allows for fast computation of the homology of Vietoris-Rips complexes.

SWhere significant means that exponents that are of the form ©(n?) become of the form O(n).
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554-5 MatmneTtka V: Computational Hiloert 16th problem

Coming back to the introduction, we consider the understanding of the topology of real
algebraic and semialgebraic sets as one of the motivations of computational semialgebraic
geometry. The most general way in which an algebraic geometer understands a classifica-
tion problem is by having an explicit list of objects’ types and a list of invariants that when
computed indicates to which type in the list is the studied object equivalent. We general-
ize this notion to the computational setting. Although the definition below is only for isotopy
types of hypersurfaces, it can be extended to more general settings easily.

Definition 554 .1. A computational classification of the isotopy type of hypersufaces con-
sists of the following three computable maps:

(c) Amap
class:Nx N — {ACR[Xk |k e N] |#A < o}

such that for each (d, n), class(d, n) C R[Xo, ..., Xald := {f € R[Xo, ..., Xn] | degf = d}
contains a representative of each isotopy class of real hypersurfaces of degree din n+1
homogeneous variables.

(i) Amap
iden : | J{d} x {n} x R[Xy, .., XnJa = R[X, | k € N]
d,n
such that for all d,n € N and f € R[Xp, ..., Xp]q, iden(d, n, f) € class(d, n) with f and
iden(f) having the same isotopy type.

A computational weak classification of the isotopy types of hypersufaces of the following
three computable maps:

() Amap
class:Nx N — {ACR[Xk |k eN] |#A < oo}

such that for each (d, n), class(d, n) C R[Xo, ..., Xnld := {f € R[Xo, ..., Xn] | degf = d}
contains a representative of each isotopy class of real hypersurfaces of degree d in n+1
homogeneous variables.

(d) Amap
comp : | J{d} x {n} x R[Xy, ..., Xn]g x R[Xp, ..., Xp]a — {0,1}
d,n
such that for all d,n € N and f, g € R[Xo, ..., Xn]q¢, cOmp(d, n, f,g) = 1 iff f and g have
the same isotopy type.

We should see that we are not interested in having the list anymore, but in just being
able to produce the list and indicate the equivalent element in the list that can be produced.
In other words, asking about the existence of efficient computational classifications is the
same as wondering about the existence of systematic classification techniques for topology
in real algebraic geometry.
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In the case of curves, Orevkov and Kharmalov [807] prove that the number of isotopy
types is
9©(d).

For hypersurfaces (and even more general sets), Basu and Vorobjov [41] showed that the
number of homotopy types is bounded by

NOWNn) _ 4O(d")

Based on this, we conjecture the following problem.

Pyatiletka problem X1I. /s there a (weak) computational classification of the isotopy type
of hypersufaces such that class can be computed in 2d°" _time? And in parallel d®("-time?

Remark 554 .1. We note that the statement of the problem does not contradict the results
of Diatta and Lerario [[153], since they prove that certain curves are exponentially rare, but
this is expected from the number of isotopy types. q

However, the real dream is the following Pyatiletka problem.

Pyatiletka problem XII. /s there a (weak) computational classification of the isotopy type
of hypersufaces that can be efficiently implemented in practice to classify currently unknown
cases until now?

An additional side quest of interest, given how little is known about algebraic curves in
3-dmensional space (see [410, 403, 402]) is the following problem, which might be easier
than the two previous ones.

Pyatiletka problem XIII. Find an algorithm computing the knot group of algebraic curves
in S3 that, for a KSS random polynomial tuple § € Hq[2], has run-time polynomial in D.

Of course the lNatunetka program is ambitious, and most likely many of its goals with
not be achieved. But when one ventures to look into the future, one should do it with the
biggest possible ambition. The circumstances that might come may destroy our program,
but for now, let me just say:

NaTuneTka B yeTbipe rogalt

Further comments

Most of the exposition of Sections and is from [137]. The main exceptions
are the computation of the probability tail for the local condition number of a KSS random
polynomial and the exact constants in our probabilistic estimates. Regarding Han’s covering
algorithm, we followed the ideas in [213, 214], but many of the results and exposition in the
corresponding section are novel.

SFive-year plan in four years!
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My fuzzy mathematical idea was as follows:
“We know that poly-nomials (MHoro-4seHbl) have a lot of (i.e. MmHoro) roots, so probably
few-nomials (mano-4seHbl) have only a few (i.e. mano) roots”.

Anatoli G. Kushnirenko, Letter to Professor Sottile

Real zeros of random fewnomials

A fewnomial is a polynomial with few terms. A fewnomial system with t exponent vectors
is a polynomial system of equations

for which there is a subset A C Z" of size t such that the system f is supported on A, i.e.,
each polynomial f; is of the form
fi= ) fiaX.

acA
In the complex case (see Theorem ESL_1l), the number of complex zeros in (C*)" of a
generioEI complex fewnomial system supported on A is n!vol,conv(A). In the real case (see
Theorem E3~_8 and E2-_§), the number of positive zerod of a generic real fewnomial sys-
tem can be bounded only in terms of t and n, independently of the set A on which the system
is supported. This showcases the radical difference in behaviour between real and complex
Zeros.

Example FS° . 1. Consider the polynomial aX? + b. Its generic complex form has d non-zero
complex roots, but its real generic form has at most one positive root. A

Example FS° . 2. Consider the fewnomial system with 4 exponent vectors
a1+ BX+nY +8HXYZ9=0

ag + BoX + Y + 52XYZd =0
as + B3X +43Y + 83XYZ9 = 0.

"In what follows ‘generic’ just means that the statement is true for all systems whose tuple of coefficients lies
outside the zero set of some polynomial in t variables. It can also be interpreted in the weaker sense of measure
theory, where the statement is true outside a set of measure zero with respect to the Lebesgue measure.

2By a positive zero x € R", we will mean a zero in the positive orthant R .
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We observe that the set Ay := {0, e1, €2, (1,1, d)!} on which this system is supported is a
simplex of volume d/6 and which does not contain any other integer points in its convex
hull. Despite not having integer points different from the vertices, the same phenomenon
happens. The complex generic system has d complex zeros in (C*)3, while the real generic
system has at most one positive zero. A

As of today, the following is the biggest open question in fewnomial theory. Recall that
a nondegenerate zero of a system f is a zero x of f such that Dyf is invertible.

Open problem J (Kushnirenko’s conjecture). [268]. Does the number of nondegenerate
positive solutions of a real fewnomial system with t exponent vectors and n variables have
a bound of the form poly(t)**¥("? In orther words, can we bound the number of nonde-
generate zeros of a real fewnomial system by a function that is polynomial in the number of
exponent vectors t and exponential in the number of variables n?

This appendix presents the work of the author in [93] together with Peter Blrgisser
and Alperen A. Erglr: a positive answer to the Open Problem @ for random real fewnomial
systems (Theorems E>>_. 1l and E32__5). This result can be considered as the first step in the
creation of a real random fewnomial theory.

First, we present the history and state-of-the-art in fewnomial theory; second, we intro-
duce random real algebraic geometry and we present the techniques that we will be using;
third, we state, discuss and prove the main probabilistic bound (Theorem ES*_1l), providing
also a slightly better bound for a restricted univariate bound (Theorem ES_8); and fourth
and last, we provide a list of questions pointing into possible future directions of random
fewnomial theory.

Remark FS° . 1. We note that despite their theoretical appeal, fewnomial systems appear very
often in applications where dense polynomials are rare. Examples of these applications are,
among many others, chemical reaction networks [[130, 227, 296, 309, 310, 189] (see [156]
for a survey) and statistics [159, 314]. q

FS1 A history of real fewnomial theory

In 1975, Kushnirenko [269, 271]E proved the first theorem counting the number of
complex zeros of a complex fewnomial system. The importance of this bound is that in
general it is a lot better than the one obtained by Bézout’s theorem.

Theorem F$! . 1 (Kushnirenko’s theorem). [378; Theorems 1.1] Let f be a complex fewno-
mial system supported on A C Z". Then the number of non-degenerate complex zeros of
fin (C*)"is at most n!vol,conv(A). Moreover, for a generic complex fewnomial system the
number of complex zeros of f in (C*)" is exactly n!vol,conv(A). O

The next year, in 1976, Bernstein [51]] extended this result to the case in which each
polynomial of the system is supported on a different set. Recall that the mixed volume of

3We note that a purely analytic proof can be found in [270]. This proof applies to the more general sums
of exponentials. Although Kushnirenko planned to publish this paper in the journal Inventiones mathematicae,
he was not allowed by USSR authorities to do so. After that he became “upset and never trfijed to publish that
paper again at home or abroad” [268].
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convex polytopes Ki, ..., K, € R, mixvol,(Ki, ..., Kn), is the coefficient of X - - - Xj, in the
n-homogeneous polynomial
Voln (X1Ki + - - - + XnKp)
or, equivalently,
n
X1 - 9Xn
Note that nlvol,(K) = mixvol,(K, ..., K).

Theorem FS! . 2 (Bernstein’s theorem). [378; Theorem 1.2] Let f be a complex fewno-
mial system such that each f; is supported on A; C Z". Then the number of non-degenerate
complex zeros of f in (C*)" is at most mixvol, (conv(Ay), ...,conv(A,)). Moreover, for a
generic complex fewnomial system the number of complex zeros of f in (C*)" is exactly

mixvol, (conv(Ay), ...,conv(Ap)). O

Later that same year, Berstein, Kushnirenko and Khovanskil would provide further in-
sight in the proof of this theorem [62]. Because of this, the above results are known collec-
tively as the BKK theorem.

FS1-1 A fuzzy idea of Kushnirenko

In this moment of history, at the zenith of complex fewnomial theory, during the Summer
of 1977, Kushnirenko had a fuzzy idea while he was writing a paper for the journal KsaHT for
high school students of the Soviet Union. This fuzzy idea, which we quoted at the beginning
of this chapter, was as follows:

“We know that poly-nomials (MHoro-4neHbl) have a lot of (i.e. MHOrO) root,
S0 probably few-nomials (Manio-4nenbl) have only a few (i.e. mano) roots”.

This idea is nothing more than a language game in Russian, where Kushnirenko substituted
the Russian term ‘mMHoro’ which means ‘many’ by its Russian opposite term ‘mano’ which
means ‘few’. This is also the way that the term ‘fewnomial’ was born, since Kushnirenko
just applied the same linguistic logic to English, substituting ‘poly’, meaning ‘many’, by its
opposite ‘few’.

After having this idea, Kushnirenko realized quickly that the number of roots is “nothing
but a characteristic of [the] topological complexity” and that the number of terms is “a char-
acteristic of [the] algebraic complexity” [268]. Based on this, Kushnirenko formulated three
conjectures@ that would lead to the creation of real fewnomial theory: [268]

Kushnirenko Hypothesis |. The topological complexity of an object defined by real-
valued polynomials can be controlled by the complexity of the description of these
polynomialsE (such as the number of non-zero terms or the size of a straight-line pro-
gram computing the polynomial) rather than by the degree or some other characteristic
of polytopes that the polynomials are supported on.

4 Although the term in English is ‘conjecture’, Russian-speaking mathematicians usually use the term ‘hypoth-
esis’ which is just a literal translation of the Russian term ‘runotesa’. Despite this literal translation, this term is
the equivalent term to ‘conjecture’ in the Russian mathematical language.

SWhen Kushnirenko formulated his conjectures, he meant not only polynomials with integer exponent vectors,
but with arbitrary real exponent vectors.
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Kushnirenko Hypothesis Il. The number of nondegenerate positive zeros of a real
fewnomial system can be bounded from above by a function depending only on the
number of variables n and the number of exponent vectors t of the system.

Kushnirenko Hypothesis lll. Given a fewnomial system f in n variables such that
each f; has at most t; terms, the number of nondegenerate positive zeros of f is at
most [TL,(t — 1). In particular, a fewnomial system f in n variables with t exponent
vectors has at most (t — 1)"” nondegenerate positive real zeros.

F$1—-2 Towards Kushnirenko hypotheses

At the moment that Kushnirenko coined the term fewnomial and formulated his con-
jectures, he didn’'t have any evidence that this would effectively be the case beyond the
so-called Descartes’ rule of signs.

Theorem FS! . 3. (Descartes’ rule of signs) [151; p. 42] and [2]. Let
f=a X4 -4 a XM

be a non-zero fewnomial where oy < ... < a4 Then the number of positive roots of f is
bounded by the number of sign changes in the sequence (a, ..., a;). In particular, f has at
most t — 1 positive roots. O

Because of this, when Kushnirenko talked to Arnold at the next day of coming up with his
three conjectures, Arnold advised Kushnirenko to “try to state and prove some simple partial
case” [268]. Kushnirenko would come up with the following simplest case of his conjectures.

Kushnirenko Hypothesis IV. Let f € R[X, Y] be a fewnomial with at most t terms
and g € R[X, Y] a polynomial of degree at most D. Then the number of nondegenerate
positive zeros of the system
{ f(x,y) =0
g(x,y) =0

is at most b(t, D) for some universal function b.

In the fall of 1977, during one of their regular dicussions, Kushnirenko discussed the above
conjectures with the then 22-years-old mathematician Konstantin A. Sevastyanov (KoHc-
TaHTVH A. CeBacTbsiHOB), who was a PhD student of Arnold. Half a year later, in the Winter
of 1978, Sevastyanov was able to prove Kushnirenko Hypothesis IV and to disprove the
Kushnirenko Hypothesis lI.

Theorem FS! . 4 (Sevastyanov’s theorem). Kushnirenko Hypothesis Il is false, and IV is
true. [

This is the “first crucial step” in real fewnomial theory [268]. Unfortunately, a few years
later, Sevastyanov died in a tragic car-pedestrian accident in which the driver left the scene
unidentified [268]. Because of this, the original counterexample and proof of Sevastyanov
are lost to history.
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We should note that Open Problem @ is a robust version of Kushnirenko Hypothesis IIl.
This version has not been disproved yet. A counterexample to the original Kushnirenko Hy-
pothesis Il was found independently much time later by Haas [212], but it is not a coun-
terexample to the robust version.

Motivated by the original work of Sevastyanov, Khovanskil [256] would prove Kush-
nirenko Hypothesis Il with an explicit upper bound.

Theorem F$! . 5 (Khovanskii’s theorem). [257; §3.14, Corollary 4]. Let f be a fewnomial
system in n variables with t exponent vectors. Then the number of nondegenerate positive
zeros of f is bounded by

t—1

25 (n 4 1)t
0

Continuing this line of results, Khovanskil proved several more results covering also
Kushnirenko Hypothesis |, with a bound similar to the one above for the sum of Betti num-
bers. All these results came together in Khovanskii’s book Fewnomials [257] in 1991, which
would be later translated to Russian [258].

At this moment the theory of real fewnomials was a consolidated and established theory.
This theory had and still has two major challenges: the Open Problem @ and developing a
multivariate generalization of Descartes’ rule. These two problems have been and are the
driving force of the real fewnomial theory.

FS1-3 After Khovanskii’'s Fewnomials

We will divide history here in three parts: the first one, for the work related to Open
Problem @; the second one, for the work related to Sevastyanov’s theorem (known before
as Kushnirenko Hypothesis IV); and the third and last one, for the multivariate generalization
of Descartes’ rule of signs.

Approaching Kushnirenko Hypothesis Il

In 2002, Haas [212] gave a counterxample to Kushnirenko Hypothesis Ill by providing
a pair of bivariate trinomialsd whose system had 5 nondegenerate positive zeros. We note
that Kusnirenko Hypothesis llI's bound is 4. A year later, in 2003, Li, Rojas and Wang [277]
showed that 5 is a bound for the number of nondegenerate positive zeros of such a bivariate
trinomial system.

Later work has focused mainly on fewnomial systems in n variables with n + k expo-
nent vectors, where k is assumed to be constant. In 2006, Bertrand, Bihan and Sottile [53]
provided non-trivial bounds for a restricted class of fewnomial systems when k = 2. Next
year, Bihan [66] obtained a tight bound for the general case of k = 2.

However, the biggest result in this direction was an improvement of Khovanskir's bound
(Theorem ES_8) by Bihan and Sottile [63]. We observe that under the above assumption
of t = n+ k, for fixed k, the obtained bound is polynomial in n.

Theorem FS! . 6 (Bihan-Sottile theorem). [63]. Let f be a fewnomial system in n variables
with t exponent vectors. Then the number of nondegenerate positive zeros of f is bounded

8A trinomial is a fewnomial with three terms.
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by
e’ 2‘ 3 o(T57 1) pt=n-1.

O

In the late 2000s, Bihan, Rojas and Sottile [61] generalized this bound to the number
of connected components of a fewnomial hypersurface, and, later, Bihan and Sottile [64] to
the sum of Betti numbers of such a hypersurface. In the 2010s, Bihan and Sottile [65] further
generalized and significantly improved their bound by restricting their attention to a special
class of structured fewnomial systems. More concretely, the class that they considered is
formed by fewnomials such that the only common exponent vector to all of them is the
exponent vector of the constant term.

Phillipson and Rojas [813] further studied the existing lower bound on the maximum
number of positive roots and considered generalizations to the p-adic case. The latter con-
tinues a long sequence of work in p-adic and local fields fewnomial theory by Lenstra [276],
Poonen [819], [3838], Rojas [339], Avendafno and Ibrahim [17, 18], and Avendafo and
Krick [19].

Bihan [567] classified maximal fewnomial systems in n variables with n 4+ 2 exponent
vectors, where a maximally positive fewnomial system is a fewnomial system with maximum
number of positive roots among the fewnomial systems with the number of exponent vectors.
Based on this classification, Bihan [567] proposed a conjecture about maximally positive
fewnomial systems.

Recently, in 2018, there has been some progress in obtaining new lower bounds by Bi-
han, Santos and Spaenlehauer [62], based on a version of a Viro’s method originally used by
Sturmfels [885], and by El Hilany [[172] for bivariate fewnomial systems with five monomials.

All this shows that major progress has still to be done towards further improving the
bounds of Khovanskil and of Bihan and Sottile.

Revisiting the forgotten Sevastyanov’s theorem

In 2009, Avendano [20] proved that the number of real intersections of a fewnomial
planar curve with t terms and a straight line is at most 6t — 4. This can be considered a
particular explicit case of Sevastyanov’s theorem when D = 1.

In general, an explicit bound for the general case of Sevastyanov’s theorem was given
by Koiran, Portier and Tavenas [263], based on previous work in [264]. The latter work was
motivated by a discovery of a deep connection between a certain class of algebraic circuits
that use fewnomials and complexity theory, the so-called real 7-conjecture, by Koiran [262].E

Theorem FS! . 7 (Koiran-Portier-Tavenas theorem). [263; Theorem 15]. Let f € R[X, Y]
be a fewnomial with at most t terms and g € R[X, Y] a polynomial of degree at most D. Then
the number of connected components of the zero set of the system

{ f(x,y) =0
g(x,y) =0

is at most O(D3t + D?t3). O

"For a proof in a restricted setting, see [197].
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The theorem above becomes open if the second polynomial is also a fewnomial B Fur-
thermore, the above bound might not be tight, as it is the case for D = 1 due to Avendafno’s
bound [20]. Recently, Bihan and El-Hilany [60] improved the latter bound to the tight upper
bound 6t — 7.

All this shows that even in the low-dimensional cases, Open Problem & remains a chal-
lenging problem.

A multivariate version of Descartes’ rule of signs?

In 1996, Itenberg and Roy [231]] conjectured a multivariate generalization of Descarte’s
rule of signs. Unfortunately, in 1998, Li and Wang [278] found a counterexample to their
conjecture.

After this, more than ten year passed by before seeing some progress. In 2010, Aven-
dano [16] proved the optimality of Descarte’s rule of signs in some sense. However, another
ten years had to pass until a partial multivariate generalizations of the Descartes’ rule of signs
appeared.

In 2016, Mdller, Feliu, Regensburger, Conradi, Shiu and Dickenstein [296; Theorem 1.5]
proposed the first multivariate partial generalization of Descartes’ rule of signs, which can
deal with at most one zero. Interestingly, this generalization was grounded in the application
of real fewnomial theory to chemical reaction networks. Later, Bihan and Dickenstein [58]
gave a generalization for fewnomial systems in n variable with at most n+2 exponent vectors,
and this year, Bihan, Dickenstein and Forsgard [569] have proposed a tight generalization for
the latter case.

The above generalizations show that there is still a long path until a satisfactory general
multivariate generalization of Descartes’ rule of signs is obtained, but that there is hope that
a multivariate generalization of Descartes’ rule of signs might be possible in the near future.

FS2 Random real algebraic geometry

A common technique in real algebraic geometry to make a problem easier is to substi-
tute the problem of finding a worst-case bound of a phenomenon by the problem of finding
a bound for the expectation of a random version of the phenomenon. On the one hand, the
second bound can be more informative when we consider polynomials coming from a prob-
ability distribution in some applied context. On the other hand, it might give some insight in
the original problem and on how good the proposed worst-case bound is.

In our case, the technique is standard in random real algebraic geometry. The expec-
tation of the number of zeros of a random real polynomial system is a central topic in this
area. The main techniques go back to the seminal work of Edelman and Kostlan [[166].
However, one should take into account the previous works by Littlewood and Offord [279],
Kac [239, 240], Erdds and Offord [174], Kostlan [265], Shub and Smale [367] and many
others (see [54] for a survey on the topic regarding the univariate case).

In the fewnomial setting, the idea of using random objects is not new. Rojas [338]
and Malajovich and Rojas [283] already considered random real fewnomial systems, and
Shiffman and Zelditch [863, 364] random complex fewnomial systems. However, none of

8The case of the intersection of a trinomial and a fewnomial can be found in [264; Coroliary 16].
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their bounds depend solely on the number of exponent vectors. A big motivation to apply
the probabilistic approach to the Kushnirenko Hypothesis lll was its successful application
by Briquel and Burgisser [76] to the real 7-conjecture of Koiran [262].

We introduce the main probabilistic result that we will be using to compute the number
of zeros. First, we introduce an auxiliary formula from integral geometry; second, we present
and prove an integral formula for the expected number of positive zeros of a random function
in a very general sense.

FS2-1 An intersection formula for random maximal spheres

Poincaré’s formula allows us to compute the expected volume of the intersection of ran-
domly placed smooth submanifolds. Recall that every m-dimensional smooth submanifold
M of the p-dimensional sphere SP inherits naturally a Riemannian structure from SP. This
Riemannian structure induces a volume form on M and so we can talk about the volume of
M which we denote by vol,, M. Note that voly is the cardinal, #, of the set.

Theorem F$? .1 (Poincaré’s formula). [87; Thm. A.55]. Let M, N C SP be smooth sub-
manifolds of dimensions m and n, respectively, such that m+n > pandu € O(p + 1)
be uniformly distributed with respect to the Haar probability measure. Then almost surely
M NuN is a smooth submanifold of dimension m + n — p, and

m+n—p+1wnin—p+t1
(m+1)(n+1) wni1wn

Euco(p+1)VOlmen—p(M NuN) = Vol M vol, N

The above formula implies immediately the following easy corollary.

Corollary 52 .2. Let M C SP be a smooth submanifold of dimensions mandu € O(p+1)
be uniformly distributed with respect to the Haar probability measure. Then, almost surely,
M N uSP~1 is a smooth submanifold of dimension m — 1, and

mw

Eyco(p+1)VOlm—1 (M NuSP™) = m VOlmM.

Proof. Just recall that vol,_1SP~1 = puwp. O

The above formula applied inductively gives the following nice formula which is the one
we will be using.

Proposition F52 . 3. [93; Proposition 2.1]. Let M be an m-dimensional smooth submanifold
of SP and uy, ...,un € O(p+ 1) be independent and uniformly distributed with respect to the
Haar probability measure. Then we have

Eul,---,umEO(p+1)#(M N ulSpfl n..N umSpfl) = CmVO|m(Sn),

_ 2
where Cm = M Domit” ]

Remark 52 . 1. Our main reason to write the constant in the right-hand side of the identity
in Proposition is that this constant will be irrelevant to our proof technique. Because
of this, we hide its value to show that it is not important. q

Remark FS2 . 2. There are further generalizations of Poincaré’s formula in more general am-
bient spaces by Howard [228] and Blrgisser and Lerario [94; Cor. A.3]. q
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FS2-2 An integral formula for the expected number of zeros

Suppose we are given a smooth and semialgebraic function
¢: R} — R
without any zeros in R’} . Associated to this function, we can consider the random function
f:Rl - R"
t
>j=1 1ipj(X)
x = [ej] p(x) = :
t
2_j=1 Cnj$pj(X)
where [¢j] € R™!is a Gaussian matrix. Our goal is to study the expectation of the number
of nondegenerate zeros of f.

Example F$? . 1. Let ¢ : R, — R! be the map given by
X xA = : , (F.1)

where A; is the ith row of A. Then § becomes a random polynomial and our problem reduces
to estimate the number of zeros of a random polynomial. A

Consider the following random variable
N(c) := #{x € R, | f(x) = 0, detDyf # 0}

taking values in N U {oo}, which counts the number of nondegenerate positive zeros of f.
We now give a formula for its expectation that is the desired quantity.

Theorem FS2 . 4 (Edelman-Kostlan counting formula). [265; Thm. 3.3], [166; Theo-
rem 7.1] and [93; Theorem 2.2]. In the above setting,

EN = ¢, / \/Jdet (D) Do) dx

where ¢y, is as in Proposition and ¢ : R} — St=1 is the smooth map given by 1 (x) =
©(x)
e COI*

Proof. [93; Proof of Theorem 2.2]. We define the semialgebraic sets

V:={x € R} | rankDxy) < n} and U := {x € R’} | rankDxy) = n}.
Then we partition the open set U into the semialgebraic sets
Uk = {x € U #(~ " ((x)) N U) = k},
for k € NU {oo}. We associate with these semialgebraic sets the random variables

Ny(c) := #{x € V| f(x) = 0, detD,f # 0}
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and
Nk (c) := #{x € Uk | f(x) = 0, detDxf # 0}.

Since {V, Uy, Ua, ..., Us } form a partition of R”, it suffices to prove that

ENy = ¢, / \/det((ﬁxw)*ﬁxw) dx, (F.2)
v

and that for all k € NU {oo},

ENk = cn/ \/det ((Dx)*Dxt)) dx. (F.3)
Uk

The right-hand side of (E—2) is zero since rank((Dxv)*Dxt)) = rankDyy) < n for all
x € V. In order to prove (E2), it is enough to show that Ny = 0, which means that every
zero x € V of the system f is degenerate (i.e., Dxf is singular). By the definition of §, we have
that f(x) = [cj]¢(x) and so Dxf = [¢j]Dxp, for every x € R, By an explicit computation, we

get
1

lle Gl
Suppose now that x € V satisfies f(x) = 0. By (E=8) and rankDyy» < n, we either have
rankDyxp < n, or there is some vy € R™\ 0 such that ¢(x) = Dy v. In the first case,
Dxf = [¢j|Dxy is singular. In the second case, Dyf vx = [¢j]Dxp v = [cjlp(x) = f(x) =

hence vy € ker Df and D,f is singular as well. We have thus shown that (E—2) holds.

For showing (E=3), let yi, ..., y: be new variables. We associate to the functions §; =
i1 ijepj(x) the linear forms ¢; := 7], «;;y; and denote by Z(¢y, ..., £n) their zero set. So
we have §i(x) = 4i(p(x)) for all x. By the definition of Uk, we have

Dyt = T ( w(x)w(x)*)ﬁxgo. (F.4)

#{x € Ug | f(x) = 0} = k#((Ux) N Z(L1, ..., L)) (F.5)

We first consider the case where dm(Ux) = n and d € N. Using the stratification
of semialgebraic sets into manifolds (cf. [70; Chap. 9]), one shows that ¢ (Uk) contains a
smooth n-dimensional submanifold My of S'=! such that dim(v(Uk) \ M) < n. By Sard’s
Theorem (cf. [87; §A.2.4]), almost surely, the random hyperplanes Z(¢1), ..., Z(¢,) intersect
the n-dimensional manifold M transversally,

WU N Z(ly, .. ) = Mk N Z(by, ..., Ln).

Moreover, all the zeros of f(x) = 0 in Uk are nondegenerate. With (E=5) we conclude that,
for almost all 44, ..., ¢p,

Ni(c) = #{x € Uc | f(x) = 0} = k #((Uk) N Z(b1, ..., £n)) = k #(My N Z(l1, ., £n)).
Therefore, applying Proposition to the manifold My, we obtain
ENk = k E#(My N Z({4, ..., £n)) = cakvoln(My).
Now we use that

| et By D) dx = [ 4 () 1 U) dMuly) = kvoln(M),
k y

eEMy
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which follows from a slightly extended version of [B7); Cor. 77.10]. (One can show that it
does not matter that 1 (Ux) may not be a manifold). This implies (E=3).

In the case where dim(Ux) < nand d € N, we write ¢(Ux) as a union of smooth
manifolds of dimension less than n. Then, using Sard’s Theorem, we see that (E=3) trivially
holds in the form 0 = 0.

To complete the proof, it suffices to show U, is empty. By way of contradiction, assume
that x € U... By the Constant Rank Theorem [275; Theorem 4.12], the fiber 1»~1(¢)(x)) N U
is a zero-dimensional subset of the open set U, since rank Dyt = n for all p € U. However,
Y1 ((x)) N U is semialgebraic and hence finite, since any zero-dimensional semialgebraic
set is finite. This contradicts x € U,,, completing the proof. O

Remark FS2.3. We note that our proof is different from the one in [265] and [166]. Our
proof is more detailed than the one there and worked out in detail. q

FS3 Probabilistic Kushnirenko Hypothesis |l

We introduce the notion of random fewnomial system, which is the basis of our ap-
proach.

Definition F53 . 1. Let A C Z" be a subset and o: A — R be a map. The random fewno-
mial system with support A and system of variances o is the random fewnomial system f
given by

fii= 2aeao(@)craX®

where ¢, € R are independent identically distributed (i.i.d.) Gaussian variables, i.e., [riq] is
a Gaussian matrix.

Remark ¥$3 . 1. The function o: A — R, should be seen as assigning a different typical de-
viation to each one of the random coefficients of the system. In other words, the coefficients
fi o Of f are independent random variables such that f; o ~ N(0, o(«)). Because of this, our
probabilistic model for random fewnomial systems is very robust. q

The following bound is the most important result of this appendix.

Theorem FS$3 . 1. [93; Theorem 1.1]. Let N(A, o) be the random variable counting the num-
ber of nondegenerate positive zeros of the random fewnomial system § with support A and

system of variances o. Then
1 t
EN(A,0) < o1 <n>

forevery A C Z" of size < tand every map o: A — R. Further, if A affinely spans R", then
almost surely every positive zero of § is nondegenerate.

Remark ¥83 . 2. [93; Remark 1.2]. The above result holds for more general distributions. One
only needs to assume that the random vectors

¢i = (Cia)aca € RA
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are independent and that for each one of them, ¢;/||c;|| is uniformly distributed on the unit
sphere of RA. q

Remark FS3.3. We note that the obtained bound for the expectation in Theorem
is better than the bound of Kushnirenko Hypothesis Ill. Given the counterexample to this
conjecture by Sevastyanov and Haas, we can jokingly say that “Kushnirenko Hypothesis I
is generally true, although it will be sometimes false”. This is the reason behind the title of
this section. q

An important corollary of the above result is the following one. It shows that the usu-
ally studied fewnomial systems with n 4+ k exponent vectors have no zeros with very high
probability, independently of the considered support and system of variances.

Corollary F$3 . 2. [93; Remark 1.3]. Let k be a constant. Then

lim sup EN(A, o) = 0.
N—=00 AC7ZM #A<n+k
O':A—}R+

In particular,
lim sup P(N(A,0) =0) = 1.
N—=00 ACZ", #A<n+k
o:A A)R_'.
In other words, the probability that a random fewnomial system with n+ k exponent vectors
has no positive nondegenerate zeros goes to one independently of the considered support

and system of variance.

Proof. We just need to apply Theorem and ("HF) = ("9, Since ("*) is a poly-
nomial of degree k in n, it is clear that the right-hand side converges to zero as n goes to
infinity. The last part follows from the fact that N(A, o) is a random variable with values in
NU {oo}, and so

P(N(A,0) > 1) < i kP(N(A, o) = k) < EN(A, o),
k=1

which is a particular case of Markov’s inequality. O

Remark FS3 . 4. We note that both convergences are exponentially fast in n. Therefore, in
fewnomial systems with only a few more exponent vectors than variables, positive zeros are
rare. This shows that the fewnomial systems in n variables and with n + k exponent vectors
constructed by Bihan, Rojas and Sottile [61] and by Phillipson and Rojas [313] with at least
{1 + k—LJ ! roots for n > k are probabilistically rare.

Moreover, let us note that EN(A, o) is very small compared with the number of zeros
of the explicit fewnomial systems with many zeros produced by Phillipson and Rojas [313].
This only points to the suspicion that the chosen probabilistic model might not be the best
to produce fewnomial systems with many zeros. q

We now turn our attention to the proof. First, we consider a special kind of systems
that will be instrumental in the proof; and second, we give the proof of Theorem ES3_1l. As
a bonus, we show that the bound can be improved when n = 1 and when the system of
variances is a constant map.
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FS3-1 Special systems with few terms

We prove a deterministic result (Lemma ES3_4) on the real zeros of a particular class of
sparse systems that involve square roots and thus go slightly beyond our polynomial setting.
This result will allow us to prove the following inequality of integrals that will be instrumental
in the proof of Theorem ES*_1,

Proposition FS3. 3. [93; Proposition 3.1]. Consider the function g: RT — Ry defined by
1

g(x) == (Zj’il Cj2X2Bf> ® where By ..., Bm € Z" and ¢y, ..., cm > 0. Take aq, ..., an € Z" and
o1, ...,0n > 0, and define the functions ¢: R7. — R and ¢: R7 — S" by

o1X™M
._ : _ px)
PO = | Y ol
a(x)

Then we have

Cn /R ) \/ det ((Dxt)*Dxy) dx < 5=
+
where ¢, is as in Proposition ESZ_3,
For proving Proposition we need the following lemma.

Lemma FS$3. 4. [93; Lemma 3.2]. Let g(x) be the function from Proposition ES®>_4, but with
B1 ..., Bm € R™. Moreover, let o, ..., an € R". Then, for any non-singular [\j] € R"™", the
system

n
D_NX =g(X), (i€ n]),
j=1
has at most two nondegenerate zeros in R'}..

Proof of Proposition ES3_3. We begin with the following general observation: let vy, ..., b, v
be independent Gaussian vectors in R”. Then

Z P(ro € cone(e1vy, ..., enbn)) = P(1w € span(vy, ..., b)) = 1.
ee{-1,1}"

By symmetry, the probabilities do not depend on ¢, so that we get
P(to € cone(vy,...,0,)) =27 (F.6)

Suppose now that [rj] € R (n+1) js a Gaussian matrix. If the random system
n
tiog(X) + Y _rjoyX9 =0, (i € [n)), F.7)
j=1

has a positive solution, then —xq is a positive linear combination of ¢y, ...z, and so

—ro € CONe(x1, ..., In)-
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The probability of the latter is at most 27" by (E—&). Hence the probability that the random
system (E—7) has a positive root is bounded also by 27",

By Lemma ES3_4, the maximum number of positive nondegenerate zeros is at most
two. Therefore, the expected number of nondegenerate solutions of (E—2) is bounded by
2.27". The assertion follows now by Theorem ESZ_4, O

We recall the following fact about changing variables that we will use in the proof of the
lemma. Suppose A € R™" is an invertible matrix. Then
R} — R}

(F.8)
x»—>xA,

where x* was given in (E-T), is a difftomorphism. Indeed, via the group isomorphism R” —
R, y exp(y) and its inverse RT — R", x — Inx, this turns (E28) into the linear isomor-
phism y — Ay.

Proof of Lemma ES3_4. We divide into cases, depending on the rank k of the linear span
of aq, ..., ap.

In the case k = n, using the transformation in (E=8), we can assume without loss of
generality that o, ..., a, is the standard basis of R”; thus we study the positive zeros of a
system

SAX = g(X), (i€ [n). ®.9)
j=1

Subtracting the nth equation from the others gives the system > 7| (Aj — A)X; = 0, (i €
[n— 1]), which has a one-dimensional solution space R¢, for some nonzero £ € R". We can
assume that £ € R since otherwise the system (EZ9) has no solution in R

Plugging in x = s¢ with unknown s € R, into (E29), we obtain by squaring the first

equation
2

m m
@ (L) -2 —o
j=1 j=1
where ; denotes the sum of the components of 3;. We apply now Descartes’ rule to this uni-
variate polynomial in s (with possibly real exponents). Since the sequence of coefficients has
at most two sign changes, there are at most two positive real zeros, provided the polynomial
does not vanish altogether. In the latter case, all the ~; equal 1 and we have g(s§) = sg(&).
The system (EZ9) then becomes the system szj Ni&j = sg9(§) ins, fori = 1,...,n, whose
solution set is either empty or all of R... But then all solutions of the original system (E=9) are
degenerate.

In the case k < n, using the transformation in (EZ38), we can assume without loss of
generality that as, ..., ap is contained in REx 0"k, Subtracting the nth equation of the original
system from the others gives the system E}’zl (Aj—Anj) X4 =0, (i € [n—1]). Since x% only
depends on xi, ..., Xk, this is a system of n — 1 equations in k variables, having n exponent
vectors.
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If kK < n— 1, this system only has degenerate solutions and we are done. If k = n — 1,
we are faced with a system of n— 1 polynomials in n— 1 variables having n exponent vectors.
This system can be put in the form

X4 =g X, (i e [n—1)),

after reordering the «; if necessary, since [A\j — Ay has to contain a non-singular maximal
minor, because [\;] is non-singular. The above system can be turned into

X = g, (i € [n— 1)),

which has a unique nondegenerate positive solution if {a; — ap, ..., an—1 — ap} has rank
n — 1 or none otherwise. In the latter case, we are done; in the former case, let £ be the
unique nondegenerate positive real solution ¢ of the system. Substituting (&1, ..., §n—1, Xn)
with unknown x, in the last equation, and using «;, = 0, we obtain after squaring

2
n m 5
pReYR Qjn—1 22601 2Bin—11 280 __
ZAllgl RE i _chfl Y Xn =0.
j=1 j=1

By Descartes’ rule, this polynomial in x, (with possibly real exponents) has at most two
positive zeros, unless it vanishes altogether, in which case all solutions of the original system
are degenerate.

Summarizing, we have shown that in all cases, the system has at most two nondegen-
erate solutions. O

Remark FS3.5. The bound in Lemma is optimal. The system

s

Xp = /14 tXEX2
has exactly two positive nondegenerate zeros. q

FS3-2 Proof of Theorem

We fix a support A C Z" of cardinality t and a system of variances o: A — R.. Similarly
to Example ESZ_1], we consider the map
vao :RT - RA

(F.10)
X = (0(a)X*)aeA,

together with its scaled version

Yao: RT — S(RA)
SDA,U(X)
X
loa,s(X) |l

which takes values in the unit sphere.
As all the functions are semialgebraic, we can apply Theorem ESZ_4, which implies that

EN(A,0) = ¢, /R \J0et(Duin) Detoa ) dx.
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We abbreviate M(x) := Dxia .. For I C A with || = n we denote by M;(x) the square sub-
matrix of M(x) obtained by selecting the rows with index in I. The Cauchy-Binet formula [77;
Part I, Ch. 4, §6], combined with the elementary inequality ||ull2 < ||ul|1, gives

[l|=n [|=n

V/det(M(x)*M(x)) = (Z(detM,(x))Q) <) |detM(x)|- (F.11)

Therefore,

ch/ | det My(x)| dx.

[f|=n

It suffices to prove that

cn/ | det Mi(x) F.12)
- = on-

+

since there are (1) summands.
For showing this, we put | = {ai,...,an} and o; := o(«;). We then apply Proposi-
tion to the function ¢: R7 — R} defined by

O'1Xo‘1 1
. 2
e(x):=| |, whereg(x):= (Z o )QXM)
anX*" acA\l
g(x)

Note that

le()II* = ZUZXQO"Jr Y o(@Px* =) o(a)’)** = [lpas (0%

acA\l acA

Moreover, the ith component of the scaled function ¥ (x) := ¢(x)/||¢(x)]|| satisfies for 1 <
i<n,
(p,‘(X) X%
hi(x) = = :
' leCIll - llpae (I
which is the a;th component of ¥4 »(x). Therefore, Mj(x) = [0xilij<n. The Cauchy-Binet

formula implies that

[detMi(x)| < \/det ((Dxv)Dew).
Proposition gives

cn / /et (D)D) dx <

Combining the above shows (E—T2) and completes the proof of Theorem ES3 11, O

FS3-3 The case of one fewnomial

The case of a univariate polynomial is always of special interest. In this special case,
we are able to provide a better bound for the case in which all typical deviations of the
coefficients are the same.
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Theorem F$3.5. [93; Theorem 1.4]. Let A C Z and 1 : A — R, be the constant map
taking the value 1. Then

EN(A, 1) < 2Vint,
T

Remark ¥$3.6. The above bound looks like a mixture of the bound of Kac [239] and the
bound of Kostlan [265]9. Both of these bounds are for A = {0, ..., d}, i.e., the dense case,

1
but Kac considered the constant system of variances 1 and Kostlan the map a +— (‘a’) 2.n
Kac’s case, the bound is (7! + o(1))In d, and, in Kostlan’s case, +/d. In this way, the
above bound in Theorem looks like the product of these two bounds. q

Proof. Note that g := §(1/x) is a random Laurent polynomial with support —A, whose ex-
pected number of zeros in (0, 1) is precisely the expected number of zeros of § in (1, c0).
Therefore, it is enough to bound the expected number of zeros E N(O,l)(A, 1) in the interval
(0,1) by %tl/Q In t for a random polynomial with arbitrary support A of size t. Moreover, since
multiplying by x¥ does not alter the number of zeros in (0, 1) of a polynomial, we can assume
without loss of generality that 0 € A C N.

We observe that Theorem holds for any open subset of R’ with the same proof.
Hence

1 1
ENy(A. 1) = 1 [ 100 dx

where o(x) = (x*)aca and ¢ := ¢/|l¢||. By (E=8), 9’ (x) = [lo(x)[| =" Px¢'(x) where Py is
the orthogonal projection onto the orthogonal complement of ¥ (x), and so

1w = 1P X 0l

eI eIl
Hence,
/ [ OOl /
19/ (0l < Vi G Vi Infle)l)' (F.13)

using the standard inequalities between the 1-norm and 2-norm in RE. Finally, we obtain by
integrating

1
/0 [ ()| dx < VE (n[l6(1) 1 — I [6(0) 1) < VEint,

since 0 € A C N, which gives the desired result. O

FS* A random real fewnomial theory?

As of today, Theorems E=2__1land ES2_8 are the only existing results in what we may call
random real fewnomial theory. However, these two results open more doors than what the
number of doors they close. We now pose some conjectures, speculations and questions,
which should be seen as an invitation to develop a random real fewnomial theory.

Although the bound in the univariate case is attributed to Shub and Smale [367], it was Kostlan in [265]
who did the univariate case first. Shub and Smale proved the general multivariate case in [367].
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FS4—1 Probabilistic Kushnirenko Hypothesis |

Kushnirenko Hypothesis | states that the topological complexity of the zero set Z ()
of a fewnomial system should be bounded by a function on the number of equations gq,
the number of variables n and the number of exponent vectors t. One can find precise
bounds for this in the works of Khovanskil [257], Bihan, Rojas and Sottile [61], and Bihan
and Sottile [64]. The latter bounds have an extra 2" factor that do not appear in the zero-
dimensional bound of Theorem EST_6. Based on Theorem and this extra factor we
propose the following conjecture, where we just add the extra factor 2" to the bound.

Hypothesis F.I. Let f be a random fewnomial polynomial in n variables with t exponent
vectors. Then

Bas(2.) < ()
where (s, is the sum of the Betti numbers of Z, (f) := {x € R} | j(x) = 0}.

Since we can see the nin 27! as the codimension in the zero-dimensional case and
we are conjecturing that this factor disappears when the codimension is one, we also make
the following conjecture that generalizes the one above for arbitrary codimension q.

Hypothesis F . II. Let f be a random fewnomial system with g equations in n variables with
t exponent vectors. Then

EBs(Z4(f) < % (t)

n
where By, s the sum of the Betti numbers of Z(f) := {x € R | f(x) = 0}.

An alternative generalization of Theorem can be obtained if we substitute car-
dinality by volume when we pass to smaller codimensions. Unfortunately, we have to be
careful, since a naive conjecture would trivially be false as shown by a random linear system.
This is why we restrict the conjecture to the unit cube.

Hypothesis F.III. Let §f be a random fewnomial system with g equations in n variables
with t exponent vectors. Then

Evoln_q (Z4(f) N (0,1)") < % (;)

where vol,_q is the (n — q)-volume of Z,(f) := {x € R | f(x) = 0}.

Of course, the above conjectures might be false as stated. However, we expect the
bounds to be polynomial in t. We state precise bounds as they are usually more motivating
than finding a vague polynomial bound.

F54-2 How does EN(A, o) depend on the support (A, o)?

The bound in Theorem is universal in the sense that it does neither depend on
neither the support A nor on the system of variances o. A natural question is how does the
expectation depend on these parameters. Based on the experience with dense systems, we
expect such a variation to occur.

Motivated by the fact that the number of non-zero complex roots grows when increasing
the support, we conjecture the following.
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Hypothesis 7. 1V. Let A,B C Z" be such that A C Band o : B — R, be a map. Then
EN(A, 014) < EN(B, ).

In dense systems, the system of variances affects enormously how the zeros of a system
are distributed. We expect a similar behaviour in fewnomial systems. Because of this, we
propose the following conjecture regarding lower and upper bounds. They are motivated
slightly by Kac’s result [239].

, 1 [Int
Ang”r,]LAgtEN(A’U> =0 (2”—1 < n ))

O':A—}R+

1 t
su EN(A,0) =0 ,
AgZ",#pAgt ( ) (2”_1 (”))

o A—R4

Hypothesis F. V.

and

where f(t,n) = ©(g(t,n)) means that there are universal constants L,L’ > 0 such that
Lg(t,n) < f(t,n) < L'g(t,n).

A proof analysis of Theorem reveals that (;) can be substituted by the cardinal
of
Bn(A):={XCA|#X=n, R" = span X},

which is the set of bases of R" contained in A. This might point to a connection between
weighted matroids and random real fewnomial theory, since (A, o) can be seen as a linear
representation of an integer linear matrix. This motivates the following question.

Open problem K. Can EN(A, o) be related to a characteristic of the weighted matroid
associated to (A,0)?

In Theorem ES_8, we have shown that when the system of variances is constant we
can improve the existing upper bound for the univariate case. This motivates us to formulate
the following conjecture.

Hypothesis F.VI. [et A C Z"and 1 : A — R, be the constant map with value one. Then
for some constant C > 0,
n
EN(A, o) < (C\/ﬂn t) .

F$4-3 Bounds for more general fewnomial systems?

We note that the exponent vectors of a fewnomial system can be allowed to be real
vectors and not just integer vectors. If one is able to drop the semialgebraic hypothesis from
Theorem ES2_4, the following should hold.

Hypothesis 7. VII. Let A C R" be such that #A < tand o : A — R, be a map. Then

1 t
EN(A,0) < o1 (n)
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Further, the used techniques don’t seem to rely too much on the fact that we are working
with polynomials. Moreover, many results of Khovanskil [257]] hold for a more general class
of functions known as Pfaffian. Because of this, we propose the following conjecture.

Hypothesis F.VIII. Let ¢y, ..., ¢t : (0,1)" — R be Pfaffian functions such that the map

P1(x)

¢n(x)
is a smooth submersion and has no zeros. Let § be the random system given by

f=lejle

where [¢j] € R"™ ! is a Gaussian matrix. Then there is a constant C > 0 such that

C
BH(E() N 0.0 < 5 (1),
where Z(f) is the zero set of §.

We conclude by noting that we have imposed the same support to all polynomials in our
random fewnomial systems. There is a wider class of fewnomial systems where we allow a
different supports for each one of the polynomials. Following the line of the Open Problem g,
we propose the following conjecture.

Hypothesis 7. IX. Let Ay,...,An CR"and o1 : Ay — Ry, ...,0n : Ay — R,. Consider the
random § whose ith component is given by
fi = Z oi(a)Cia
a€A;

where the ¢, are i.i.d. Gaussian variables. Consider also the random variable
N(A1, ..., An, 01, ..., on)(c) == {x € R} | f(x) = 0, rank D«f = n}
that counts the number of nondegenerate positive zeros of §. Then

1
EN(Al, ,An, Oy eeny O'n) § W

#Bp(A1, ..., An)
where Bp(A, ..., Apn) is the set of bases B of R" such that for each i, AiN B has exactly one

element.

Further comments

Almost all of the statements and proofs here are taken literally from [93] with minimal
changes. The main additions of this appendix to [93] are a better historical overview, which
was clearly lacking in the original paper; and the final set of problems and questions that
points to a possible future of random real fewnomial theory.

The core ideas regarding random real algebraic geometry can be found mainly in [166].
However, the main trick of the proof of Theorem is an application of the Cauchy-Binet
inequality which reduces a general bounding problem to a really specific family of systems.
The combinatorial flavour of this technique can make one suspect that there is something
deeper behind this proof.
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When it was my turn, | got up and said, “I'm sorry; | hadn’t realized that the official language
of the Brazilian Academy of Sciences was English, and therefore | did not prepare my talk in
English. So please excuse me, but I’'m going to have to give it in Portuguese.”

Richard P. Feynman, Surely You’re Joking, Mr. Feynman!

¢ Como computar la “forma”
de un conjunto semialgebraico?

En este apéndice, trataré de describir de una forma sencilla y simple los resultados
principales de esta tesis en castellano para un publico no especialista. Por supuesto, es
imposible hacer esto sin sacrificar detalles y precision. Mi intencion no es otra que transmitir
una imagen grafica de lo que ha consitido esta tesis, y le lectore no debe tratar de entender
cada palabra o frase de este escrito, sino tratar de obtener una vision general de lo que esta
tesis ha consistido.

El tema principal de esta tesis doctoral es el calculo numérico de grupos de homolo-
gia de conjuntos semialgebraicos. En este nombre, hay tres conceptos: calculo numérico,
grupos de homologia y conjuntos semialgebraicos. El Ultimo es el objeto en el que estamos
interesados, el segundo la propiedad qué nos interesa conocer y €l tercero la accion que
queremos ejercer. Por esto mismo, explicaré los términos en el orden inverso en el que estan
listados.

Por simplicidad explicaré como funciona todo en el plano, pero es importante notar que
en matematicas los objetos en el plano no son mas que casos particulares de objetos n-
dimensionales con n un ndimero arbitrario. Mientras que en fisica, se conforman con cuatro
dimensiones o con las 10, 11 0 27 de la teoria de cuerdas; en matematicas se considera
un nUmero arbitrario de dimensiones y se estudian las propiedades generales del espacio.
Esto no es sdlo interesante desde el punto de vista tedrico, sino también desde el punto de
vista practico, porque si un modelo de las ciencias naturales tiene 13, 25 0 123 parametros,
muchas veces es Util considerar el modelo como un objeto dentro de un espacio con 12,
25 0 123 dimensiones.



222 Josué Tonelli-Cueto

M5t Conjuntos semialgebraicos

Los conjunto semialgebraicos son una clase de conjuntos que se pueden describir con
polinomios y las operaciones usuales de teoria de conjuntos. Para mostrar su generalidad,
dejadme indicar que la image en la Figura es un conjunto semialgebraico.

Figura M5t . 1: Un conjunto semialgebraico complicado

Recordemos que un polinomio no es mas que una expresion que se puede obtener
sumando y multiplicando nimeros y variables, en nuestro caseo X e Y. Consideremos un
polynomio en particular,

f:= X" —325X%Y° + 1789XY — 4.

Para nosotros lo mas importante de un polinomio es que es una regla que asigna valores
numéricos a listas de numeros. Por ejemplo, podemos considerar el valor de f en (0,0),
(25,—12) y (—7,0), con lo que obtenemos

£(0,0) = —4, (25, —12) = 56646978921 y f(—7,0) = —823547.

Para nuestros conjuntos semialgebraicos, nos interesan los puntos segun el signo del poly-
nomio, esto es, segun el valor del polinomio en el punto sea cero, positivo 0 negativo.

De esta forma, los conjuntos semialgebraicos atémicos son conjuntos semialgebraicos
que se pueden describir como

p=0,p#0,p>0,p>0,p<00p<0

para algun polynomio p. Y los conjuntos semialgebraicos generales son los que se obtienen
de estos mediante uniones, interseciones y complementos. Asi, es general describir estos
conjuntos por férmulas, como

(p1=0)V (p2 <0A~(ps=0))
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(X24+Y2<1)V(X+3Y=0) (X2+Y2<1)V(X+3Y=0)A(-3Y - X2<0))

Figura MS? . 2: Construccién de (X2 + Y2 < 1) V(X +3Y =0)) A (=(3Y — X2 < 0))
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X2+Y2<1

X2+ Y2<1)V(XY=0) (XY<O0)A((X2+Y2<1)V(XY=0))

(XY <OA((XP+Y2<) V(XY =0))V(X2+X2=1)

Figura MS1 . 3: Construccion de (XY <0) A (X2 + Y2 < 1)V (XY =0))) V(X2 + X2 =1)
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donde V significa que tomamos una union, A que tomamos una intersecion y — que toma-
mos un complemento. Para ilustrar esto, veamos como se construyen el conjunto semial-
gebraico dado por (X2 4+ Y2 < 1)V (X +3Y =0)) A (=(3Y — X2 < 0)) en la Figura M5X 2
y el dado por (XY < 0)A((X2+ Y2 < 1)V (XY =0))) V(X% + X% =1) en la Figura MST_3.

Para le lector con inclinaciones practicas, debo indicar que los conjuntos semialge-
braicos aparecen de forma natural al considerar el conjunto de configuraciones posibles de
un brazo robdtico. Para un ejemplo muy sencillo de como esto sucede, se puede mirar el
Example en la introduccion donde se muestra como este conjunto se describe para
un brazo robdético determinado.

M52 Grupos de homologia

El mayor problema a la hora de entender los conjuntos semialgebraicos, es que a priofi
no sabemos en qué puntos un polinomio es positivo, negativo o cero. Esto hace que las
formas de un conjunto semialgebraico sean dificiles de entender. Y si ya son complicadas
en el plano, en un espacio de dimension arbitraria son excesivamente complicadas. Por
supuesto, queremos saber decir qué forma tiene un conjunto semialgebraico.

En este punto, los grupos de homologia dan una aproximacion a la pregunta de qué
forma tiene un conjunto. En vez de centrarnos en toda clase de detalles geométricos, nos
centramos en las partes de la forma que aun deformando el conjunto se preservan. En este
intercambio, perdemos informacion sobre el conjunto, pero ganamos la habilidad de decir
algo sobre la forma. En este sentido, los grupos de homologia no es mas que informacion
sobre la forma de un conjunto semialgebraico.

En general, el i-ésimo grupo de homologia de un conjunto X, H;(X), “cuenta” la cantidad
de agujeros topoldgicos del conjunto X. Entender el significado preciso de H;(X) y qué
implica sobre la forma de un conjunto es dificil no sélo porque objetos de dimension arbitraria
entran en juego, sino porque el grupo de homologia es una simplificacion algebraica de la
nocion de agujero topoldgico, eso si, una simplificacion qué se puede calcular.

Aunque no podemos ser mas precisos en general, vamos a discutir sobre el significa-
do de Hy(X) y Hi(X). Para ser mas precisos, vamos a dar mas bien el significado de los
numeros de Betti By(x) y £1(X) que miden, en cierto sentido, el tamafio de Hy(X) y Hi(X),
respectivamente, y qué son mas faciles de entender. Es importante notar, que los nimeros
de Betti son numeros naturales, esto es, 0,1, 2, ... y que cuentan algo dentro del conjunto
qué estudiamos.

El ceroésimo numero de Betti, 5y(X), cuenta las componentes conexas de X. La com-
ponente conexa de X que continene un punto x no es mas que la regién de aquellos puntos
de X alos que podemos llegar desde x sin salir de X.

El primer nimero de Betti, 81(X), cuenta el nUmero de caminos cerrados que no se
pueden contraer a un punto en X hasta equivalencia. Hat ciertos matices que estamos
ignorando, pero esos No son importantes para tener una intuicion acerca del significado
de ;. Para viasualizar esto, imaginemos que caminamos en el espacio con una cuerda y
que al terminar nuestro camino cerrado atamos los dos extremos de la cuerda creando un
lazo. Si podemos recoger este lazo, entonces el camino se puede contraer a un punto; si
no podemos, entonces No se puede contraer. En otras palabras, en este segundo caso, es
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como si hubiera una columna en el espacio donde nos estamos moviendo.

Y() Yl

Figura M52 . 4: Dos pares de espacios (Xp, X1) Y (Yo, Y1)

Para clarificar el significado con ejemplos concretos, miremos a los espacios de la Fi-
gura M52 4. En esta, los espacios Xy y X1, por un lado, y los espacios Yy e Yi, por otro
lado, son topoldgicamente equivalentes. Esto quiere decir, que tienen la misma forma topo-
l6gica, aunque claramente no tienen la misma forma geométrica. Si miramos al valor de 5y,
podemos ver que en todos los casos es igual a uno, porgue podemos caminar de cualquier
punto a cualquier otro punto. Si miramos al valor de 31, se puede ver que es cero en el caso
de Xp y X1 y que es tres en el caso de Yy e Y;. En el primer caseo, esto es obvio, dado que
todo camino cerrado se puede contraer a un punto. En el segundo caso, la razon por la que
el valor es tres, tiene que ver con que en cierto sentido todos los caminos cerrados que No
se contraen a un punto se pueden obtener a partir de tres de ellos.

De esta forma, podemos ver clase de informacion que dan los grupos de homologia
dan informacién sobre la forma de un conjunto. Aungue haya infomracion que se pierda,
recordamos que esto se hace a cambio de ser capaces de obtener informacion faciimente.

MS3 Calculo numérico

Una vez que sabemos qué queremos calcular, es importante entender cémo. El mé-
todo que usamos es similar al que se usa en cualquier pantalla que muestra una imagen:
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aproximamos €l conjunto por una nube de puntos a partir de la cual se pueden computar
los grupos de homologia. La idea de este fundamento la representamos en la Figura M35,
donde se muestra como para aproximar una curva por una nube de puntos: ponemos un
reticulos, tomamos los puntos del reticulo que estan suficientemente cerca y después en-
gordamos los puntos.
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Puntos del reticulo cercanos a la curva Aproximacion de la curva

Figura MS3 . 5: llustracién del fundamento tedrico del célculo

En la Figura M58, hay diversas cuestiones que estan escondidas debajo de la alfom-
bra:

1. ¢Como sabemos como de fino tiene que ser el reticulo para capturar apropiadamente
la forma del conjunto y no perder ninguna propiedad?

2. ,Como sabemos que puntos estan cerca si no sabemos qué pinta y por donde esta
el conjunto semialgebraico?

3. ,Como sabemos cuanto hay qué engordar los puntos?

Y estas son las preguntas qué responde esta tesis en general. Aunque no puedo dar esta
respuesta en detalle aqui, voy a dar ahora las ideas intuitivas subyacentes:
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1. Hay un parametro, llamado condicién, que se puede estimar evaluando los polinomios
en los puntos del reticulo. Si el reticulo no es suficientemente fino, no se puede estimar
el parametro y hay que tomar un reticulo mas fino.

2. Evaluando un polinomio en un punto, podemos saber si el valor es muy positivo, muy
negativo o si esta cerca de cero. Usamos esto para seleccionar los puntos que satis-
facen aproximadamente la descripcion del conjunto semialgebraico considerado.

3. Cuanto hay que engordar las bolas depende explicitamente del nUmero de condicion
y de cuan fino es el reticulo.

Por supuesto, esta respuestas inducen mas preguntas cémo las anteriores, pero esto es
natural, dado que aqui no estamos haciendo un tratamiento técnico y nuestro lenguaje es
mas bien vago en el intento de hacerlo mas comprensible.

Por Ultimo, ¢por qué célculo numérico? La idea es que solamente podemos evaluar
nuestros polinomios con precision finita, va a haber errores. El término numérico hace refe-
rencia a que el método de célculo desarrollado es robusto, es capaz de lidiar con errores.
Por supuesto, esto viene a un coste, y hay conjuntos semialgebraicos para el que nuestro
método no funciona, porque errores arbitrariamente peque nos en los coeficientes de los
polinomios o el computo cambian la forma topoldgica radicalmente.
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After giving You our life, Mathematics,

which theorem will You reveal to us?

Long after we are not longer remembered,

will our names still inhabit Your world?

Once humanity becomes extinct in the universe,

will You still be there?

Or will you go away with all these other abstractions of the naked monkeys?

lasafro Maesman
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